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Abstract—This paper deals with the vectorial control of multi-
phase permanent magnet synchronous machines. The dynamic
model of the motor is obtained using the Power-Oriented Graphs
technique which clearly shows the power flows within the system
and allows to write the dynamic equations of the system in a
proper rotating reference frame. Moreover the obtained model
can be directly implemented in Simulink. Starting from the model
of the motor, a torque control law with saturated input voltages
is proposed based on a new “current” approach. The obtained
control is very effective and with a simple structure. Simulation
results are provided.

I. I NTRODUCTION

The dynamic model of multi-phase synchronous motors
known in the literature is obtained using classical mathemat-
ical methods [1],[2]. In this paper the dynamic model of this
type of motors is obtained using a Lagrangian approach in
the frame of the Power-Oriented Graphs (POG) technique,
see [3],[4],[5]. This graphical modeling technique shows the
power flows within the system, allows to write the state space
equations of the system in a very compact form and provides a
model which can be directly implemented in Simulink. Apply-
ing a proper state space transformation the system dynamics
is expressed in a rotating frame assuming a very simple form
(other approaches have been proposed in [7],[8]).On the basis
of the obtained compact model, a vectorial torque control with
saturated input voltages is proposed using a new “current”
approach. The proposed control law is simple and seems
to be more clear than the classical vectorial control which
uses a “voltage” approach. The paper is organized as follows.
Sec. II introduces the main features of POG technique, Sec. III
shows the details of POG dynamic model of the multi-phase
synchronous motors and in Sec. IV the new vectorial torque
control is presented. In Sec. V some simulation results are
finally reported.

II. POWER-ORIENTED GRAPHS BASIC PRINCIPLES

The Power-Oriented Graphs technique, see [6], is an energy-
based technique suitable for modeling physical systems. The
POG are block diagrams combined with a particular modular
structure essentially based on the use of the two blocks
shown in Fig. 1.a and Fig. 1.b: theelaboration block(e.b.)
stores and/or dissipates energy (i.e. springs, masses, dampers,

x1

y

a) e. b.

- �

G(s)

?

?

� -

x2

y

x1

y1

b) c. b.

� �K T

- K- x2

y2

c) Across and through variables

POG Variables
Domains: Across:ve Through:vf

Electrical VoltageV CurrentI
Mec. Tra. Velocity v ForceF

Mec. Rot. Ang. Vel. ω Torqueτ
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Figure 1. POG basic blocks and variables: a)elaboration block; b) connection
block; c) across and through variables.

capacities, inductances, resistances, etc.); theconnection block
(c.b.) redistributes the power within the system without stor-
ing nor dissipating energy (i.e. any type of gear reduction,
transformers, etc.). The c.b. transforms the power variables
with the constraintxT

1y1 = xT
2y2. The e.b. and the c.b. are

suitable for representing both scalar and vectorial systems. In
the vectorial case,G(s) andK are matrices:G(s) is always
square,K can also be rectangular. The circle present in the e.b.
is a summation element and the black spot represents a minus
sign that multiplies the entering variable. The main feature of
the Power-Oriented Graphs is to keep a direct correspondence
between the dashed sections of the graphs and real power
sections of the modeled systems: the scalar productxTy of the
two power vectorsx andy involved in each dashed line of a
power-oriented graph, see Fig. 1, has the physical meaning of
the power flowing through that particular section. The main
energetic domains encountered in modeling physical systems
are the electrical, the mechanical (translational and rotational)
and the hydraulic, see Fig. 1.c. Each energetic domain is
characterized by twopower variables: an across-variableve

defined between two points (i.e. the voltageV ), and athrough-
variablevf defined in each point of the space (i.e. the current
I). Another important aspect of the POG technique is the
direct correspondence between the POG representations and
the corresponding state space descriptions. For example, the
POG scheme shown in Fig. 2 can be represented by the state
space equations given in (1) where theenergy matrixL is
symmetric and positive definite:L = LT > 0. For such a
system, the stored energyEs and the dissipating powerPd
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Figure 2. POG block scheme of a generic dynamic system.

can be expressed as follows:Es = 1
2x

TLx, Pd = xTAx.
The dynamic model (1) can be transformed and reduced into
system (2) using a “congruent” transformationx = Tz (matrix
T can be rectangular and time-varying) whereL = TTLT,
A = TTAT − TTLṪz andB = TTB.

