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Abstract—In this paper the Power-Oriented Graphs (POG) _ _ _ _ _  x;bS@eiXy X1 K X0
technique is introduced and its basic graphical properties are ]3'P§,;‘ujﬁ§§‘n'°”“‘( -1 ] 1
compared with those of the Bond Graph (BG) technique. The two | wjuncion | , N | | ZPort Flements:
technique are based on the same concepts, are equivalent from— — — — — 1 |G(s)] 1 | [ Gyrators GY
a mathematical point of view and use two different graphical - -~ - N / | ! Modulated TR

. . . | 1-Port Elements, | + | | | Modulated GY

representations for modeling physical systems. The BG schemes, capacitor ¢ ‘/ | | | |
are quite compact and more flexible in the exact description of | [nertal YTy Y1 KT Y2

Resistor R |

all the power connections within the system. The POG schemes ' —— — — —
are easier to use for beginners and use vectorial compact forms

when th? system complexi_ty increases. The paper ends describing Figure 1. POG basic blockelaboration blockand connection block
some “dissipative” properties of the POG state space model.

a) Elaboration block b) Connection block

I. INTRODUCTION

The Bond Graphs (BG) [1], [2], the Power-Oriented Graphs
(POG) [3], [4] and the Energetic Macroscopic Represematio The BG, POG and EMR graphical techniques useFier
(EMR) [5], [6] are graphical modeling techniques which usand Energyvariables as basic concepts for modeling physical
anenergetic approacfior modeling physical systems. The basystems. Thienergetic approachis useful for modeling be-
sic concepts of the energetic approach were firstly intreduccause all the dissipative physical systems are charagtehy
by H.M. Paynter in the early-sixties together with the basitiese properties: 1) a system alwasteres and/or dissipates
“bond” graphical notation, see [1]. In the last fifty yearg thenergy 2) the dynamic model of a physical system describes
BG techniqgue has been deeply studied, largely developed v the energy movesithin the system, 3) the energy moves
applied to a very large number of different physical systemiom point to point only by means of twpower variables
see [2] and the inside references. The key element of the BGThe two POG basic blocksthe POG technique uses only
is the use of a graphical notation which is quite compact amdo basic blocks for modeling the physical systems, seelFig.
flexible in representing the power connections, but is neyea a) the elaboration block (e.b.) is used for modeling all
to use for beginners and this aspect has somehow “limitetfie physical elements that store and/or dissipate energy (i
the wide-world diffusion of this good technique. The POGprings, masses, dampers, capacities, inductancesaness,
technique, introduced in 1991, is based on the same energetc.). With this block it is possible to model all the 1-port
approach of the BG technique, but it uses a different graphielements (capacitors C, inertias | and resistor R) useden th
notation (i.e. simple block diagrams) for modeling the pbgls BG technique. The summation element at the top of the block
systems. The POG block schemes are easy to use, easis suitable for modeling all the 3-port connection eleméfts
understand and can be directly implemented in Simulinkinction and 1-junction) of the BG technique. The black spot
For these reasons the POG technique can be a useful toviithin the summation element represents, when is present, a
promoting the use of the energetic approach also betwewinus sign that multiplies the entering variable. The edn c
beginners and young researchers. The EMR is a graphibal scalar or vectorial and for linear systems maftexs) is
technique introduced in 2000, see [5], which clearly shdves talways a square matrix of positive real transfer functions.
power coupling among elements and the energy flux throughb) the connection block(c.b.) is used for modeling all the
the system without showing the mathematical details of thpaysical elements that “transform the power without losses
model. This technique is mainly focused on giving rules fdi.e. neutral elementsuch as gear reductions, transformers,
the automatic deduction of effective control schemes that cetc.). This block models all the 2-port elements (transtnsn
be implemented in real-time. In this paper the main concepif, gyrators GY, modulated transformers MTR and modulated
of POG modeling are introduced and compared with those gyrators MGY) of the BG technique. Also the c.b. can be
the BG technique. This comparison clearly shows that thesealar or vectorial. In the vectorial case matixcan also be
two techniques use two different graphical representatibnt rectangular, time varying or function of other state valdab
they are essentially “equivalent” from a mathematical poin Power sections:the dashed lines in Fig. 1 represent the
view. Examples of application of the POG graphical techaigpower sections which connect the two POG basic blocks with
can be found in [3], [4], [7], [8] and the inside references. the external world. There are no restrictions on the choice
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of the vectorsx andy involved in each dashed line except

