Capitolo 0. INTRODUCTION 8.1

The crank-connecting rod system

The POG dynamic model

Let us consider the following crank-connecting rod system:

The position x(6) of the piston can be expressed asfollows:

2(0) = Rcos® + /L2 — (Rsinf — d)>
Velocity x is obtained as follows:

i(t) = R|—sind— (Rsinf — d) cos 6 0
VL2 — (Rsinf — d)?

(sin@ — ) cos 6

= R |—sinf — w = H0)w
] \/042—(81118—5)2] )
H(6)
Function H(#) and parameters a and 3 are defined as follows:
0x(0) L d
H(l)=—F= =—>1 = =<1

The time-varying dynamic model of the considered rigid system can be obtained
adding a stiffness element K between the connecting rod and the piston and
then let ' — oo.
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Capitolo 8. STABILITY ANALYSIS 8.2

The POG dynamic model of the extended dynamic system with the additional
stiffness element K is:

~ H(0)

()

The POG state space model of the considered system is:

I w b, H(0) 0 W 1 0
K Fol=—|-H0G) 0 1||E]|+]0 0 [T
my, Z 0 -1 b, T 0 -1 | ——
f g < b X g X B "
that is Lx = —A x + Bu. When the fictitious stiffness K — oo goes to
infinity the state space variables are constrained as follows
= H(0)w.
Applying the following congruent state space transformation
W 1
x =T w, & F. | = 0 W
T H(0)
X T
one obtains the following transformed and reduced system:
d[J(6) w] =
where:
T 2 - J(0) -
J(@) =T LT = J,+H*(0)m,, Ni(0)=T LT = — =y H(0)H(0)
and
b(0) = T AT = b, + H*(0) b, B#)=T'B=[1 —-H(9) |.
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POG graphical representations of the reduced system:

T o %h—<—<8«—<ﬁ i XA ~—-<— H(0) e I

] o) |
] T
—t— H(O) = i

The dynamic equation (1) can also be written as follows:
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8.4

Simulation of the crank and connecting-rod system

The Matlab/Simulink block schemes

The crank and connecting-rod system has been simulated in Matlab/Simulink.

The SimMechanic block scheme of the crank and connecting-rod system:

POG Model
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POG block scheme of the crank and connecting-rod system:
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The two systems have been simulated considering a constant input torque:

7 =2 Nm.

Zanasi Roberto - System Theory.

A A. 2015/2016



Capitolo 8. STABILITY ANALYSIS

8.5

Angular velocity of the motor w and linear velocity of the final point V, :
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The two block schemes provide the same results. Maximum error: 0.00071273.

Time behavior of the system torques: the motor torque (blue), the friction

torque (magenta), the dynamic torque (red), the gravity force (—green green)
and the final-point torque (black):
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Torques: motor (b), dynamic (r), friction (m), gravity (g), end—point (k).
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A three-dimensional graphical representation of the crank and connecting-rod
system:

The approach can be extended to more complex systems.

Example: the Trolley-Folder system:

w, = 504 rpm
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The approach can be applied also to robotic systems.

Dynamic equations of the system:

d[J©) O]

dt
J(©) is the inertia matrix, N5 (©) is the dynamical matrix, B(©) is the friction
matrix, H(©) is the Jacobian matrix, K(©) is the final point matrix, G(©) is the
gravity vector, F, is the final point force vector, V. is the final point velocity

~ N0 =-BOO+GO -K'OF, +7

vector and 7 is the input torque vector.
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