R. Zanasi (UNIMORE) - MCEMS 2023/24 1. POG Modeling 2.1

The Power-Oriented Graphs Modeling Technique

e Complex physical systems can always be decomposed in basic physical
elements which interact with each other by means of “energetic ports”

and “power flows".

e Examples of elementary physical systems:

Q
Electric motor i Hydraulic ?
5 5 _ R ' o pump N 4
v ef
w T —0 *—@
T
(a) (b)
& Shaft $2 .
= —
(c)
|F _JVZ 2 Tra/n_ﬁor 2
o o
I “ Qﬁ °2
5
' (e)
1P Shock .
- absorber :
i ))
q _Tvl Speaker
(f) ef
F

@ |
Crank mechanlsm %%
& e
i T
| v d-c motor

(g)



R. Zanasi (UNIMORE) - MCEMS 2023/24 2. POG Dynamic Modeling 2.2

e The Power-Oriented Graphs (POG):

— is a graphical modeling techniques that uses an “energetic approach’
for modeling physical systems.

— use the “power’ and “energy’ variables as basic concepts for modeling
physical systems.

— the POG block schemes are easy to use, easy to understand and can
be directly implemented in Simulink.

— is based on the same energetic concept of the Bond Graph modeling
technique. See: Karnopp, Margolis, Rosemberg, “System Dynamics -
A unified approach’, John Wiley & Sons.

e Fxample. A DC electric motor that moves an hydraulic pump. The

physical system and the corresponding POG block scheme:
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e The “energetic approach” is useful for modeling because the physical sys-
tems are always characterized by the following properties:

1) a physical system “stores and/or dissipates energy’;

2) the dynamic model of a physical system describes “how the energy
moves’ within the system,

3) the energy moves from point to point within the system only by means
of two “power variables’ .

e Power sections. The “dashed lines” of the POG schemes represent
the “power sections” of the system. The inner product (x,y) = x'y of
the two “power variables” x and y touched by the dashed line has the
physical meaning of “power flowing through the section”.

e POG blocks. The POG technique uses two blocks for modeling the
physical systems: the Elaboration block and the Connection block.

Power sections
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e The Elaboration block is used for modeling the physical elements that
store and/or dissipate energy (i.e. springs, masses, dampers, capacities,
inductances, resistances, hydraulic inductances, etc.).

V=X

'V=)'(
i X

X1 ; ‘ X9 " FH__I_‘__O—’ =
|
1
|

QW, bj lg
fe

2
F Q—» —»Q
b b blap:ii(rier
. if
YVeo—3t Yy 6“““‘6 ua ? Q ?
| | 6=6,-0, t

Bl

(7 L W

e
w=40 ep

=ty

Equivalent ways of representing the elaboration block:
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| | | | |
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Y Yy Yoe——e——y Xp + X2 X d + Xy X 4 X

Input path Output path Upside down Input path Output path
inversion inversion inversion + inversion +

upside down upside down

The black spot within the summation element represents, when it is
present, a minus sign that multiplies the entering variable.

e Rules for inverting a path:

1) Invert each line of the path; X1 —\T X2 X1 2
2) Invert each block of the path; T | | |
G = e l(s)
3) In the summation blocks in- L l | G s) |
vert the sign of the variables L | I .
ya—=Zt oy Vet uy

which belong to the path;
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e Example of path inversion:

a) Path to be inverted b) Inverted path c) Equivalent scheme
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The POG block scheme does not change if all the signs of a summation
block are switched to the opposite value.

e The Connection block is used for modeling the physical elements that
“transform the power without losses” (i.e. neutral elements such as levers,

gear reductions, transformers, etc.).
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e Equivalent ways of representing the connection block:

X1 s K1 e X2 Yied KT |« Y2 Vi KT b ¥2
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Inverted path Upside down Inverted path

+ upside down

e Matrix K can also be rectangular or time varying.
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e The main Energetic domains in modeling physical systems are: Elec-

trical, Mechanical (Translational and Rotational) and Hydraulic.

e Each energetic domain is characterized by two power variables:

POG variables | Electrical | Mech. Tras.| Mech. Rot. | Hydraulic

Across-var.: v, |V Voltage | = Velocity w Angular vel. | P Pressure

Through-var.: vy | I Current | F Force T Torque () Volume flow rate

e Note: in the following, the Across-variables will be also called Effort-
variables, and the Through-variables will be also called Flow-variables.

e In each dashed line of a POG schemes the product P = v.vs of two power

variables v. and v+ has the physical meaning of “power P flowing through
that particular power section’ .
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e The connection blocks convert the power with-
out generating nor dissipating energy. X1 oo e X0
. . I |
e The input power flow x!y; is always equal to | |
the output power flow x2y>: | |
| |
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e The power variables can be divided in two groups:

1) the Effort/Across-variables (voltage V', velocity x, angular ve-
locity w and pressure P) are defined “between two points of the space:

® T w@ ®

V B

|
|
[
[
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2) the Flow/ Through-variables (current I, force F', torque 7 and
volume flow rate () are defined “in each point” of the space:

& B Q)= ‘6

Dynamic structure of the Energetic domains.

e Each Energetic domain is characterized by only 3 different types of physi-

cal elements:

2 dynamic elements “D,"” and “D;" which store the energy (i.e.
capacitors, inductors, masses, springs, etc.);

1 static element “R" which dissipates (or generates) the energy

(i.e. resistors, frictions, etc.);
e The dynamics of a physical system can be described using 4 variables:

2 energy variables ¢. and ¢; which define how much energy is

stored within the dynamic elements;

2 power vartables v, and vy which describe how the energy moves
within the system.
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e Dynamaic structure of the Energetic domains:

Electrical Mech. Tras. Mech. Rot. Hydraulic
D.|C Capacitor | M Mass J Inertia C7 Hyd. Capacitor
ge | @ Charge p  Momentum p Ang. Momentum V' Volume
v. | V' Voltage x  Velocity w Ang. Velocity P Pressure
Dy | L Inductor E  Spring E Spring L; Hyd. Inductor
qr | ¢ Flux x Displacement |6 Ang. Displacement | ¢; Hyd. Flux
vg |1 Current F Force 7 Torque () Volume flow rate
R | R Resistor b Friction b Ang. Friction R; Hyd. Resistor
e Graphical representations of the physical elements (POG Modeler):

Electrical Mech. Tras. Mech. Rot. Hydraulic
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e The Dynamic Element D, (Effort Block) is characterized by:

1) an internal energy variable q.(t);

2) a Flow/through-variable v((t) as input variable; os(8)

3) an Effort/across-variable v.(t) as output variable; !

4) a constitutive relation q. = ®.(v.) which links the .
internal energy variable ¢.(t) to the output power T 4e(t)
variable v.(t); !

. . . ¢ (ge)
5) a differential equation
. i
Ge(t) = vg(t) v (t)
which links the internal energy variable ¢.(7) to the Element D,

input power variable v¢(?);
6) the energy FE. stored in the dynamic element D, is function only of
the internal energy variable q.:

t de
E. = / ve(t) vp(t) dt = / ® (q.) dg. = E.(q.).
0 0
where the following substitutions have been used:
ve(t) = 2. (q.) dg. = vy(t) dt

e Dynamic orientation and stored energy:

1) Integral 2) Derivative
Stored energy F,
Uf +—> Uf ;5(—“ A
| ; | s - o (ge)
e e i I
I P | E, e
| D, 1(%) | CD@(”G) ,,,,,
Ve +‘—" Ve :‘—>
TO BE USED | DO NOT USE
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e The Dynamic Element D; (Flow Block) has a structure which is
“dual” respect to the structure of dynamic element D..