the fact that the inner producgk,y) = x"y must have the
physical meaning opower flowing through the sectioifhe

basic concepts of how to model physical systems using power

variables are introduced in the following section. Moraave
POG elaborationand connection blockswill be described in

details and compared with the corresponding symbols used in

the Bond Graphs technique.
IIl. SYSTEM MODELING USING POWER VARIABLES

Energetic domains: the main energetic domains encoun-

tered in modeling physical systems are: electrical, meichan

(translational and rotational) and hydraulic. Each enrge

domain has its own couple of power variables, see Fig. 2.
Power variables:they can be divided in two groups:

1) the“across-variables”(i.e. voltageV/,, velocity x,,, angular

velocity w,, and pressuré’,) which are definedbetween two

points P and 0" of the space:
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2) The“trough-variables” (i.e. current/,, force F},, torque
7, and volume flow rat&),) which are definedin each point
P" of the space:
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Figure 4. The two POG block diagrams used for graphically rilesche

mathematical model of the physical element PE. Two differergntations
correspond (depending on PE) to the integral and derivativsality models.

Thedynamic elemenb; has a structure that fslual” respect
to the structure oflynamic elemenbD., see Fig. 3. The dual
structure can be easily obtained performing the following

ergetic domainds characterized only by 3 different types ofsubstitutions:q.(t) — ¢ (t), vs(t) < v.(t) and . (v.) —

physical elements:
« 2 dynamic element®). and D which store the energy
(i.e. capacitors, inductors, masses, springs, etc.);

®;(vy). The static element? is completely characterized by
a static functionv. = ®r(vy) which links the input variable
vy to the output variable., see Fig. 3.

. 1 static elementR which dissipates (or generates) the Conventions on the positive power flowsthe physical

energy (i.e. resistors, frictions, etc.);
The system dynamics can be described using 4 variables:
« 2 energy variabless. and ¢y which definehow much
energy is storedvithin the dynamic elements
« 2 power variablesv. and vy which describehow the
energy movesvithin the system.

The dynamic/static elements and the energy/power vasgab

for the considered Energetic Domains are shown in Fig. 2.

Mathematical structure of the physical elementsthe
dynamic elemenb, is characterized by:

1) an internalenergy variabley. (1);

2) atrough-variablev;(t) as input variable;

3) anacross-variablev.(¢) as output variable;

4) a constitutive relationg, ®.(v.) which links the
internal variabley. (¢) to the output variable.(¢);
a differential equationg.(t) = vy(t) which links the
internal variabley. (¢) to the input variabley;(¢);
The energyE, stored in thedynamic elemenD. is function
only of the internalenergy variabley,:

t e
E. = / 'Ue(t) vf (f) dt = / (1)17] ((Ifi) dg. = Ee(qe)~
0 0

5)

systems are composed by basic Physical Elements (PE) (i.e.
dynamic elements). and D; or static elementR) which
interact with the external world by means of two terminalks-(d
noted 1 and 2 in Fig. 4), each one characterized by two power
variables (.1, vy1) and @e2, vy2). Choosingu, = ve1 — veo
andvy = vy = vyp @s new power variables, it follows that
re]e power interaction of the PE with the external world can
e described using only the power sectiBnshown in the
left part of Fig. 4. The value of the poweét flowing through
the section is the product of the two power variableét)
and vs(t): P(t) = ve(t)vg(t). The sign and the direction
of power P(¢) depend on the sign and the reference positive
direction chosen for the variables(t) andv;(¢). The POG
conventions used for a correct definition of the sign of the
power P flowing through a physical sectioA-B are shown
Fig. 5. The POG technique uses a small arrew/ drawn in
the vicinity of power section (i.e. the dashed line) to irdé&e
(when it is necessary) the positive direction of powerIn
Fig. 5 are also reported the graphical symbols used by BG
technique for describing the same conventions.
Models with integral and derivative causalitythe dynamic
model of each physical element PE can always be graphically
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Figure 2. The main energetic domains: the physical elem®ptsDy andR; the energy variables., ¢¢; the power variables., v;.
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Figure 5. Conventions for the correct definition of the sigrhe powerP.
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Figure 6. Two different power connections of the PE with theemal world.
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Figure 7.

