Capitolo 0. INTRODUCTION 4.1

Pole placement (m = 1)

e Property. Let S = (A, b, C, d) be a time-invariant linear system of
dimension n, completely reachable and with only one input (m = 1). For
each monic polynomial p()\) of degree n, it exists a vector kI € R*"
such that the characteristic polynomial of the matrix A + bk’ of the
feedback system Sy is equal to p(\).

e Proof. Let ; (1 =0, ..., n — 1) be the coefficients of the characteristic
polynomial Aa () of matrix A:

AA(A) = \" + Oén_l)\n_l + ...+ Oél)\ +

and let d; (i
polynomial p()\):

pA) =N+ dy N di )+ dy.

0,...,n — 1) be the coefficients of the freely chosen

Since the couple (A, b) is reachable, it exists a state space transformation
x = T .x. which brings system & into the controllability canonical form:

0 1 0.. 0 0
A.=T'AT.= O O Lo O : b.=T,'b= O
—Qy —&1 ... —0Op_1q 1

where T. = R*(R)~1. Using the following state feedback control law:
u(t) = klx.(t) + v(t)
where vector k! has the following structure:
k! = [k, ki, ..., kp_i]
one obtains the following state equation:

%.(t) = (A. + b.k)x.(t) + b.v(t)
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Capitolo 4. REACHABILITY AND CONTROLLABILITY 4.2

where

A, +bk! =

k()—OéO kl—Oél kn—l_an—l

e The characteristic polynomial of matrix A, + b.k! is:
ApipadrN) = A+ X o — K1) + .+ (a0 — ko)
Imposing Ay iy, x7(A) equal to the polynomial p(A) we obtain:
d; = o; — k; = ki=o;—d;, for 1=0,...,n—1,
from which it follows:

k! =[ag—dy, a1 —di, ..., Q1 —dp1 |

e The vector kI

c!
system to have its eigenvalues equal to the zeros of polynomial p(\).

in the controllability canonical form, forces the feedback

e Being:
u(t) = klx.(t) +v(t) = k'x(t) + v(t) = k' Tox(t) + v(t)

it follows that:

kI =kT'T, — k' =kI'T ' =KkI'TRT (RN

So, vector k' can be computed using the following formula:

4 - 1y -1

] Q9 a1 1
(07 N 1 0

k' =k! ¢ [b, Ab, ..., A" 'b] A
1 1 0 0

\ 10 ... 0 0]

where k! is the vector defined above.

e Note: the vector k! can be computed only if the matrices A, b and the
polynomials p(\) and Aa(\) are known.
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Capitolo 4. REACHABILITY AND CONTROLLABILITY 4.3

Example. Let us consider the following discrete linear system:
111 1
x(k+1)=1011|x(k)+ |1 |u(k)
001 1

Compute, if it is possible, the static feedback control law u(k) = kZx(k) such that the
feedback system A + bk’ has all its eigenvalues in the origin (“dead-beat” behavior).

Solution. The reachability matrix of the system is:

RT = detRT = —1.

—_ = =
_— N W
— W O

The system is completely reachable and therefore it exists a static feedback control law
u(k) = kTx(k) such that all the poles of the feedback system can be located arbitrarily.
The characteristic polynomial of matrix A is:

_ o — o 3: 3 2 o
Aa(N) =detOI—A)=(A—1)3 =23 -3 A2 +3 X\ —1

The desired characteristic polynomial is:

PN ==X+ _0_ N+ _0 A+_0

—~— —~—
do d; do
Vector k' can be determined as follows:
136 3 —3 11"
kT = kf[R*(Rj)_l]_lzch 1 23 -3 1 0
111 1 0 0
o0 171" R ; 1 -2 1
= kI'lo -1 1 :(/\7\7—/ 1 —-10
1 _2 1 ao—d(] a1 —dy a2_d2 1 0 0

Zanasi Roberto - System Theory. A.A. 2015/2016



Capitolo 4. REACHABILITY AND CONTROLLABILITY 4.4

Ackerman formula

e Let us consider a continuous or discrete-time linear system with only one
input (m =1):

x(t) = Ax(t) +bu(t) o x(k+1)=Ax(k)+bu(k)
and let p(\) be a polynomial freely chosen:
p()\) = \"+ dn_l)\n_l + ...+ di A+ dy

If the couple (A, b) is reachable, then the gain vector k! such that

Ap k7 (A) = p(A) can be computed using the following Ackerman for-
mula:

k' = —q'p(A)

where ' is the last row of the inverse of the reachabilily matrix R
g =[0...01]R"H!

and p(A) denotes the matrix obtained from polynomial p(\) when para-
meter \ is substituted by matrix A.

e The advantage of using the Ackerman formula is that it does not require
the knowledge of the characteristic polynomial A (\) of matrix A.

Example. Let us refer to the previous example where it was p(\) = A3. The gain vector
kT can also be computed as follows:

k' = —q'p(A)=—-[0 0 1](R") A3
(1367 '[1117°
= —-[001]|123 011
111 001
1 -3 37[136
= —-[001]|-2 5 -=3|]|]013|=[-1 -1 —1]
| 1 -2 1]]001
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Example. Given the following system x = Ax + bu(t):

1 20 1
xt) =100 1|x@t)+]|0|u®
010 1

compute the gain vector kT of the static feedback control law u(t) = kx which places in
—1, —2 and —2 the three eigenvalues of the feedback system.