1) an internal energy variable q¢(t);

2) an Effort/across-variable v.(t) as input variable; v (t)

3) a Flow/through-variable v¢(t) as output variable; }

4) a constitutive relation qy = ® ¢(vy) which links the 1
internal energy variable ¢¢(t) to the output power T s (0)
variable v¢(?); _

} f.< ) : (I)fl(qf)
5) a differential equation
. i
Gr(t) = ve(?) v (t)
which links the internal energy variable ¢¢(¢) to the Element D

input power variable v, (7);
The dual structure can be easily obtained performing the following substi-
tutions: q.(t) = qf(t), ve(t) <> ve(t) and Do(v.) — Pp(vy).

e Dynamic orientation and stored energy:

1) Integral 2) Derivative
Stored energy F.
Ve +—’ Ve +(—A\ A
| ' i (73 R _
| % | 8 g q>f1<qf>
} o } 7 E. :
Ay i E, v
@5 (ap) s | L=
Uf o— Y Uf — 5
TO BE USED | DO NOT USE

e Note: the energy variables ¢. and ¢; are the integral of the
input power variables v(t) and v.(t):

t t
o= [wina  a= [ e
0 0
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e The static element R (Dissipative Block) is completely characterized by
a static function v. = ®r(vs) which links the input variable v; to the
output variable v,.

1) Resistance 2) Conductance
U +‘—A Ve #—»
i B
| Palvy) | eR ()
L= i
(o +—> (o :,(—"

e Dissipated power P; of the static element R

A

Ve Pp(vy)

vy

\ 4

Py

/ Ue

e The differential equation of a physical element can be obtained imposing
the time-derivative of the energy variable equal to the input power variable:
d s(t)

1) For Dy elements: (1) = v.(t) & e Ve(t)

dq.(t
2) For D, elements:  ¢.(t) = vy(t) & th< ) = vy(1)
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e Electromagnetic domain:

Name Constitutive Rel. | Linear case | Differential Eq.
D, |C Capacitor
d@)
g | Q) Charge Q=0(V) |1Q=CV = I
v. |V Voltage
Dy | L Inductor
do
Qf gb Flux gb:q)L(I) gb:Ll E:V
vy | I Current
R | R Resistance| V =®p(I) |V =RI
e Mechanic Translational domain:
Name Constitutive Rel. | Linear case | Differential Eq.
D.| M Mass
. | dP
¢. | P Momentum | P=®y(z) | P=Mz2z — = F
v. | © Velocity
Dy| E String
d
qr | * Displacement| z=®g(F) |z =EF d—f =
vy | I Force
R | b Friction F=&(z) | F=bx

For the spring can use the stiffness K instead of the elasticity E:

K:E’ r=FF < F=Kx
Hook law
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e Mechanic Rotational domain:

Name Constitutive Rel. | Linear case | Differential Eq.
D.|J Inertia
dP
¢. | P Ang. Momentum P=%;(w) |P=Jw =T
v. | w Ang. Velocity
D;| E Rot. Spring
do
qr | 0 Ang. Displacement| 6 =op(r) |0=FET it
vy | T Torque
R | b Rot. Friction T=0w) | T=buw
e Hydraulic domain:
Name Constitutive Rel. | Linear case | Differential Eq.
D, | Ct Hyd. Capacitor
aVv
¢. |V Volume V=0cP) |V=CIP E:Q
v, | P Pressure
Dy | Lr Hyd. Inductor
d
i |0 Hyd Floc | 6 =04(Q) [6r=1,Q) “Top
vy | @ Volume flow rate
R | R Hyd. Resistor P=9x(Q) |P=R;Q
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Nonlinear dynamic elements: examples

e Example. Tank with variable section.

—_ -
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Pe—t— P,Q = '

The area of the liquid a(z) at height z and the volume of liquid V" are:

? o 2
a(z) = A+ az, V:/a(z)dz:Az—l—T
0

Since z = p%, functions V=®(P) and P=® (V) are defined as follows:

P P? VA2 +2aV — A
V==0(P)=A—+=x = P=0'(V)=p -
Po 2p; Q
e Example. A translating mass.
F et
I I
| 1 |
} S } F
_____ & & ‘ =) [
s —1 N | i D SN | 4’
‘\ q) <p> - g p2 o
~____Z- —‘}—)\\\, r,[/%+i7 // } ‘
\ ~ _7 \
o [ !
x I I
e Taking into account the relativistic effects, mass m and p = ® (i) are:
my : my & - p
m = =, p=>(1) = = T =& (p) = :
-% -2 mh+ &
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The basic elements of the Hydraulic domain

e Hydraulic Inductor: P ‘—?—‘
]
Q Ly Q | Lys |
—>{e o— } }
P1 P2 } :
d —
Z [LiQl = P = P, Q

e Hydraulic Capacitor: O ‘—*T—‘
o B
} C[S }

o Q2

o« >e
CICP = Q- @ .

st 1 2
e Hydraulic Resistance: Py ‘—?—‘
il
Q R @ 1 Ry |
—f =T}~ | |
P P 1 |
“— ¥ .
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Connection of physical elements

e Physical Elements. The physical systems are composed by physical
elements (PE) (i.e. dynamic elements D, and D or static element R)
which interact with the external world by means of two terminals:

P
a) | b) -
Vr1 1 Vel Vf o
+
1 11
i PE AN Ve i PE
Vg2 | 2 | 2

Each terminal, see case a), is characterized by two power
variables (v.;, vs1) and (ve2, vp2). Choosing v, = v, — v and
vy = Uy = Uy as new power variables, the power interaction of the
Physical Element PE with the external world can be described using the
power section P in case b).

e The value of the power P flowing through the section is the product of
the two power variables v, () and v(t):

P(t) = ve(t) vy(t)

The sign and the direction of power P(t) depend on the sign and the
positive reference direction chosen for the variables v.(Z) and v(?).

e The signs of the power P flowing through a physical section A-B are:

a) Power P flows from A to B b) Power P flows from B to A
R £ Z L
" ’Uf I Uf I Uf I ’Uf I
8T, T DL
g Uf’,| PE Ue\ PE Ue\ PE Uel PE
I I I I
oy e— | e e |
A-B A-B A-B A-B
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e Integral and derivative causality. The POG dynamic model of a
physical elements (PE), that is an element D, D¢ or R, can be graphically
described by using two block schemes having different orientation:

p Model vy — v, Model v, — vy
vy 1 E E
e Ve ey Ve by
| | ]
o _
, o o) ()
¢ | |
2 Uf e—— Vf be—ro

Physical Element

The two possible “orientations” of the PE dynamic model are:

1) vy as input and v, as output: model vy — v,

2) v, as input and vy as output: model v, — vy.

The function ®(-) shown in the figures symbolically represents the dynamic
or the static equation describing the physical element.

e If PE is a static element R, the two diagrams are both suitable for de-

scribing the mathematical model of the physical element.

e |f PE is a dynamic element [, or Dy, the two diagrams represent the two

possible causality modes of describing the physical element:

1) the integral causality ( ) is physically realizable, use-
ful in simulation and is the preferred dynamic model in the POG tech-
nique.