POG and BG graphical representations of a physieatent PE

with its power sections connectéd series see Fig. 6.a.
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described by using the block diagrams shown in the right part ) Inputsvysi, vyo.

of Fig. 4. These diagrams correspond to the two possiblae-orie

tations of the dynamic model of the PE; as input and. as
output,v. as input and; as output. The functioyi(-) in Fig. 4
symbolically represents one of the dynamic or static models Ffs (o)
shown in Fig. 3. If the PE is a static element, i.e. if PER,

both diagrams are suitable for describing the mathemati

two possible causality modes (integral and derivative)hef t
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; . _(l;—ﬂ!ure 8. POG and BG graphical representations of a physleatent PE
model of the element. If the PE is a dynamic element, i.@ith its power sections connectén parallel, see Fig. 6.b.

if PE = D. or PE= Dy, the two diagrams represent the

dynamic element: théntegral causality models physically power sections associated to its terminals. The two basiepo
realizable, useful in simulation and is the preferred dyigamconnections of the physical element PE with the externaldvor
model in the POG technique. The oth#erivative causality are shown in Fig. 6: a) the connectianserieswhen the two
modelis still a correct mathematical model of the PE, but iferminals share the same through-variable= v = vy2; b)
is not used in the POG technique because it is not physicalhe connectiorin parallel when the two terminals share the
realizable and it is not useful in simulation.
Power sections in series and in paralleleach Physical and BG graphical representations of a PE conneictestries
Element (PE) interacts with the external world through thare shown in Fig. 7. The following considerations hold:

same across-variable. = v, = v.2.

Three different POG
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Figure 9. Four types of connections of two physical elemefts&hd Pk.  Figure 10. Two POG models (and two BG models) correspondingetd)
Series- Serie$ connection shown in Fig. 9

Kirchhoff's P

. . . current law _ — ~

1) All the_se graphical representations exactly_ descrite th Lo “ B B e i,
mathematical model of the PE, but they have different model A el I~ ?g A
orientation, i.e. different choices of the input and output I3 C} /Vi R } 1 } 1 }
variables. In particular, the POG diagrams can be obtained w T::} et V2 } Cs } = }
one from the other inverting one of the input-output pathe Th || voltage law | | | |
second POG diagram in Fig. 7, for example, is obtained from ! R L pley Lo i‘@ | v
the first one inverting the path that goes frony to vy, as ® ® ® o \15 “% @ ’
shown by the dashed blue lines. The third POG diagram is

obtained from the first one inverting the path that goes from Figure 11.  POG modeling of an electrical RC circuit.

ve1 10 vy @s shown by the dashed red lines. The first POG

diagram in Fig. 7 is the basic element for POG modeling all the

physical elements and is called the P@@boration block  that in POG all the power sections share the same across-
2) The summation elements which are present in the P riablev, gnd _the adder involves o_nIy the through-var|aples.
block diagrams of Fig. 7 are a mathematical description%?oreover’ n .th's case, thg summation eIement; presenE_\m'th
the Voltage Kirchhoff's Law YKL) applied to theacross OG block dlagr'ams of’Flg. 8 are a mathematlcal description
variablesv.1, v.o andwv, involved in theclosed pathwhich of the Current Kirchhoff's Law CKL) applied to thethrough

is always present when the PE is connected in series, i.e. Yﬁé’?blfsvf_l’ llff12 afn?hvf I;r:;/olved mttP:je_ hodé (Izlolrrespo?r:j- g
green closed dashed path shown in Fig. 6.a. Ing 1o terminal .. of the connected in paraflel, see the re

closed dashed line shown in Fig. 6.b.

3) In Fig. 7 there is a perfect correspondence between thePOWer connections of two physical elementsvo physical
POG and the BG graphical representations: the BG “half;

arrow” corresponds to POG power arrow™ the BG “stroke” elements PE and PE can be connected only though theirs

corresponds to POG “model orientation™: the BG “I-serie terminals, i.e. through “the power sections” associateth&

symbol corresponds in POG to the fact that all the powséeefg::gsz'ggzggu;g ﬁ?t:ﬁomiy?nogicognisﬂgg tt\v/\\l/g pP;)J:;cr:a
sections share the same through-variabjeand the adder g- °. P

involves only the across-variables sections are connected,feedback loop always arisés the

