Capitolo 0. INTRODUCTION 5.1

Inverted pendulum control design

Example. Let us consider the following physical system:
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Design a dynamic feedback control which stabilizes the system in the vicinity
of the point 6 = 0.

Let us use the auxiliary variables V' and H to describe the interaction between
the pole and the cart. The dynamic equations of the system are the following:

( H(t) = mj—;(a:—k Lsin@)
Pole: ¢ V(t) —mg= m(}f%(L cos 6)
\ JO =V Lsin — HL cos 6

Cart: Mz =u(t)— H(t)
Neglecting the force of the pole acting on the cart, H(t) =~ 0, the acceleration
of the cart & is proportional to the input force u(t):
u(?)

H(t) ~0 r = —=
() — € 2

Eliminating the auxiliary variables H and V' from the system’s equations, one
obtains a second order differential equation:

(J +mL?*)0 = mgLsin® — miLcos b

which describes the dynamics of the pole around the hinge point.
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Making explicit the variable 6 and substituting w(t)/M in place of &, one

obtains:
i mL 0 mL U P
= sin @ — COS
(J+mL?)” (J+mL2) M
= agsinf — %ucos@
where:
B mL
-~ (J+mlL?)
Using the following state vector:
0 x :
X_IQI_LU;]’ x1 =0, X9 = 0, y=0=umx

the system can be described in the state space as follows:

1 = TI9

x = f(x,u) <> {

Q0

Ty = QgsINT] — 77U COSTY

When u = 0, the equilibrium points of the system are (x1, z9) = (k7, 0) with

k € Z. Linearizing in the vicinity of the equilibrium point (z1, x2) = (0, 0)

and u = 0, one obtains:
X = ﬁ] X + [ﬁl U
| 0x (0,0) u (0,0)

= Oa : 1] X-|-[ aO ] U
| agcoszy + yusinzy (0.0) — = COS T 0.0)

M
— 0 1]x+[ O&]qu—i—Bu
| ag 0

M

y = :1 O]X:CX

The eigenvalues s; 9 of matrix A are real:

Auls) =5 —ag=(s+ /ag)ls—ag) —  si2==/ag
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Static “output” feedback. Setting:

ut)=ky=kCx= |k 0]x

the matrix of the feedback system is:

A+B/~cC_[ 0—a 1]
ag — kg 0

The characteristic polynomial of matrix A + B&C is:
s =~ o1 5)
A+Bic(S) = s ag M

When £ is large, the eigenvalues are imaginary. When k is small, the two
eigenvalues are real and one of the two eigenvalues is positive. It follows that
the system cannot be stabilized using a static output feedback.

Static "state” feedback. The reachability matrix of the system is invertible:

R* = [B AB}:[_O% Oﬁ]

and therefore using a static state feedback u = Kx it is possible to choose ar-
bitrarily the eigenvalues \; and A, of the feedback system. Let K = [ ki ko ]
be the gain feedback vector. The characteristic polynomials of matrix A and
matrix A + BK are:

AA(S) = 52 — Qag, AA+BK(S) = 52 — ()\1 + )\2)8 + )\1)\2

The design of the gain vector K can be done as follows:

K — KC(R+(RC+)1)1—K6([ : _0%] [(1) (1JD1
0

= [ —ag— M (A1+>\2)][ 0 _%]

= [ Flag+MA) =5 (M + ) ]
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Feedback state observer. The observability matrix is full rank:

o =eal=lo1]

and therefore it is possible to choose arbitrarily the eigenvalues 5, and 35 of
the feedback state observer: x = (A+LC)x+Bu—Ly. LetL = [} Iy }T
be the observer gain vector. The characteristic polynomials of matrix A and

matrix A + LC are:
Aa(s) = 5" — ag, Aairc(s) = s — (81 + Bo)s + b1

The design of the gain vector L can be done as follows:

s

_ [01][—049—5152]_[ B1+ P ]
10 b1+ B —ag — 152

Reduced order observer. Using the following state space transformation x =

Px, one obtains:

01 . k(1) - %xu L ()
P[?HP - y(;: [[;10}1(15)t+[ O] |

From relation A;; + LAy = L = 3 one obtains L = 3. So, the reduced
order observer has the following form:

x(t) =P [@“) ‘Ly(t)] _ [ y(t) ]

y(t) o(t) — By(t)
where:
0(t) = (A1 + LA )0(t)+[(A1a+LAs) — (A1 +LAg ) Lly(t)+ (B +LBy)u(t)
= B0(t) + (ag — F)y(t) = T-u(?)