A. Notations

Row matrices will be denoted as follows:
i

|[ Ri ]|
1:n

= [ R1 R2 . . . Rn ] ,

column and diagonal matrices as:

i

|[ Ri ]|
1:n

=






R1

R2

...
Rn




 ,

i

|[ Ri ]|
1:n

=






R1

R2

. . .
Rn






and full matrices as:

i j

|[ Ri,j ]|
1:n 1:m

=






R11 R12 · · · R1m

R21 R22 · · · R2m

...
...

. . .
...

Rn1 Rn2 · · · Rnm






The symbol “
∑b

n=a:d cn = ca + ca+d + ca+2d + . . .” will be
used to represent the sum of a succession of numberscn where
the indexn ranges froma to b with incrementd, that is, using
the Matlab symbology,n = [a : d : b].
The symbolδ(n)|mk will be used to represent the following
function:

δ(n)|mk =

{
1 for n ∈ [k, k ± m, k ± 2m, k ± 3m, . . .]

0 otherwise

wheren, k andm are integer parameters.

III. E LECTRICAL MOTORS MODELLING

The basic structure of a multi-phase synchronous motor
is shown in Fig. 3. In this paper we will refer to a perma-
nent magnet synchronous motor with anodd numberms of
star-connected phases [3]-[4] characterized by the parameters
shown in Tab. I. Let us introduce the following vectors:

tIs =








Is1

Is2

...
Isms







, tVs =








Vs1

Vs2

...
Vsms







, tq̇=

[
tIs

ωm

]

, tV=

[
tVs

−τe

]

(3)

? ? ? ?Is1 Is2 Is3 Isms

Ls

Rs

V1 V2

Vs0

V3 Vms

Ms3msMs23Ms12

Jm

bm
ωm

τm τe

Figure 3. Basic structure of a multi-phase synchronous motor.

ms number of motor phases;
p number of polar expansions;

θ, θm electric and rotor angular positions:θ = p θm;
ω, ωm electric and rotor angular velocities:ω = p ωm;

Rs i-th stator phase resistance;
Ls i-th stator phase self induction coefficient;

Ms0 maximum value of mutual inductance between
stator phases;

φc(θ) total rotor flux chained with stator phase 1;
ϕc maximum value of functionφc(θ);
Jm rotor moment of inertia;
bm rotor linear friction coefficient;
τm electromotive torque acting on the rotor;
τe external load torque acting on the rotor;
γs basic angular displacement (γs = 2π/ms)

Table I
PARAMETERS OF THE MULTI-PHASE SYNCHRONOUS MOTOR.

where tIs, tVs are the current and voltage stator vectors and
tq̇, tV are the state and input vectors of the global system.
Using a “Lagrangian” approach, see [5], one can obtain the
following dynamic equations of the electric motor:
[

tLs 0
0 Jm

]

︸ ︷︷ ︸

tL

[
˙tIs

ω̇m

]

︸ ︷︷ ︸

tq̈

=−

[
tRs

tKτ (θ)
− tKT

τ (θ) bm

]

︸ ︷︷ ︸

tR + tW

[
tIs

ωm

]

︸ ︷︷ ︸

tq̇

+

[
tVs

−τe

]

︸ ︷︷ ︸

tV
(4)

where the energy matrixtLs is defined as follows:

tLs = Ls0 Ims
+ Ms0

i j

|[ cos((i − j)γs) ]|
1:ms 1:ms

with Ls0 = Ls − Ms0. Matrices tR and tW are defined as:

tR=

[
tRs 0

0 bm

]

, tW=

[

0 tKτ (θ)

− tKT
τ (θ) 0

]

where tRs = Rs Ims
and the torque vectortKτ (θ) is:

tKτ (θ) = p ϕc

h∣
∣
∣
∣
∣

[

−

∞∑

n=1:2

n an sin[n(θ−h γs)]

]∣
∣
∣
∣
∣

0:ms−1

. (5)

The parametersan in (5) are the coefficients of the periodic
normalized rotor flux functionφ̄(θ) expressed in Fourier



series:φ̄(θ) =
∑

∞

n=1:2 an cos(nθ). Let us now consider the
following transformation matrix:

ωTt =

√
2

ms

k h∣
∣
∣
∣
∣

[
cos(k (θ − h γs))

sin(k (θ − h γs))

]∣
∣
∣
∣
∣

1:2:ms−2 0:ms−1

. (6)

Matrix ωTt(θ) is a function of the electrical angleθ and
transforms the system variables from the original reference
frame Σt to a transformed rotating frameΣω. Applying
transformationtq̇ = ωTT

t
ωq̇ to system (4), one obtains the

following transformed system:
[

ωLs 0
0 Jm

]

︸ ︷︷ ︸
ωL

[
ω İs

ω̇m

]

︸ ︷︷ ︸
ωq̈

=−

[
ωRs+ωLs

ωJs
ωKτ (θ)

− ωKT
τ (θ) bm

]

︸ ︷︷ ︸
ωR + ωW

[
ωIs

ωm

]

︸ ︷︷ ︸
ωq̇

+

[
ωVs

−τe

]

︸ ︷︷ ︸
ωV

(7)
where ωIs = tTT

ω
tIs, ωLs = tTT

ω
tLs

tTω , ωRs =
tTT

ω
tRs

tTω , ωJs = tTT
ω

tṪω , ωKτ = tTT
ω

tKτ e ωVs =
tTT

ω
tVs. MatricesωLs and ωJs have the following structure:

ωLs =










Lse 0 0 · · · 0
0 Lse 0 · · · 0
0 0 Ls0 · · · 0
...

...
...

. . .
...

0 0 0 · · · Ls0










, ωJs =

k∣
∣
∣
∣

[
0 −k ω

k ω 0

]∣
∣
∣
∣

1:2:ms−2

,

whereLse =Ls0+ ms

2 Ms0 andω= θ̇ is the time-derivative of
the electric angleθ. VectorsωIs and ωVs in (7) are now the
following:

ωIs =

k∣
∣
∣

[
ωIsk

]∣
∣
∣

1:2:ms−2

=

k∣
∣
∣
∣

[
Idk

Iqk

]∣
∣
∣
∣

1:2:ms−2

, ωVs =

k∣
∣
∣

[
ωVsk

]∣
∣
∣

1:2:ms−2

=

k∣
∣
∣
∣

[
Vdk

Vqk

]∣
∣
∣
∣

1:2:ms−2

whereIdk, Iqk, Vdk andVqk are, respectively, thedirect and
quadraturecomponents of the current and voltage vectorsωIs

and ωVs. Note that using transformationtq̇ = ωTT
t

ωq̇, the
original state spaceΣt has been transformed into(ms − 1)/2
two-dimensional orthogonal subspaces namedΣωk with k ∈
{1 : 2 : ms − 2}. A detailed discussion of the properties of
the components of vectorωKτ (θ) can be found in [4]. It can
be shown, see [5], that when the rotor flux functionφ̄(θ) has
the following structure:

φ̄(θ) =

ms−2∑

i=1:2

ai cos(i θ) (8)

the torque vectorωKτ (θ) is constant (i.e. it is not function of
the electric angleθ) with the following expression:

ωKτ =−ϕc p

√
ms

2

k∣
∣
∣
∣

[
0

k ak

]∣
∣
∣
∣

1:2:ms−2

=

k∣
∣
∣

[
ωKτk

]∣
∣
∣

1:2:ms−2

=

k∣
∣
∣
∣

[
Kdk

Kqk

]∣
∣
∣
∣

1:2:ms−2

(9)

The POG scheme of the synchronous motor in the transformed
spaceΣω, see eq. (7), is shown in Fig. 4. The elaboration
blocks present between the power sections2 and3 represent

tVs
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Figure 4. POG scheme of a multi-phase electrical motor in thetransformed
spaceΣω .

the Electrical part of the system, while the blocks present
between sections4 and 5 represent theMechanical partof
the system. The connection blocks present between sections1

and 2 and between sections3 and 4 represent, respectively,
the state space transformationtTω between reference frames
Σt and Σω, and the energy and power conversion (without
accumulation nor dissipation) between the electrical and me-
chanical parts of the motor.