' POG graphical representation of the system. In Fig. 10 it is
4) Note that in the POG graphical representations of Fig.shown, for example, two different POG mathematical models
the across variablesre drawn in the upper side of the figure(and two BG models) that can be associated to theSt)es
while the through variablesare drawn in the lower side of . ggrieg connection shown in Fig. 9. Note that the second
the figure. This is NOT a general rule for the POG graphicplog model can be obtained from the first one by inverting the
representations. In fact, a POG block diagram can always fi8sed loop path (i.e. the dashed blue line) present in the fir
rewritten upside-down or left-right switched without 163 pOG model. One model can be preferred respect to the other
its meaning and its graphical interpretation. depending on the causality orientations desired for the two
Similar considerations can also be done for a physical elémehysical elements BEand PE. Also in this case it is evident
PE connectedin parallel, see Fig. 6.b. In this case thethe perfect correspondence between the POG and the BG
three different POG and BG graphical representations of thedels: the POGnversion of the internal patbhorresponds to
mathematical model of the PE are shown in Fig. 8. In thite BGstroke inversiorof the path which goes fronf, to f;.
figure the BG “O-parallel” symbol corresponds to the facA simple example of POG modeling is shown in Fig. 11 where



1) Transformers

2) Gyrators
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Figure 12. POG and BG graphical symbols used forGoanection blocks dynamic modelLx — — Ax + Bu:

L, 0 0] 1, —Ry —Km 0 I, 10]ry,
0Jm O ||&m|=|Kmn —bm —Kp| [wm|+[00 {Qﬂ
0 0Col|| B 0 K, —ap,|| P 01 (1)
ﬁ,—/ u
L x —A x B

where u is the input vector and., A and B are matrices
that can be obtained by direct inspection of the POG scheme.
In the considered case matix is diagonal and its elements
are the coefficients of the constitutive relations= L,1,,

p = Jpwm, V = Co Py of the dynamic elements of the system.
The coefficients of matricess A and B are the gains of all
the paths that link the state variabbkesand the input variables

u to the inputsp, w,,, V of the integrators in the system. The

a C-parallel element is connected with an R-series elemef€mentaz 3 of matrix —A, for example, is the gain of the
this is a particular case of the “Bgrallel - Series connection Path that goes from the third state varialte to the inputp
shown in Fig. 9. Note the direct correspondence between plethe second integrator. The elemeg, of matrix B is the
power section€D, @, @ in the system and the dashed powegain of the path that goes from the second ingutto the
sections®, @, @ in the POG scheme. input V' of the third integrator.

Connection blocks: the physical elements can also be POG general compact formfor linear systems, the general

connected using real physical elements which redistribtite s'Fate st,)pace cgmpa(I::t. forln; ot;tame.d I[]om at P?G stcheme IS
power without storing nor dissipating energy (i.e. any typ.%'vtin y €d. ( )tlr'] Ag'. thW erg 15 te' o;J?)p_u txec' orLt
of gear reduction, mechanical levers, electrical tramséos, IS the energy matrix A 1S the power matrix 15 15 the Inpu
etc.). The BG technique divide theseutral elementto two power matrix C is theoutput power matrbandD is theinput-

categories: thdransformerswhich link the power variables OUtqu power matrix The compact state space model can be
of the same type (i.ev.o = mue, vy = muys) and the graphically represented by the compact vectorial POG sehem
Cle2 — Jels 1 — 2

. : : : - _shown in the left part of Fig. 15. This “compact graphical
gyrators which link power variables of different types (I'e'form" cannot be obtained by using the Bong Graphs technique

=711, Uf1 = T Ue). The basic property satisfied by th : .
zézutraT Leilerrl:é;tésrlglﬂ— v vp1 = ? z%m ¥ 5 P, ie t}klle “becausex, u andu are, in the general case, effort-flow mixed
— Ulel 1 — Vel - y 1LC. . .
: : : ; vectors. For a POG linear system expressed in the compact
input power flowP; is always equal to the output power flow, m (2) the following proper)t/ies holdlg the energy matrixp

P,. The POG and BG graphical representations of the ba L . o A )
neutral elementare shown in Fig. 12. From the figure it is Is symmetric positive definitd = L" > 0; 2) theenergyL,