2) the derivative causality (DO NOT USE) is still a correct math-

ematical model of the PE, but it is not used in the POG technique
because it is not physically realizable and it is not useful in simulation.
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e Let us now consider the following two Physical Elements:
I

Iy

Vi

Vi

I,

Vs

e The dynamic models of these two elements are:

Iy —1I
1]
- LCs |
Vie—t— V)

_[2"—

Vo t—"

1
R

e When the two elements are physically connected together:

Iy

I,

Iy

Vi

19

— W

Vs

R

the corresponding dynamic models can be connected taking into account

the constraints V5 = V; and Iy = —1, given by the positive directions

chosen for the power variables:

‘ Iy ‘
]Oy—><Ty<—;<— —1 ‘1: I
! | ! 2
/o
Cs i i R
| | Vs
> 1 >

=~
S
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e For graphical reasons the following block scheme:

| Il\ N
]() H;—l i<
T
N
les] e
| T | Vs
Vi« > 1
i Vs
will be substituted by the follg/wing more compact scheme
| /_*\/ |
Iy e
| | Iy
i 1 i 1
i C's i R
| N
Vi« g
Vi

where the minus sign has been inserted within the summation element.

e Property. All the loops of a POG scheme contains an odd
number of minus signs (i.e. black spots in the summation elements).

Example:
I(I ! ! | | PO |
I, « Piqupne A i 4 ] n i e » I
\ ("7~ \ . \ | ) \
NI | | | | | RN
A P ] 1L
B Y ETTH R I i - S
| i \ \ s' \ \ | |
| Al L] | [ L1 o | | @ | TA |
1 D
- 1n || ITEE . | v
| | | | Cf o | | | I |
| o) oo | | '1" L] | | | 11 |
| 3:‘\ | I' | | U‘—"\ TR | | | :5 |
T N 71 S i
| [N | I ! | v
\ S R A 44--6',---4--» ------ - - == shper]
V;l\ | 12 \4_ mli: w ;1 ;1‘ P | \QO
m S Qu

All the five loops of this block scheme contain “one” minus sign.

e This rule can be used to verify the “consistency” and the correctness of
the considered POG block scheme.
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e Property. The direction of the power P flowing through a section of

a POG block scheme is “positive” if an “even” number of minus
stgns is present along the paths which goes from the input to the output.

| ]a | | | PO |
I, g = 7
| | | | |
| | | | nl
| | | | Co | |
| | | | A |
| | | | v
]
| | | | 1|
| | | | 15 |
| | | | ] . |
= i
; — 1_--K_‘ Q
I I I I I p I I I 0
B Qu
P

Let us consider, for example, the power section A-B which divides the
block scheme in two subsystems: P; and P5. In this case the power P
flows from section Py to section P because:

— the red dashed path that goes from B to A within subsystem P,
contains “zero” minus signs (i.e. an even number);

— the blue dashed path that goes from A to B within subsystem P,
contains “one” minus signs (i.e. an odd number);

e Using the previous rule it is possible to compute the positive direction of
the poter flows in each power section of a POG block schemes:

AK, | K,

Qo

—»
| |
[= >

a

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

» [
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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e The signs of the power flows depend on the sign of the power variables.

a) Changing the signs of variables 1, and (), one obtains:

b) Changing the signs of variables F,, w,, and (), one obtains:

c) Changing the signs of variables C), and I one obtains:
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Connecting two POG block schemes

e Let us consider the following two electric circuits and POG schemes:

I L I I i I,
C
Va T Ry V4 Vi T:: %)
) )

‘ ‘ r N4 ‘ ‘
Va gy Vp—— <—$—»V2
1 3 1 T T 1 |
| 1 | | LY /) I | 1 |
Ll e ST e |

I \
R A |
| 1 | [ | \ /’ | R | T |
N e T Co b T
S I I A SR AN R St
! ! _ \ e _ _ ! !
I Mt ) e
\\\ \_—( //
AN (/P R

K | T | v

!

. L AR
L T e |

! v 0 ! I ! !
T R

! L ! | I ! 1 !
L L s |

| | __ | |

\ \

e Two POG block schemes can be “directly connected” only if:

1) the two power sections “are oriented in the same way”;

2) the two power sections “share the same positive power flow" .
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e The following two POG schemes “CANNOT be directly connected” be-

cause “they are NOT oriented in the same way":

e The following two POG schemes

T'
—
\
|
|
|
|
|
|
|
|
|
|

=

\

/

—- 1y

cause “they do NOT share the same positive power flow":

Fy L)
Vo F‘“l% | 7 v

| |
o] e
N ]
e R |
o] ]
| |
P | __

|

by
| o]
| _| 1
Lal;
| [
| I
| 5 |
| .

“CANNOT be directly connected” be-

e The two above POG schemes “CAN be directly connected anng sections

(a)-(b) because they\share the same orientation ana”posmve power flow”:
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Series and Parallel connections

e Series: a Physical Element PE is connected in series if its terminals
share the same through-variable vy = v = vyo:

P P
Pl P2 J VKL J
—_— _— | ///’7‘\\\ |
Ve ¢ N — Ue2
| e |
U 1 2. Ufp | Ve
ran B gt
A | | A | |
| — | | |
} /// \\\ } <:> } fe(ve) }
(V) / \ v [ [
Al Kirehhoffs 1 |2 | |
} , voltage law } } }
o . o |w
\ NN - \
0 *0 Uy «———— Uj2
\ \ | :
I I
: _ _ 1) POG scheme with output v
Physical Element connected in series

e The summation element is a mathematical description of the Voltage
Kirchhoff’s Law (VKL) applied to a “closed” path which involves the
across variables v.1, V.9 and v,

e Inverting the input and output paths of the POG block scheme 1) one
obtains the following equivalent POG block schemes:

I
I
I
I
I
I
I
I
I
I
I
I
I
[

—-———

_——
Ufl ?—u.—» Uf2 Ufl u_..(_? Ufg

2) POG scheme with output v.1. | 3) POG scheme with output v.».
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Parallel: a Physical Element PE is connected in parallel if its terminals
share the same across-variable v, = v.; = v.:

Py . , Py
Kirchhoff's
current law
‘ CKL ‘
| T T =< |
Uf1 1 // 1 N } V2
> @ : e — >
A } \\\ /// } A
[ s [
| |
| |
\ \ =
O | PE | O
| |
| |
| |
| |
® °
i 2 i
_ ) 1) POG scheme with output v..
Physical Element connected in parallel ) ol

e The summation element is a mathematical description of the Current
Kirchhoff’s Law (CKL) applied to a node which involves the through
variables vy1, v and vy.

e Inverting the input and output paths of the POG block scheme 1) one
obtains the following equivalent POG block schemes:

2) POG scheme with output v 1. | 3) POG scheme with output v 9.
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e The “Across/Effort” dynamic elements D, connected “in parallel” can be
graphically represented by using only one POG scheme:

Electrical Mech. Tras. Mech. Rot. Hydraulic
. Capacitor Mass Inertia Hyd. Capacitor
Y,
Slh_  n|R_ Ain_ om0
s C /[ J Cz
£l v == v | & (@] @ of 1@ W | P T@ P
&=
= [ — [ —
L .—»@«—, Iy | F e —Fy | T o—»?«—» Ty | ——>Ch—s ()2
| | | | | | | (? |
o | 1 | | 1 | | 1 | | 1 |
e ! 5 ! ! 5 ! ! 5 ! ! 5 !
=N - R N - -
o | L | NEE N N
< | C o M| A G
I I I I I I I I
VitV | ittt | we—t——tw | Pl—t—p

e The “Through/Flow” dynamic elements D connected “in series” can be
graphically represented by using only one POG scheme:

Electrical Mech. Tras. Mech. Rot. Hydraulic
., Inductor Spring Rot. Spring Hyd. Inductor
A
3 L E L, L
S| Lomn—t | BEoaWN—LE | T Q . Fiy €
m < <« - <
B
V1*—><?<—‘ Vo | s i) Wl'—><?<—‘ Wy | Py e P,
| | | | | | | (? |
Q | 1 | | 1 | | 1 | | 1 |
e | 5 | | S | | 5 | | s |
£ T s T T
a | | | | | | | |
O N N L] N
Q L] | E | B L |
I I I I I I I I
[ I I [ F I I F T I I T Q I I Q
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3. Series and Parallel