A. Balanced voltages

Let us now consider the case of balanced input voltages
tVs with the following structure:

tVs =
h

|[ Vsh ]|
1:ms

=
h

|[ Vm cos(k1((h−1)γs − θ1)) ]|
1:ms

(10)

whereVm is the maximum value of the input voltage andk1,
θ1 denote the following parameters:

k1 ∈ {1 : 2 : ms − 2}, θ1 = θ + θs

whereθs is a proper initial phase shift. The transformed vector
ωVs = tTT

ω
tVs has the following structure:

ωVs =

√
2

ms

k
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣










ms−1∑

h=0

Vm cos(k1h γs−k1θ1) cos(k h γs−k θ)

ms−1∑

h=0

Vm cos(k1h γs−k1θ1) sin(k h γs−k θ)










∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1:2:ms−2

.

Using simple mathematical elaborations it can be shown that
the vectorωVs gets the following simplified structure:

ωVs =

√
ms

2
Vm

k∣
∣
∣
∣
∣

[
δ(k1−k)|ms

0 cos(k θs)

δ(k1−k)|ms

0 sin(k θs)

]∣
∣
∣
∣
∣

1:2:ms−2

. (11)

Note that in vectorωVs the only components that are different
from zero are the two components for whichk = k1. Using the



following bijective correspondence between two-dimensional
vectors and complex numbers:

[
cos(k θs)
sin(k θs)

]

↔ cos(k θs) + j sin(k θs) = ej k θs

the expression (11) can be rewritten as follows:

ωVs =

√
ms

2
Vm

k∣
∣
∣
∣

[

δ(k1−k)|ms

0 ej k θs

]∣
∣
∣
∣

1:2:ms−2

. (12)

Expression (12) shows that all the balanced input vectorstVs

with bounded amplitudeVm, see (10), are transformed into
vectors ωVs which belong to a circle with radiusVM =
√

ms

2 Vm in the two-dimensional subspaceΣωk1
.

IV. V ECTORIAL CONTROL

Let ωId denote the constant desired current. The condition
ωIs = ωId can be achieved using the following control law:

ωVs =(ωRs+
ωLs

ωJs)
ωIs+

ωKτ ωm−Kc(
ωIs−

ωId) (13)

whereKc > 0 is a diagonal matrix used for the tuning of
the control. Putting relation (13) in (7) one obtains the two
following decoupled dynamic equations:

{
ωLs

ω İs = −Kc(
ωIs −

ωId)

Jm ω̇m = ωKT
τ

ωIs − bm ωm − τe

(14)

Let ω Ĩs = (ωIs −
ωId) denote the current error vector. Since

ωLs
ω İd = 0, the first equation of system (14) can be rewritten

as follows:
ωLs

ω ˙̃
Is = −Kc

ω Ĩs . (15)

With a proper choice of matrixKc it is possible to define
arbitrarily the time constantτi of the controlled system:

Kc =

i∣
∣
∣

[

Kci

]∣
∣
∣

1:ms

=

i∣
∣
∣
∣

[
ωLsi

τi

]∣
∣
∣
∣

1:ms

→ τi =
ωLsi

Kci

(16)

whereωLsi andKci
are thei-th diagonal elements of matrices

ωLs andKc, respectively. From (15) and (16) it is evident that
after a transient the error vectorω Ĩs tends asymptotically to
zero (i.e.ωIs tends toωId) with the desired time constantsτi.

A. Saturated vectorial control

WhenωIs = ωId, the control law (13) is equivalent to(ms −
1)/2 two-dimensional decoupled control laws:

ωVsk = (ωRsk + ωJsk
ωLsk) ωIsk + ωKτk ωm (17)

where:

ωRsk =

[
Rs 0
0 Rs

]

, ωJsk
ωLsk =

[
0 −k p ωmLsk

k p ωmLsk 0

]

for k ∈ {1 : 2 : ms − 2}, each one acting on subspaceΣωk

and

Lsk =

{
Lse for k = 1

Ls0 for k ∈ {3, 5, 7, . . . , ms}

0

0

Iqk

Kqkωm

RsIqk

k ωLskIqkRsIdk

β

k ωLskIdk

β

V sk

Idk

Isk

Vector V sk

Figure 5. Graphical representation of vectorV sk on planeΣωk.