. 1T .
evident that the POG technique uses only one type of blo Igrgd Itn the systﬂe)m_antze exp:essed SES = 32X Lz’a%thf
(i.e. the connection block for representing all the possible ISsipating powetr’q In the systentan be expresse 4=

A+AT) . .

types ofneutral elementshat can be found in real world. X AsX Where A, = (B2A) s the symmetric part of the
Example of POG modeling:a DC motor connected with power matrixA; 4) the skew-symmetric pad,, = A=A
an hydraulic pump is shown in Fig. 13. This system involvasf the power matrixA represents thgower redistribution
thge dliﬁer'lgr?t energetic %Qmaigg c;electric;]al, lmecha\rﬂcﬂ (Within the system “without lossest.e. Py = XA, x = 0.

raulic. The correspondin raphical represemtatio S e
inyshown in Fig. 14: tﬁe pov?er sectic?nsppresent [i)n the POG For25ystem (1) V\ée have 2thaEs o 25L“I“ + 3 mwn +
scheme have a direct correspondence with the real physig&iofo: Fa = Rali + bmw,, + o Py and matrix A, is
sections. Lek =[I, w,, V;]" be the state vector of the systemfunction only of the connection paramete, and .
i.e. the output variables of the dynamic elements. From theTransformed and reduced POG systema: POG system
POG scheme one directly obtains the following state spaegpressed in the compact form (1) can be transformed in

Tank

Figure 13. A DC motor connected with an hydraulic pump.




Chosen E, = %xTLx, the time-derivative of the power

{L*Z —Ax+Bu (2)  inequality provides the relationu’y — x'Lx > 0. Us-
y=Cx+Du ing vectorsy and Lx from (2), one obtains the inequality
U (x=Tz) u'Cx+u'Du+x"Ax—-x"Bu > 0 which can be rewritten

asz'Gz > 0 wherez = [x u]', i.e. G > 0. WhenD =0, i.e.

Lz—-Az+Bu for s_tri_ctly proper systems, from (4) foIonv@ =B _ _
y—Cz:Du (3) Dissipative dynamic systemsa dynamic system given in

the formx = Fx + Gu, y = Hx + Du is a dissipative
system(and therefore can be described in the POG compact
Figure 15.  POG block scheme of a generic dynamic system.  form (2)) if and only if it exists a symmetric positive definite
matrix L > 0 such that the following matridI (or matrix IN)

an equivalent POG system, see eq. (3) in Fig. 15, using'Sa@ Semi-definite positive matrix

“congruent” transformationrx = Tz where L = T'LT, LF -LG >0 or N — FL -G > 0. (5)

A =T'AT,B=TB, C=CT andD = D. The trans- H D |—7 ~|HL D | =7

formed system conserves the same properties of the origip@hen the property holds, the POG compact form (2) is
POG system. Note that this “congruent” transformation do ngptained choosing = %, A = LF, B = LG andC = H (or
need the inversion of matriX. When an eigenvalue of matrix3 — 1x, A = FL, B = G andC = HL). This property is

L tends to zero (or to infinity), system (2) degenerates tosargeeply connected with the Kalman-Yakubovich-Popov lemma
a lower dimension dynamic system. In this case the reducgghjied to dissipative systems. Note that wHBn= 0 the

and transformed system can be obtained using a “rectafigul@jequalities (5) reduce thF > 0 andH = (LG)" (or FL > 0
matrix T Details of how the POG systems can be reducegnq G = (HL)"). B B

transformed and “input-output inverted” can be found in [9]
POG graphical rules: the POG schemes always satisfy IV. CONCLUSIONS

the following graphical rules1) all the loops of a POG In this paper the POG technique has been introduced and

scheme contains an “odd” number of minus signs. of the its basic graphical properties have been compared withrethos

black spots in the summation blocks). This rule is a dire6f the BG technique. The BG schemes are quite compact and

consequence of the fact that in the POG schemes a loop alwaygre flexible in the graphical representation of the system,

appears when two physical elements are connected, se@ Figihile the POG schemes are easy to use, easy to understand and

Moreover, this loop contains at least one “minus sign” fa¢an be directly implemented in Simulink. Both the technigjue

letting the powers flows have the same positive direct)n; provide a exact graphical definition of the mathematical etod

chosen two generic points A and B of a POG scheatiethe  of the system. The POG technique is easier for the beginners

paths that go from A to B contain either an “odd” number omwhile the BG technique is more suitable for expert peoples.
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