3.4

e The “Through/Flow" dynamic elements D connected “in parallel” can

be graphically represented by using two POG schemes:

Electrical Mech. Tras. Mech. Rot. Hydraulic

Inductor Spring Rot. Spring Hyd. Inductor
wn
-~
S| L EERRAt Bin m\@_ @
o

V L Vv T E w @QF, \w P uLl P
AR EXNIERC |
= [ [

1;7 \I F;7 \F 7_1\«77 \7_2 ;7 |

g I e A S SEREE e SR
0 N B o] . N
L | — | | p— | | e | | —_ |
QE) \ ;L \ \ iE \ \ L, \ \ L; \
e | | e |
ol s s s .

| ‘ | | ‘ | | ‘ | | ‘ |
S vy | pebsi | websw | el

Ilo—>(?r—;v[2 F10—>(§)7;F2 7'10—>(§)r—;¢7'2 Q19—>(§)7:Q2
S u o A A4
= L] | E | | B oL
_(IC) | ‘ | | ‘ | | 7‘ | | QN |
3| 1 A2 = IO I A
Sl s L N L]

| ‘ | | ‘ | | ‘ | | ‘ |
Vet | i | wee=mw | pe—te=p

e Note: the two different POG block schemes have opposite direction of the
input/output power variables.

e The choice between the two POG schemes depends on the orientation of

the physical elements which are present before and after the block.

e The POG scheme 1 is used when the input Effort variable comes from
the left. The POG scheme 2 is used when the input Effort variable comes

from the right.
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3. Series and Parallel

3.5

e The “Across/Effort” dynamic elements D, connected “in series” can be

graphically represented by using two POG schemes:

Electrical Mech. Tras. Mech. Rot. Hydraulic
P Capacitor Mass Inertia Hyd. Capacitor
)
C
= | L ¢ I I L | E ME £ J@ T %ﬁ%}—g
+ <~
55 ‘/1 ‘/2 Tl T2 w1 ) P1 PQ
&
€2
‘/1‘¢ 4—9“/2 [i’1‘¢7 4—;332 W1;77 ‘WQ P1;7 <—;P2
| | Tt AN AN
— \ | \ \ | \ \ | \ \ | \
\ 11 \ \ 11 \ \ 11 \ \ 11 \
GE) | :_ | | J‘_ | | }_ | | = |
s | LU ] | | Ly L
'§ | lfQ \ \ Mp \ \ lfpr \ \ lfV \
o lh] il i il
©) | - | | i | | - | | i |
S rebs g | P |t | Q)
%K — V. AR — Wi —e Wy | P e—> > P
1’_><?f_~ 2 1'—><§>f—" 2 ’_)(?F_” 1} r } 9
NI ] ] ]
GE) | 4‘ | | —t | | _} | | - |
| (' | | M | | J | | C! |
_CIC) | ‘ | | ‘ | | ‘ | | Z( |
o \ fJQ \ \ T:p \ \ w)r \ \ f:V \
o] aEn aEn aEn
©) | - | | 2 | | - | | - |
et | e mE |t | Qe

e Note: the two different POG block schemes have opposite direction of the

input/output power variables.

e The choice between the two POG schemes depends on the orientation of

the physical elements which are present before and after the block.

e The POG scheme 1 is used when the input Flow variable comes from the

left. The POG scheme 2 is used when the input Flow variable comes from

the right.
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3. Series and Parallel

3.6

e The "Dissipative’ static elements /R connected “in parallel” can be

graphically represented by using three different POG schemes:

Electrical Mech. Tras. Mech. Rot. Hydraulic
n
"§ Ele. Resistance Mec. Friction Mec. Friction Hyd. Resistance
B | 1, LR RBln_ omle_ @
>
.43
g v RV | & Hd i o ad wo| P YR P
K
A I B N R I B
L ; ; L | F ; <—*; Fr | N ; ; T2 | Qre—> <—’; @2
— | | | | | | | |
) | | | | | | | |
E | | | | | | | |
g | R O| od | od | | R
% | | | | | | | |
S| | | | | | | |
S VetV | it | Wit | Pt p
By | Poe | Mo | Qe O
~ o | o | o | o |
o \ 1 \ \ 1 \ \ 1 \ \ 1 \
£ o o 1 o o
g | ‘_ | | ‘_ | | ‘_ | | ‘_ |
5 | R | |d ] ] | R
8 } ¥ } } A } } A } } Y }
- __J | - __J | | | - __J |
S VER Y | e | Wi | PR p
[ | | [ F | 7_1 | | 7_2 | |
1 "Tr—;v 2 1 —Tﬁ "Tr—;v 1 ~—>} }fij @)
o™ [ ‘ | | ‘ | ‘ | \ ‘ \
) ! ‘ ! ! ‘ ! ‘ ! ! ‘ !
£ 1 TR 1 1! 1 TR 1 1]
g | _\ | | _‘ | _‘ [ [ 1 [
5 | R | | | R
8 } 'Y } } 'Y } 'Y } } 'Y }
| ! | ___ | ! | !
S Ve Y | e | we R | Pt p

e The choice between the three POG schemes depends on the orientation
of the physical elements which are present before and after the block.
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3. Series and Parallel

R. Zanasi (UNIMORE) - MCEMS 2023/24

in series’ can be

static elements /R connected

Dissipative”

o The

graphically represented by using three different POG schemes:

g O & ) o | & o | & <
Q c B Sl - B St - B ¥ -
bl o] ,
1R M | H % @
a qu X — S ) 3 | See——1 A .a.w\\ﬂ\
_W L RX &— — |3 M 10# JAH ﬁ A
o S I S B 5 S .
- o an S | & S | o >
N ) 3 . 3 - 3 -
3 S B g B R T
|l O L )
_m rr a~{ ] — 3 M - = \‘A\J =S |«
Q Y , |
M W I _ I 2 L I _
g3 3 = 3 = 3 =
o M8 = e | A e | -
g 8 T Pl /e I — T
O
| =~ Y SN U ~ L e
sl ﬂ M Mw R
o) b} k |
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= o S g S e S e =
g 2 - | = ~ | = ~
ﬂa c T n T n A B
2 3 M H _ D
=Y I I~ —~ g | X A S e
g o M s B
B o B e ) N )
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sypolg }10PH

I 3Wwayds H0d

g dwaYds H0d

€ SwaYds HOd

e The choice between the three POG schemes depends on the orientation

of the physical elements which are present before and after the block.



R. Zanasi (UNIMORE) - MCEMS 2023/24

3. Series and Parallel

3.8

e The “Effort/Across Generators” (POG Modeler):

Electrical Mecc. Tras. Mecc. Rot. Hydraulic

. | Voltage Gen. Velocity Gen. Ang. Velocity Gen. Pressure Gen.

3 I F Q

o 1 1 1 1

o

3

< mT() Vi xT i mTG) w PIT__ P
-~

S

=

© L L L L

5 Vie—> T > Wi —> P
G : : : :

O | | | |

@) | | | |

a I e~ Fle - T e — Qe -
e The “Flow/Through Generators” (POG Modeler):

Electrical Mecc. Tras. Mecc. Rot. Hydraulic
Current Gen. Force Gen. Torque Gen. Vol. Flow Rate Gen.