The system is completely reachable:

113 |
Rt=1010], qT=—§[—111}
101
The desired polynomial is:

p(s) = (s+2)*(s+1) = 5>+ 55 + 85+ 4
Being:

1 2 2 1 4 2
A’=[010 A’=100 1
001 010
one obtains that:

p(A) = (A+2D)*(A+1)=A%+5A%+8A +41I

- ~2

320 20 18 30 12
= (0 21 01 1|=]0 9 9
| 01 2] 011 0 9 9
(1 4 2] 1 2 120 100
= [001]|4+5]01 +81001+4]1010
|01 0 0 1 010 001
So, the following gain vector is obtained:
1 18 30 12
k'=—q'pA)==[-111]|0 9 9 |=[-9 —6 3]
2 0 9 9

The same result can also be obtained using the following formula:
T T ~17-1
k' =k [RT(R;)"]
In this case the characteristic polynomial of matrix A must be computed:

s—1 =2 0
det(sI-A)=| 0 s —1|=(+1)(s-1)0 =55 —s5+1
0 -1 s
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The desired polynomial is
p(s) =(s+2)2(s+1)=5"+5s*+8s+4

Vector k? is obtained as follows

k' = kART(RH™'}

(f1137[-1 -1171)"
= [-3 -9 =6]¢|010]|]|-1 1 0
([[101 1 0 0
10 17"
=[-3-9 6]|-1 10
0 -1 1
1 -1 17,
= [-3 -9 -6]|1 1 -1 5
11 1

= | -9 —6 3]

Example. Let us consider the following continuous-time linear system x(¢) = Ax(t) +
bu(t) and y(t) = cx(t):

0o 1 -1 1
xt) = | =1 0 -1 |x(@®)+]| 1] u@
-1 -1 0 —1

yt) = [ -1 1 0]x(t)

Compute, if it is possible, a static feedback control law u(t) = k?x(t) which places in —1
as many eigenvalues of the feedback systems as possible.

The reachability matrix of the system is:

1 2 2
RT = 1 0 0
-1 -2 =2

Matrix R is not full rank and therefore the given system is not completely reachable. The
reachability subspace X'* has the following structure:

1 1 0 1
X = span 1], 0 = span 1], 0
—1 —1 0 —1
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The given system can be put in the reachability standard form using the following tran-
sformation matrix:

T, =

S

S = O

110 010
010 — T-'=1[110/0
—1]1 1 01

Let x = Tsx. The reachability standard form of the system is the following:

0 0—1 1
X(t) = |1 1] =1 | x4+ [ 1| u)
0 0]—1 0

yt) = [ 1 —1]0]x

The eigenvalues of the reachable subspace X' are the eigenvalues of submatrix A;;, that is
A =0and A = 1. The eigenvalue of the not reachable part of the system is the eigenvalue
of submatrix Ay, that is A = —1.

Since the not reachable part of the system is stable, then it exists a gain vector k! =
[ ki1 ko k3 ] which stabilizes the feedback system and such that all the eigenvalues of
the reachable part can be located in -1. Before computing vector k” one has to compute
the vector k7 which, in the reachability standard form of the system, locates in -1 all the
eigenvalues of the reachable part of the system. The characteristic polynomials of matrix
Ay, and matrix Ay, + by k? are:

Ap, (s) = s> — s, Apibir(s) =p(s) = (s + 1)? =54+ 25+ 1.

Vector k7' can be computed, for example, using the following formula:

-1
~ 10 -1 1
T _ 1 ITp-1_ [ _1 _
e sy )
-1 1] —-0.5 0.5
= [ -1 _3}[ 1 1] =1 - _3][ 0.5 0.5]_[_1 2]
Finally, the gain vector k’ can be determined as follows:

0 1[0
kK'=[kl o|T;'=[-1 -2a]|10/0]|=[-24+a -1 o]
1 0|1

where « is a free parameter.
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Transfer function of a feedback system

e Let us consider a SISO linear system in the controllability canonical form:

0 1 0.. 0 0
0 0 1... 0 0

Ac=| . | : L obe=| |, Co=[B Bi ... Bui].
—Qyp —O&1 ... —0p_ 1

e The transfer function H(s) of the system is:

agg(SI _ Ac)

H(s) = C.(sI ~ A 'b. = .~ A

where:

det(sI = A,) = 8"+ 18" ' ...+ ag

x % 1
X% % ... S
agg(sl — A,) = :
Kok ok g1

and therefore

H(S) _ Bn—lsn_l + Bn—an_Q + ...+ 50
L L RS VR L R R o Th

e |t can be proved that the transfer function Hy of the feedback system is:

H,(s) = Br18" 4+ Buos" 2+ .+ fy
"k s+ (a1 — kno1)s" T4 ..o+ (g — ko)

e The two transfer functions H(s) and Hx (s) have the same polynomial at
the numerator because “the use of a static feedback control law does not
modify the zeros of the system, it modifies only the poles’.
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