System and Control Theory Name:

Test of February 3, 2014 Nr. Mat.

Questions and Exercises Signature:

1. Write the explicit solution of the difference equation x(k + 1) = Ax(k) + Bu(k) being x(h)
the initial state at time h.

x(k) =

2. Write the explicit form of the transition matriz ®(to,t) of a continuous-time, time-invariant

linear systems:
®(t,tg) =

3. Compute the reachability matrix R* and the observability matrix O~ of the following system:
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The system is: () reachable () not-reachable () observable () not-observable
Provide a base Bp of the reachable subspace X and a base By of the not-observable subspace
E:

Xt =1Im[Bg] = Im : E =Im[Bp] =1Im

4. Write the formula for computing the state transition matrix of the system A* of a discrete-time
linear system using the Z-transform:

AF =

5. The algebraic multiplicity of an eigenvalue A of matrix A

() is the dimension of the state space U, associated to the eigenvalue A;

(O is the dimension of the Jordan block J, associated to the eigenvalue A;

(O is the multiplicity degree of A in the characteristic polynomial of matrix A;

() is the number of eigenvectors linearly independent associated to the eigenvalue \;

6. Show the structure of the generic Jordan block J; and the generic Jordan miniblock J; ; of
the ¢-th eigenvalue \; of of a generic matrix A.




7. Considered a discrete-time dynamic system x(k + 1)

10.

11.

= Ax(k) of the second order cha-
racterized by two complex conjugate eigenvalues \; = —1 + 275, Ay = —1 — 24, answer the
following questions and draw the qualitative behavior of the state trajectories in the vicinity
of the origin:
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(O the system’s eigenvectors vy and vy are
real and different. A

(O the system’s eigenvectors vy and vy are osl
complex conjugate.

(O for t — oo all the trajectories tend to
flatten on one of the two eigenvectors.
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b

O for t — oo all the trajectories tend to
Zero.
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Which name is typically used for denoting the type of trajectories shown above:

(O Node? O Focus? (O Saddle? | (O Stable? (O Unstable?

(O Degenerate?

. Given the block scheme shown in figure, write the structure of the matrices A, B and C of

corresponding dynamic system x(t) = Ax(t) +Bu(t), y = Cx(f) when x = | #1 z, a3 } :

T
C1 p -
A
xg e | y() x(t) = Ty| + u(t)

C3
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. A nilpotent matrix N of order v is a matrix

(O such that N¥ =1T;
(O such that N” = 0;

(O that has all the eigenvalues unitari;
(O that has all the eigenvalues equal to 0;

Compute, as function of the initial condition x(0) = [x1(0), 22(0), 3(0)]", the free evolution

of the continuous-time autonomous system x(t) = A x(¢):
o —w 0 z1(0)
xt)=|w o 0 [x(t) x(t) = z5(0)

Given the dynamic system shown below, write the transfer function G(s) which links the
input u(t) to the output y(t):

000 —6 2
G(s) x(t) = é (1) 8 :i x(t) + ? u(t)
001 -1 3
yit) = [0 0 0 1]x(¢t)
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13.

14.

15.

16.
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18.

Let A and A be two similar matrices A = TAT-'. The matrix function e®! satisfies the
following property:

A A A -1
O eAt =T eAt T; O eAt =T eAt T'l; O eAtzeT eAt 6T :

Given a SISO linear system completely reachable characterized by matrices A, b and c. Write
the structure of the matrices A., b, and c.. of the corresponding controllability canonical form.
Let p(A) = A" + o, 1 A" + ... + ap the characteristic polynomial of matrix A.

Moreover, write the structure of matrix T that (using state space transformation x = Tx,)
brings the system in the controllability canonical form.