& I T 1

S

= I T1 1

-

0

=
(30 Vi Wi Py

3
2
= | S

£ 53 i 3 53

% ‘/‘1‘;(__ :te‘i‘__ wlf‘—— PlT(__

& | | | |

O | | | |
@) | | | |

o Li-—> Fi-— T Q1>

e By default the positive direction of the power exits the generators.
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Connecting physical elements

e Two physical elements PE; and PE; can be connected as follows:

Physical connection Basic POG scheme

a) Series - Series

Vf1 U3 Vfq
—>’— PE, —’—» PE, —?—»
I _ Vg~ — I

N - 1Ye3, ~ > I,
Vel | // \ | (/ \ | Ved
I VKL | VK2
P T |
RN ~ N —

I I I
Ve2 = Ue3

b) Series - Parallel

v Ups  _SE Uf4
1 A -1 A
[ I [
o 7N 1Ve: I
Vel ) A PEs | Ved
Fovki
AN l
' —
| | |

Uf1 S Vg
> PEs —?—»
+
I _ I
) | |U(3 - \\ | )
Vel | 1 | ( \ | Veyq
| \ VKL2 /r |
| |
| |

CKL1 . CKL2
vr1 == Urz ~ Ura
+ \$// + S - +
[ L. [
o | Ve I,
Uel | PE1 | PE2 | Veq
| | |
| | |
| | |
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3. Series and Parallel

3.10

e The basic POG scheme associated to a PE;-PE5 connection can be drawn

in four different ways. For the “Series - Series’ connection:

a) Series - Series

(51 Urs3 Vf4
| | |
| | |
| “~_ Vo2~~~ |
/ | p . | e3 . |
Vel | / \ | / \ | Ved
' \ VKL1 ) ' \ VKL2 ) '
L N s
N s N\ s
| | |
Ve2 = Ue3

the following POG schemes can be used:

Basic POG scheme

Inversion of the

internal loop

P P. P
1 3 4
—»> —» —»>
Vel ‘ -« ‘ VUes
| V) |
| Ve | |
| |
| |
| |
| fe(ve) |
| |
| |
| |
| |
Uf1 o > Uf4
Ufa

Inversion of the input path

Py P3 Py
7}(—:1‘ - ‘ >
- 3 |
ST R |
o | |
| _ | |
N A1Ch RENCHIN

|
R el
AR
el L L,
Ujg = Ujg

Ufl

|

|

T [ |

| ! | |
g | |
;P %Jf) [ fr(op) |
e

\ va \ \
o< e Uy
| Ufgéng |

e Other four possible POG block schemes can be obtained considering the

“upside down" versions of the above reported POG schemes.
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e Example. A C-parallel and R-series connection:

Kirchhoff's - T T T —

L e oo R n T \
\\ ;j Il\ N 7 \]2
e < A O PO |
LY =V | . |
C\ RN } 1 } 1 }
At R RN I i
T || Kirchhoff's | 1 Cs || R |
| \ voltage law | | |
e | BN A7/
! a - ~_ ! P =
1 Tt VJ\L - N Vé
® ® ® ® @ ®

The internal loop and the input path of the POG scheme CANNOT be
inverted because the capacitor must be described using its “integral causal-
ity" model. The output path can be inverted.

e Example. A Ri-parallel and Rs-series connection:

R
I 2 I
T R Ao s el
i i 1]
Vi Rl} Vs | Ry | E |
3 Vl“—’;“—’@L*—‘Vz
® ® ® @ ©) ®

In this case, also the following equivalent POG block schemes can be used:

Inversion of the internal loop | Inversion of the input path | Inversion of the output path

I | | \I ] | | : \] I | | \I
H Tr* 7 1iﬁ CF H T C [
N e S i | | el
L ke | L= IR | B |
S L | | Bl
| | | | | | |
| | | | | |
| |
I I I
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e Example. A Ci-parallel and Cs-series connection:

I C I. | | |
: =1 I *’T 1L

Cl i ? i 1 i I i

il e el
| W“—"—’;'va

@ @ ® @ ©) ®

In this case there is only one POG block scheme that can be used for
describing the given physical system.

e An Electrical System that can be described by three POG block schemes:

Electrical System POG scheme 1

POG scheme 2

Vo

V3

Y Y

1]
Ks}R

1]
Ks ||
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e Effort Blocks in Parallel:
POG (1) Electrical Mech. Tras.
Uf1 H?—‘ » Uf2
} V3 } I 1'2\ F F%
| |
[ [ [3 F3
Vil Vs 1% U] 1)3T V9
| Ks | ! ST__ ’ L
| |
v
Vel se—F— U2
BG Mech. Rot. Hydraulic
Vel ) Ve 1 T2 | @1 . Q2
K Vfg Eay @310,
UVe3 /Ufg wq ng@ w9 P P;;T Py
CK
e Effort Blocks in Series:
POG (2) Electrical Mech. Tras.
Ur1 T:!T: Ur2
Uf3
. ! | n__c || B | A v e Fy
| 1 | I3 ‘ ‘ F3
<o
§i-1 N I o I R
| |
} Ue3 }
| |
Vel ‘_ _____ _7 Ve2
BG Mech. Rot. Hydraulic
Uel Ve2
< 1 = Ul J | QL Ci ] ) Q
[ v [ v $
1 f2 T3 @ Q‘gk
Ve3 |Vf3 Swz By
w1 w2 Py ’ Py
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e Flow Blocks in Series:
POG (1) Electrical Mech. Tras.
Vel 0—>(T‘—0 Ve2
| Voo | L E
e | A -
| | ]'3 F3
NN % <o
| Ks | Vi Va U] U9
| |
1 Ufs 1
| |
Vf1 f(_x_,f V2
BG Mech. Rot. Hydraulic
E
Ve Ve t L:
orem Bl 2|ty @
/1 /2 3 Qs <5 —
Ve3 |Vf3 “wy Fs
w1 w9 Pl P2
|:
e Flow Blocks in Parallel:
POG (2) Electrical Mech. Tras.
Vel o= U2
} Vos 1‘ I [2\ I3 F%
| Y |
1] I3 ks
| |
| Ks | Vi V3T L Va 1 ’UBT E |2
| |
| |
| Urs |
| |
(5] ‘_ _____ "‘ ()
BG Mech. Rot. Hydraulic
] T | Q Q
Vel 0 Ue2 g ' ' g
(5 ! Vo ! 73 Q3
Ve3 |Uf3 w1 'ng @ Ey w2 P PgT L; Py
|: I
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e Dissipative Blocks in Parallel:

POG (3) Electrical Mech. Tras.
Uf1 ‘ — — ‘ OF)
r A @37 I L | F R
i yﬂ i 1 R |V U1 tﬂd V2
__J|bes |
Vel =35 U
BG Mech. Rot. Hydraulic
| Vel 0 Ve2 71 T2 Q1 Q2
Ve |V
GS—I: f3 w1 [ dy w2 P NR[‘ P
R: R

e Dissipative Blocks in Series:

POG (3) Electrical Mech. Tras.
Vel ~ f*ﬂ‘ VUe2
b . R T
T R e e = I e
=
\ R \ Vi Vo u1 v2
 ilups
Ufl‘ _J k**‘}vfg
BG Mech. Rot. Hydraulic
Vel 11 Ve2 dt R
vrr T T Up2 i, [ e R S S
Ve3|Vf3
w1 w9 P1 P2
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3. Series and Parallel

3.16

e Parallel of an Effort Block in Parallel with a Dissipative Block:

POG (1) BG
Uf5
UrL e U2
} EE | U4 | Vel 0 Ues N Ve2
| 1 l l "Uf U5 Vfo
| | |
! i | Ve3|Vf3  Vea|Ufa
| K S | R }
| |
| | A |
v oy ! CK o RR
Vel o< > > Ue2
Ves
Electrical Mech. Tras
I [Q\ 1 Fz
Vi VgT_ Vﬁ R |V vl uT B vﬁH d |2
Mech. Rot. Hydraulic
ol ) Q1 _ @2
By, T QYo Q4
w1 /11;3T@ 11}4”::” dy w9 P PdT Pﬁm R; P
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3.