Zanasi Roberto - System Theory. A.A. 2015/2016



Capitolo 5. OBSERVABILITY AND CONSTRUCTABILITY 2.5

Simulation of the feedback system. In Simulink the system dynamics can be

described using the following block scheme (pendmdl.mdl):

P u P thddot | —P»| thdot
ToWw4 ToW3 ToWw2
—»
Mux P K P 1 1
Mux P f(u) > - > - P th
Muxl Matrix [P S S
Gain Mux Fcn vel pos Tow1l

Cadl

Clock Tow

The system is characterized by the following parameters:
M =2, m = 0.5, L =04, J =0.02

The function “f(u)" is defined as follows:

() = algsin(u(2)) — L cos(u(2)]

Matrix K is:
[ %(ozg + )\1)\2) —%(Al + )\2) ]
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Matlab file used to simulate the dynamics of the system starting from many

different initial conditions (see file “pendulum.m”):

-- Matlab commands —————————--——————————— oo

Dol ot sl tolohhlsh Systems’s parameters %kl hlolllshlolhls

M=2; % cart mass

m=0.5; % pole mass

L=0.4; % pole length

g=9.81; % gravity acceleration

J=0.02; % pole inertia

Tt totohototolohetetete Simulation and plots %%thhlhletetlatslels

tfin=6; % Final time

th00=1; % position initial condition
thdot0=th00; % velocity initial condition
lam1=-2+0%11; % desired eigenvalue
lam2=conj(laml); % complex coniugate eigenvalue
alpha=m*L/ (J+m*L"2) ; % auxiliary variable

K=M* [alpha*g+laml*lam2 -(laml+lam2)]/alpha; % gain vector
p=4;

figure(1); clf
figure(2); clf
for thO0=(-th00:th00/10:th00) ;
sim(’pendulum_mdl’,tfin);
if (th0>=-0.2)&&(th0<=0.4)
figure(1)
plot(t,th); hold on
plot(t,thdot)
end
figure(2)
plot(th,thdot); hold on
plot (-th,-thdot)

% open a new figure

% for each initial condition
% the block scheme ’pendmdl’ is simulated

% the position is plotted
% the velocity is plotted

% state space trajectory

freccia(th(p),thdot(p),th(p+1),thdot(p+1),th00/30,thdot0/20)
freccia(-th(p),-thdot(p),-th(p+1),-thdot (p+1),th00/30,thdot0/20)
Wkt freccia() is a function which plots an arrow

end
figure(1)
grid on

axis ([0 tfin -0.5*max(th00,thdot0) max(th00,thdot0)])

xlabel(’time’)
ylabel(’th thdot’)
title(’traj’)
figure(2)
if imag(lam1l)==0
plot([-1 1], lamix[-1 1],°’:
end
grid on

?)

axis([-th00 th00 -thdotO thdot0O])

xlabel(’th’)
ylabel(’thdot’)
title(’phase’)
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Static state feedback: coincident real eigenvalues

When the eigenvalues are real and coincident, A\; 2 = —2, the time behaviors
of variables 6(t) and 6(t) are aperiodic:

Variabili 0 e 0

The state space trajectories (stable degenerate node) tends to zero approaching
the system eigenvector (dashed line):
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Static state feedback: complex coniugate eigenvalues

When the eigenvalues are complex coniugate, \jo = —2 £ 2j, the time
behaviors of variables 6(t) and 6(t) are oscillatory and dumped:

Variables 0(t) and 6(t)

The state space trajectories (stable focus) tend to the origin with a “spiral”
type trajectory:
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Using the closed loop estimator, \y = Ay = —2, 1 = o = —10, one obtains

the following time behavior for the velocity estimation error:
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Using the reduced order observer, A\ = Ay = —2, 3 = —10, one obtains the

following time behaviors for the estimation errors:

Errore di stima sulla velocita’
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Compared to the previous case, in this case the velocity estimation error tends

to zero faster.

For nonlinear system the use of a state observer typically reduces the amplitude

of the asymptotic stable region.
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