Using the following bijective correspondences between two-
dimensional vectors and complex numbers:

ωIsk ↔ Isk = Idk + j Iqk, ωVsk ↔ V sk = Vdk + j Vqk,

ωKτk ↔ Kτk = Kdk + j Kqk, ωJsk
ωLsk ↔ j k p ωmLsk

and ωRsk ↔ Rs, eq. (17) can be rewritten as follows:

V sk = (Rs + j k p ωmLsk)Isk + Kτk ωm (18)

wherej is the imaginary unit number. When vectorωKτ is
constant, see (9), thenKτk = j Kqk and from (18) one obtains
the following “voltage” relation:

V sk =j(RsIqk+Kqkωm)−k ωLskIqk+(Rs+j k ωLsk)Idk

which is graphically represented in Fig. 5 on the complex plane
Σωk when vectorV sk reaches the maximum circle of radius
VM , see [1]. A different “current” approach to the saturated
vectorial control can be obtained, whenKτk = j Kqk,
rewriting relation (18) as follows:

Isk =
V sk − j Kqk ωm

Rs + j k p ωm Lsk

=
V sk

Rs + j k p ωm Lsk
︸ ︷︷ ︸

R0k (ωm)

+
−j Kqk ωm

Rs + j k p ωm Lsk
︸ ︷︷ ︸

C0k (ωm)

. (19)

When vectorV sk varies along the bounding circle, relation
(19) provides the corresponding limit values for the stator
current vectorIsk. Fig. 6 shows a graphical representation of
relation (19) whenV sk varies along the bounding circle for
some values of the angular velocityωm. The termC0k (ωm)
in (19) can be written as:

C0(ωm) =
−Kqk k p ω2

mLsk

R2
s + k2 p2 ω2

mL2
sk

︸ ︷︷ ︸

X0k(ωm)

+ j
−Kqk ωmRs

R2
s + k2 p2 ω2

mL2
sk

︸ ︷︷ ︸

Y0k(ωm)

(20)
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Figure 7. PointC0k(ωm) moving in the planeΣωk varying ωm.

It can be shown that, varyingωm, point C0k(ωm) moves in
the complex planeΣωk on a circle with center in −Kqk

2 k p Lsk
,

radius Kqk

2 k p Lsk
, see Fig. 7, and parameterαk(ωm) defined

as:

αk(ωm) = arctan
Rs

k p ωmLsk

. (21)

As the voltageV sk varies along the bounding circle, the term
R0k(ωm) in (19) has the following expression:

R0k(ωm) =
VM e j ϕ

Rs + j k p ωm Lsk

= R0k(ωm) ej ( ϕ + βk) (22)

whereϕ = [0 : 2π] and withR0k(ωm) andβk defined as:

R0k(ωm)=
VM

√

R2
s+k2 p2 ω2

mL2
sk

, βk =arctan
k p ωmLsk

Rs

(23)
Equation (22) puts in evidence thatR0k(ωm) is a circle whose
radiusR0k(ωm) depends onωm. The limit value ofωm over
which the circle given in (19) does not intersect axisIdk = 0
can be determined by imposingR0k (ωm) = −X0k (ωm).
Fig. 8 shows a geometric representation of the current vector
Isk for someωm and the pointsIqkM , IqkN , Iqkn and Iqkm

which are important for the control. The red circle shown in
Fig. 8 refers to a particular value ofωm. The projection of all
the points of the red circle on theIqk axis gives the range of
the currents which can generate torque satisfying the constraint
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Geometrical analysis of the control

Figure 8. Modulation and translation on currentIsk for a genericωm. The
main points useful for the control are shown.

on the maximum input voltage. Three operative zones are
defined: 1) the zone betweenIqkn and IqkN represents the
zone in which the torque can be provided using only the
quadrature componentIqk of the current vectorIsk; 2) the
intervals [Iqkm, Iqkn] and [IqkN , IqkM ] represent the zone
in which the desired torque can be provided giving also a
proper direct componentIdk to vectorIsk; 3) the zone where
Iqk > IqkM and Iqk < Iqkn is not allowed because it does
not satisfy the constraint on the maximum input voltage. The
coordinates of the main points represented in Fig. 8 are:

IkM (ωm) = X0k(ωm) + j[Y0k(ωm) + R0k(ωm)]

Ikm(ωm) = X0k(ωm) + j[Y0k(ωm) − R0k(ωm)]

IkN (ωm) = j[
√

R2
0k(ωm) − X2

0k(ωm) + Y0k(ωm)]

Ikn(ωm) = j[Y0k(ωm) −
√

R2
0k(ωm) − X2

0k(ωm)]

The control algorithm which, in each instant, provides the
current vectorIsk closest to the desired currentIqkd corre-
sponding to the desired torqueτd and satisfying the voltage
constraint, is the following:

Isk =







IkM if Iqkd ≥ IqkM

Ikv if (IqkN <Iqkd <IqkM ) ∧ (Iqkm <Iqkd <Iqkn)

j Iqkd if Iqkn < Iqkd < IqkN

Ikm if Iqkd ≤ Iqkm

whereIkv = X0k +
√

R2
0k − (Iqkd − Y0k)2 + j Iqd.

V. SIMULATION

The controlled electric motor has been implemented in
Simulink according to the POG scheme of Fig. 4. The simula-
tion results have been obtained using the following electrical
and mechanical parameters:ms = 5, p = 1, Rs = 2 Ω,
Ls = 0.03 H, Ms0 = 0.025 H, ϕc = 0.6 W, Jm = 1.6 kg m2,
bm = 0.8 Nm s/rad. The external torqueτe is zero untilt = 15



s thenτe = 5 Nm (see the black dashed line in Fig. 9) and
the desired torque isτd = 42 Nm until t = 21 s thenτd = 24
Nm. The control is executed in the subspaceΣω1. Fig. 9
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Figure 9. Motor velocityωm and motor, desired and external torques:τm,
τd andτe torques.

shows the motor velocityωm and the torques: motor torque
τm, desired torqueτd and applied external torqueτe. In the
figures the lettersA, B, C andD remind the critical points:
A when the voltage reaches its maximum value,B when the
external torque is applied,C when the desired torque switches
to τd = 24 Nm andD is the final steady state condition. The
stator voltages and currents are shown in Fig. 10 from20 s
to 22 s. In Fig. 11 the voltage vectorV s1 is reported: the red
dashed line is the bounding circle (see Fig. 5). Fig. 12 shows
the motor torqueτm as function of velocityωm, the curve of
the maximum torque and the two load torque lines (forτe = 0
Nm andτe = 5 Nm).
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Figure 10. Voltages and current vectors of stator phases.

VI. CONCLUSION

In this paper the vectorial control of multi-phase syn-
chronous machines with saturated input is analyzed. With
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Figure 11. Stator voltage vectorV s1 and zoom.
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Figure 12. Limit velocity of the motorωm in the intersection between the
load torque line and the maximum torque curve.

the use of Power-Oriented Graphs technique the dynamic
model of the motor is obtained together with the state space
equations of the system. The obtained model has been directly
implemented in Simulink. Starting from the model of the
motor, a vectorial torque control law has been proposed based
on a new “current” approach leading to a very simple and
effective control. Simulation results are provided and show
the effectiveness of the proposed vectorial control in the case
of a five-phase motor.
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Canada, June 2008.

[5] R. Zanasi, F. Grossi “Optimal Rotor Flux Shape for Multi-phase Perma-
nent Magnet Synchronous Motors”, International Power Electronics and
Motion Control Conference, September 1-3 2008, Poznan, Poland.

[6] Zanasi R., “Dynamics of an-links Manipulator by Using Power-Oriented
Graph”, SYROCO ’94, Capri, Italy, 1994.

[7] X. Kestelyn, E. Semail, JP. Hautier, “Vectorial Multi-machine Modeling
for a Five-Phase Machine”, in Proc. Int. Conf. Electrical Machines
(ICEM), Bruges, Belgium, 2002, CD-ROM, Paper 394.

[8] E. Semail, X. Kestelyn, A. Bouscayrol, “Right Harmonic Spectrum for
the Back-Electromotive Force of an-phase Synchronous Motor”, Industry
Applications Conference, 2004, 39th IAS Annual Meeting, ISBN: 0-7803-
8486-5.