Series and Parallel

3.17

e Series of an Effort Block in Parallel with a Dissipative Block:

POG (2) BG
| Uf’l 1 | ULDQ
! Ufl . ! Ufg
Ves | Vf5
Vey
p_ W R: 7
Ve3|Uf3
C: K
Electrical Mech. Tras.
1
e -
e
1y W 4 W
4
2] M F
[1 C| | IZ - D 2
I3 | | 3 %
H
Vi Y3 Va Y 2
Mech. Rot. Hydraulic
dt R:
[ =
T4 <—
<o Q1 <p,
m (3) o |Q Ci@a Qg
3\ O3/
w3 P3
w1 w9 P P
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3. Series and Parallel

3.18

e Parallel of a Flow Block in Series

with a Dissipative Block:

POG (2) BG
‘ ‘ Uf’l N O ULDQ N
Ufl ! Ufg !
Ves |Uf5
N
Vey
1 W R: 7
Ve3 |UF3
N
l: K
Electrical Mech. Tras.
I Iy Fy Fy
— - — —=
I3 F3
V3 L U3 E
Vi I Vo U1 Fy U2
Vi R U4 L‘_‘d
Mech. Rot. Hydraulic
71 p) Q1 Q)2
— — — —
73 Q3
w3 @Et PS L/
w1 - w P O P
wi|ICod, Py
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ies of a \'4 in ies with a Dissi 1V :
e Series of a Flow Block in Series with a Dissipative Block
POG (1) BG
‘ Ues ‘
Vel ‘ ‘<—®<—T Ve2
| Ve3 | Vg |
| | | Vel 11 Ues 1| Ue2
| | |
1] | v vrs vr2
| K s | R | Ve3|Uf3  Veg|Ufd
| | |
| | |
i Uf3 i (O i | K R: IR
o1 & - + U2
Urs
Electrical Mech. Tras.
L R E d
- B AN 2
B Py MSC
i Vs v] U9
Mech. Rot Hydraulic
s © 07— 2 |% : =¥
73 T4 <— <—
w3 W4 Q?) P3 Q4 P4
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e Parallel of a Flow Block in Parallel with a Dissipative Block:

BG
Vel iy Uej N Ue2
Uf1 Uf5 Ufg '
UfSJz}f3 Vea |Uf4
|: K R: [7
Electrical Mech. Tras.
I Iy 2] Py

Mech. Rot. Hydraulic

! , T @1 @2
3 4 @3 (4

w1 wST @’4%]::” dy W2 P PgTUL,' P4TNR7; Py
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3. Series

and Parallel

3.21

e Series of a Flow Block in Parallel

with a Dissipative Block:

POG (3) BG
Vel 11 Ue2
?Jfl ! ! Ufg
Ves | Vf5
N2
Veyq
0 W R: 7
Ve3 Uf3
N2
l: K
Electrical Mech. Tras.
; 7
7 L
Iy <~ 1<y
h e L
7 m F3'e—
3 Lg
V3
Vl VQ (%] U9
Mech. Rot. Hydraulic
dy R:
|=| (]
T4 I=| Q4 <
N Py
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[ @3 <p
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3. Series and Parallel

3.22

e Series of an Effort Block in Series with a Dissipative Block:

POG (3) BG
’Uf5
e

T U o

R S

i 1 i i R i | Uf 1 7, fo oy f2
A Es LD v 3—[7}1”3 vf4[vf4

| | ! |

e :

| | |

ectrica ech. lras.
Electrical Mech. T

I 1 " i A M d F
- B MWWN— 2 K R L] e — | =

I 1
3 o 4 % 3 gz,'g 4 %
Vl 3 V2 U1 V9
Mech. Rot. Hydraulic
d
Gl A A T Qu_ Y il Q
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Sws wa Py !
wi w2 P Py
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3. Series and Parallel

3.23

e Parallel of an Effort Block in Series with a Dissipative Block:

POG (3) BG
| Vel 0 Ue2
'Ufl e Ufg
Ves | Vf5
Vey
_1_ IW R: 7
Ve3 | Uf3
C.K
Electrical Mech. Tras.

I I F F
— — — —
I3 . E3Y o

V| =— vl
Vi I, Vo (4] £y v2
VqT R Vg |:jd
Mech. Rot. Hydraulic
Gl p) 1 Q2
— — - —>
Y @37,
u3](©) B
wq - w9 Py O Py
w4TIJ::IJ dy P4TN R
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POG modeling: simple examples

e Let us consider the following electric circuit:

Ra CQI I Lg
WWr—— T
Ia’\ Vr R 3 Y Ib

8 W=

e The corresponding POG block scheme is:

e The POG scheme can be obtained modeling the system from left ro right.

1 The input current I, acts on a capacitor
’ (Effort Block) in parallel connection, and
. therefore there is only one way of modeling
Cil the capacitor:

W

e The next element is the resistor I?, in series with an input voltage V; on
the left. In this case the resistor can be modeled using two POG schemes.
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e The two possible POG schemes are:

e Let us consider the solution (1). The next element to be modeled is the
capacitor Cs in series with the input current I3 on the left. In this case
the capacitor C'5 can be modeled only as follows:

e The next element to be modeled is the inductor L3 in series. Since the
input current I3 enters on the left, the inductor L3 can be modeled only
using the derivative causality:

I <« B S S a— >

! | 1 | | 1

S L I A

| S : 1; : : i

| 1 1

| oA | | s

| l ; l 1 l :

: L | | | | |

BN S U L o

| | I | | I
V | ] _____

a . ‘/1 |

e In this case the causality problem can be solved inverting the blue dashed
path shown in the picture.
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e After inverting the path, the POG scheme has the following structure:

I ﬁ.? ’ - 1

a A " " " "
| | I
B S T R B
T | R T
| : o]
A a| s
| | | |

‘/va‘ ‘/1 | | |

e This is exactlv the POG scheme that woiilld have heen obtained rhnnqinp;

e In fact, the capacitor Cj is connected in parallel and can be modeled only
using the POG structure shown in the picture.
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e Consider the following electric circuit:

L1 L2 Rb
MWWV
c, b

Vil== 2

| | ‘/4 |

I I I

1| 1]

RN

fos || g, || _f@i |

I I 1 I

R3 Ry
AWM VWM —
Vs
Cy
4 Ol v
Vi
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e Consider the following electric circuit:

G| N ¥ G|
| 7/ D000 MWW |
Ll W : W
3
vl VRT§ P Ol v
The corresponding POG block scheme is:
| | | ] | | I | |
]a\ | | 2 | ﬁb | ; \Ib
I | 1 R 1 L
! S ! ! — ! s ! ! S !
| V@i | P L2 o, | L] ¥0Qi |
AR R Yoo | 1 | LR ] L
T lETel
| 1% | | | | | §V4 |
‘/a\ \4_} I I I I \%

O

Vi V3
e Consider the following electric circuit:
G | AN
L | I, )
? Irs
1 Cb 03
Ry V| T W—/— 8
Iy
The corresponding POG block scheme is:
| | | | % | | ‘/3 |
‘/va\ | | | | | \‘/3
e
- I R I R T o B
| fis Los | 1| Gos | 1| By ||| Cys |
I I I I I
& T T
| |
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e Consider the following electric circuit:

Ly

VlTC

QLI

Iq

sl
i
%

Va

I3

%Lg Va| —

The corresponding POG block scheme is:
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e Consider the following electric circuit:

R,

VQT(

I

MWW\

nl=

Cy

Lo R,
TR ——AWM
a ?