Give the meaning of the symbol X' (¢, t1,%x(to)):

Give the meaning of the symbol £~ (to, 1, u(-), y(-)):

Let Sp be the dual system of the discrete system S = (A, B, C, D):

(O If § is reachable = Sp is observable; (O If § is controllable = Sp is observable;
O If S is observable = Sp is controllable; (O If S is constructable = Sp is controlla-
ble;

Given a system (A, b) completely reachable. The corresponding sampled system (being 7'
the sampling period) is completely reachable if and only if for each couple \;, \; of eigenvalues
of A having the same real part, it is:

For the discrete time-invariant linear system x(k + 1) = A x(k) + B u(k), the input sequence

u(0),...,u(k — 1) which moves the system from the initial state x(0) to the final state x(k):



(O exists if the system is reachable; O exists if x(k) — GAEX(O) e Xt (k);

O exists if x(k) € X+ (k); O exists if x(k) — AFx(0) € X*(k);

19. Given the following continuous-time linear system:

-1 2 0 2
x(t)=1 0 1 0 |x(t)+]| 0 |u(t)
0 -1 1 0

Thinking to the block structure of the systems in standard form, it is possible to state that:

(O the system is in the reachability standard form;
(O the system is in the standard observability form;
() it is possibile to build a state observer for this system;

() it is possibile to stabilize the system with a static state feedback;

Using the structural properties of the system compute the transfer function G(s) = Egjg which
links the input U(s) = L[u(t)] to the output Y(s) = L[y(¢)]

G(s) =
20. The Ackermann formula for computing the vector k™ allowing the free positioning of the
eigenvalues of the feedback system can be used

(O for whatever system; (O only if the system is observable;
(O only if the system is reachable; (O only for systems with one input;

21. Given the discrete-time linear system x(k + 1) = Ax(k) + Bu(k), write the structure of:
a) a full order closed loop state estimator:

(k+1) =

b) a reducedl order closed loop state estimator:

|

22. Write the direct Lyapunov stability criterion for continuous-time systems.

%(k) =T

V(k+1) =

Consider the nonlinear system x(t) = f(x(t), ug) and let xg be an equilibrium point corre-
sponding to the constant input ug.

0 ...



23. Which of the following functions V' (xy, z5) are positive definite in the vicinity of the origin?

O Vg, xy) = 23 + x; O V(xy, x2) = 2] + a3 — af — x3;



24. Consider the following mechanical system composed by masses my, ms, elasticities Fs, Fy
and dampers by, by and bs. Two inputs act on the system: the force F, and the velocity V.
The outputs of the system are: velocity V, = V; and the force F, = Fy + F5.
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The POG model of the given mechanical system has the following structure:

Let x = [ Vi Fy Vi3 Fy ]T be the state vector, u = [ F, V ]T the input vector and

T — J— J—
y = [ Vo Fy } the output vector. Write the corresponding dynamic system Lx = Ax + Bu
and y = Cx + Du in the state space:
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25. Given an electric element characterized by an output voltage V', an input current [ and a
nonlinear capacity C(V) which is function of the voltage V. Write : 1) the constitutive
equation of the electric element; 2) the differential equation that describes the dynamics of
the considered physical element:

N 2) %[



26. Given the following autonomous discrete-time nonlinear system:

x1(k+1) = 0.5sinxs(k) + z1(k)
ro(k+1) = 1—x(k)+ 23(k)sinzy(k)
a) Verify if the point xo = (1,0) is an equilibrium point for the system:

b) Linearize the system in the neighborhood of point xy = (1,0) computing the matrix A of
the corresponding linearized system:

¢) Study the stability of the nonlinear system in the neighborhood of point xq = (1, 0) using
the reduced Lyapunov criterion:

27. Given the following autonomous discrete-time nonlinear system:
{ r(k+1) = (k) +322(k)
zo(k+1) = 3zi(k)
It is easy to verify that xo = (0,0) is an equilibrium point per the system. Study the stability
of point x¢ = (0, 0) using the “direct” Lyapunov criterion and the function: V(x) = 2% + z3.
Eventually, use the La Salle - Krasowskii criterion.