The corresponding POG block scheme is:
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e Consider the following hydraulic circuit :

Ry Ly Q3 L3
—}——>C__©
%
P Q1
! o, Y@

AN

a6

The corresponding POG block scheme is:

P ‘ P ‘ Py
AN
I I S A ool Y e N S B ol
| | Vor 2 o — | Vo3 | 4 | —
o T )
Tl ksl Wk

Q) $—
| | Ql | | | Q?) | |
e Consider the following mechanical system:
Es b5
11
VW L

F, o P g B

@ VIT [] |:j by V?,T [] |:j bs TVb
The corresponding POG block scheme is:

F\ | | F2 | | | F5 \F
a* ’(?‘ < ¥ > ’(?‘ <> I';5
| e ] | s |
s = o . |
| 5 | | Es 5 | | |
\ vh1 o vP3 o \ \
1| n X7 mHER R
I _ I 1 _ I I I
| | | | |
| | | | |

| | |
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e Consider the following electric circuit:

il Yy YW
| | o
5‘/3 04 r5
V4T__ S
Iy

The corresponding POG block scheme is:

Var—8— ~——

\ \ \ \ \
N | | | |
! 5 ! S ! ! ! ! !
T a e | | | |
SRR | | | |
\ i \ \ \ \ \ \
N7 N S N S B A

]\ \ %IQ \ \ : \ % \ u—l]
1 R b
\ I, \ \ \ \ \ \

e Consider the following electric circuit:

RQ L3 Rs
< I3 <
Ia [1 Vr Vr3 I4

s 8w s 2-Eel

The corresponding POG block scheme is:

| | I |
1, o—><¥)—>'—»—>'—>(?<—y<—;—n—»—w—>(¥)—~ Iy
| Ly | | L
1
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e Consider the following dynamic system (DC motor with an hydraulic pump):

XTPb

da
Qz
L, R, L12 ds
S T R A
Vra : Tm Jm’Tb ;Tp Qp Ky Qv
e £J0 8 «1© e 8 & AC) Yo .
: Knm : K, :
The corresponding POG block scheme is:
P,
Ia Tm Tp PO l
v > > -n—><?‘ : <« K < > >—>X)—>—> —n—><?<—,<—‘ :
]a\ 1 | \K | | ‘_K(_ p\ * | | | | |
| | | | 1 | | | | | | | 1 |
e N T R B O T s
| a | Ry | | vP | | | dp | | doy | Vo, |
=T | L | om | oy | | L ds
T w1 Ol Tl
R . T e N 0 T
m m Qp Q Ql

VO

Ry
L1
I m Cs || ﬂ |
Ly I % o Rs I,
R, Lo v—= G

The corresponding POG block scheme is:
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e Consider the following hydraulic circuit:

Rs

Qs

Ls
(G C

APAN

The corresponding POG block scheme is:

e Consider the following friction system:

The corresponding POG block scheme is:

S
~ S
F Km A|1_84|%
\\\\\\\\\\\ 'y
F )
\\\\\\\\\\\\ 'y
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POG model of a large dynamic system

e Example. Consider the following physical scheme of a large electric circuit:

O
Ry Lo Ry
MW\ 75600 MW
_1Gs
G T %}%
R3
O AN §L3 %-zﬁ
_1Cy
G T @
T T
L

The POG scheme can be obtained by following the steps below.

1) Choose the positive directions of all the state variables (I, I5, I3, V1, V5, V3, V)
and all the input variables (V,, V}, I..):

W
O
R1 L2 R4
AW\ ]’UWS\ AW\
2
c, vyl =—=" §R5
V=
Rg [3
VIO AV §L3 §RG
1
C C
I C Vﬁ:: ! S
_1Y2
R2§ %Ll Vo=
=
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2) Choose an input port (in this case V) and draw the series/parallel structure

- — — — — — — — — — 4

B 4

4 - — - — — — -

o — - — - — — ¢+

- — — — — — — —

-S4 - 4

of the corresponding POG block scheme:
X

<4 - — —

-4 - — - — — — 4.

— — — — — — — 4

-t - — - — - — - —

3) Add to the POG block scheme the graphical representations of all the

dynamic blocks:
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3) Add to the POG block scheme the graphical representations of all the

dissipative blocks:

>l

©
=
Yy
2]
| @ _I.DJ ~
vy
|
| —
~
S <
V4 1_@.A —l @
- — — — — — — — — x
MHU
o |~

=
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POG modeling of physical systems

There are two different ways of modeling physical systems using POG.

A) POG modeling from left to right.

e Let us consider the following electric circuit:

Ra CQI I Lg
WWy ] ad 111
]CL’\ C v ?2 ]3 C Y Ib
8 W=/ =" 8

e The corresponding POG block scheme is:

I3
| ,(?' ,?' ,
| I R I
| 1 | | s | - ! 1 |
B T I L R
| | @ | 1 | T | l |
NNk el [T
o] Vi LG ] s o |
l : S G N e st
Vi V-

e This POG scheme can be obtained modeling the system from left ro right.

The input current I, acts on a capacitor

(Effort Block) in parallel connection, and

therefore there is only one way of modeling
Y the capacitor.
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e The next element is the resistor I?, in series with an input voltage V; on
the left. In this case the resistor can be modeled using two POG schemes.

e The two possible POG schemes are:

e Let us consider the solution (1). The next element to be modeled is the
capacitor (5 in series with the input current I3 on the left. In this case
the capacitor C'5 can be modeled only as follows:

e The next element to be modeled is the inductor L3 in series. Since the
input current I3 enters on the left, the inductor L3 can be modeled only
using the derivative causality:
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e In this case the causality problem can be solved inverting the blue dashed

path shown in the picture.

e After inverting the path, the POG scheme has the following structure:

I ﬁ.? ’ - 1

a A h " "
| 1 1 1 1 1
B S T R
T | Ra| T
| | | 1 |
| 1 I I = I 1
e | B RN I -
p [ [ [

‘/:l‘ ‘/1 | | |

e This is exactly the POG scheme that coluld have been obtained choosing

the solution (2) when the resistor R, was modeled.

e The last two elements to be modeled are capacitor ('3 and the current

generator [,. The only possible POG solution is the following:

I3

| .

Ll "?‘ - D N N ’?‘ 1y
Nl N N e
kN i S e B N N I
| R | T
| C | Vi 2 | > | C |
: 1 | | Vv, | : f |

V. | | | é RY:
1< v, g g g ¢ Vs ™ V7

e In fact, the capacitor (5 is connected in parallel and can be modeled only

using the POG structure shown in the picture.
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B) POG Direct modeling.

a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

Ra C2| | Lg

I Yo

a@ Vil== Vil = 2

b) Draw the series/parallel structure of the POG block scheme:

V@

c) Add the dynamic blocks to the POG scheme:

[ [
L s ]
I, 4%% SRR PR FU SR SN ><§>< 1,
| . . . ]3 | .

d) Add the dissipative blocks and the summation signs to the POG scheme:
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1 1
L * S

< [t - ’é‘ 1,

L 5

VWY B [BW
1, Via S I
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POG direct modeling: simple examples

1.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:
Ll L2 Rb

Iy
1.b) Draw the series/parallel structure of the POG block scheme:
Vo —@— —®— @ — v,
I, —Q— —Q— —Q—1

1.c) Add the dynamic blocks to the POG scheme:

(VA e o 9|>—t

1.d) Add the dissipative blocks and the summation signs to the POG scheme:
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Ry
A

[rb

g?’ Vil




R. Zanasi (UNIMORE) - MCEMS 2023/24 3. Modeling: Simple Examples 3.21

2.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

F K3 b3 by
WA
K Iy
M2 M4

vak UQT u vﬁ u T v

2.b) Draw the series/parallel structure of the POG block scheme:

Fy: —Q— i —®— - Fy

2.c) Add the dynamic blocks to the POG scheme:

(%)

Vy | 2 U

®» = P §|r—l
®» |— P §|F—‘

2.d) Add the dissipative blocks and the summation signs to the POG scheme:
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v[<
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g

o
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3.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:

Ch

i L Wi Cy |
|

i 7000 W\ i
La 1 Cs 4

S R, Vi—— O

3.b) Draw the series/parallel structure of the POG block scheme:

Vi @0V,

I, —Q— —Q— : 1,

3.c) Add the dynamic blocks to the POG scheme:
Vs

(VA i e o 9|»—t

S|»— “— » [~
VI e CEP|»—A
(VA i e o S|H

3.d) Add the dissipative blocks and the summation signs to the POG scheme:
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4.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:
C Cy
o

4.b) Draw the series/parallel structure of the POG block scheme:

P @@+ @A

A a

Qu —Q®— —Q®— —Q®—Q
4.c) Add the dynamic blocks to the POG scheme:
RN, U Ny

» |~ P 9|r—\

» |—= P 9|H
S‘|>—t @ » |

Q QQ Qb

4.d) Add the dissipative blocks and the summation signs to the POG scheme:
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4.e) Check the signs by comparing with the considered physical system:

_72(20

P/

\ 4
Q2

R —

P1 er

Qo
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5.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

VO R, Ly Vi—— R, O

5.b) Draw the series/parallel structure of the POG block scheme:

T,

I @ R @1

5.c) Add the dynamic blocks to the POG scheme:

5.d) Add the dissipative blocks and the summation signs to the POG scheme:
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e R,
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6.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:

Ra L2 Rb
AN AW
Iy
I3
C Cy
v.]O Vi) — LS Vi— B
I
6.b) Draw the series/parallel structure of the POG block scheme:

Vil

I, —Q— : —R——Q—1

6.c) Add the dynamic blocks to the POG scheme:

%%%Hw e

| 1 1 1 1

| A s l “ |

; i | : r

| 1 — 1 |

| ; 7 L s
[ai i[b

Iy

6.d) Add the dissipative blocks and the summation signs to the POG scheme:
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7.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

Ry Ly (s Ls
1
C Cly
P/ P I a— N %7
‘ ‘ Qs
7.b) Draw the series/parallel structure of the POG block scheme:
Pi—@——®— —®— Py
Q' i — @ — —R——®—Q
7.c) Add the dynamic blocks to the POG scheme:
Py
| 1 1
| L@ AREE
- i - i
1 1 1 1
L s Ly 3 |
— e 3
Qa - @ Qs @
7.d) Add the dissipative blocks and the summation signs to the POG scheme:

h
) —= e ®» =

|

I

|

|
Q=

Ol
P
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7.e) Check the signs by comparing with the considered physical system:

Ry Ly ()3 L3
——%—*TQ{ZO ‘ O i
1
rl 02 Qr? 04 Qrél

P/ By e Py NB: 3
! ‘ Q b
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8.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:
Fy b5

AAAYAY

by

F,

@ U1T ] by U3T [ ] b3 Tvb

8.b) Draw the series/parallel structure of the POG block scheme:

% —®— & —®—u

Fi—Q——Q— — QR - Fy
8.c) Add the dynamic blocks to the POG scheme:
PR

®» = P §|+—t

Sj|»—* € » |

®» |[— P 3|+—t
w

8.d) Add the dissipative blocks and the summation signs to the POG scheme:
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Fi

Fis
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9.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

9.b) Draw the series/parallel structure of the POG block scheme:

Vi@ —————®— Vi

I, —Q— : —Q— -1

9.c) Add the dynamic blocks to the POG scheme:

S e w1

E|>—t — » |

[V e e oC:>|'_\

= —» Q|>—n

Ia "4]1

9.d) Add the dissipative blocks and the summation signs to the POG scheme:
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‘ | V.
VoG i
| 1 1
| % | S Ci 0—4 ‘/;,,2
l 3
l . Ry T T R
1 Ty 1 1
Ly S S
| | I,
[a .Y : > > > > > >(>@)< < <
I

9.e) Check the signs by comparing with the considered physical system:

Ry

AA—
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10.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:
by K b3

T.h  TY 7, YTy

10.b) Draw the series/parallel structure of the POG block scheme:

Wa — & — wp

T, —Q— — R — QT

10.c) Add the dynamic blocks to the POG scheme:

10.d) Add the dissipative blocks and the summation signs to the POG scheme:
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Y
.y
) 4
V2)
.
=

D T, >
10.e) Check the signs by comparing with the considered physical system:
by K3 bs
1 N B

9 Q5 ©l@® 5@ O




R. Zanasi (UNIMORE) - MCEMS 2023/24 3. Modeling: Simple Examples 3.39

11.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

Ry
—AW—
Ll 03|| R5
=0000° B MWW
1 L
[2 ‘/3 C
4
v.lO R, L V== S
I
11.b) Draw the series/parallel structure of the POG block scheme:
D . e D I
Iy —&— —&— — & I

11.c) Add the dynamic blocks to the POG scheme:

» |

X
-
Sf
=~

T,

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
le-
I

I @

11.d) Add the dissipative blocks and the summation signs to the POG scheme:
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K

i Cs| |
I, N
[2 ‘/é ’
Ra LZ ‘/4 :

LCRENERY - S s

0%1 | Vis |
Rs

1|

Rs

i7“5

A

AWVA—
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12.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

Rs
=<1
Ly Ry Q3
—CC © =<1 GENC
Q1 L
CQ C14

VAN PQTQ | 7> Pﬁ@ 2 %}Qb

12.b) Draw the series/parallel structure of the POG block scheme:

P&+ ————n
| | | 1 —®
Qa: 1 —R—® ® Q—Qy
12.c) Add the dynamic blocks to the POG scheme:
P, ‘ M ‘ - ot
0 & ¢ 5
! [ Y % i % l 7
: | * | L
1 11 | | s | | N |
Ly s l ! | | | s i i
; i e | i
Qa=—55 R R R —QR—Qy
1

12.d) Add the dissipative blocks and the summation signs to the POG scheme:

P, i N SN
| | | Inul |
| e Nl
} L X } L
| e || i = SRR
| : s | | 1] :
| Qr2! fs | s |Qu
; I P

Qa X 1 (e —R— Qy
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12.e) Check the signs by comparing with the considered physical system:

Sl [
!

Rs
=]
Q7'5
Ly Ry Q3
| P 3
! 02 QTQ
\

Qr4

Qv
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13.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:
K, K,
—

P
AP P Q A W@ e Jus
|

13.b) Draw the series/parallel structure of the POG block scheme:

Qu — R o — @

13.c) Add the dynamic blocks to the POG scheme:

P

U
A
h 4
S

Yy )

o}

® = P

) 4
A
) 4
Y

K,
s s s J
i i | i 1 i
é‘—* a U % ’é‘—' vd

13.d) Add the dissipative blocks and the summation signs to the POG scheme:

|

|

|

<
Qa
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13.e) Check the signs by comparing with the considered physical system:

[va
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14.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:

]
=
—L_I.j
\Qv .
=
=1
v/
<
]
=
<=
oy
A =
@
..................... m
=)
il
L
~
@)
<=
O
=
3
<=

14.b) Draw the series/parallel structure of the POG block scheme:

14.c) Add the dynamic blocks to the POG scheme:

—S =
[ \
wxlimé
S E
W ®

3
SEY LR
O_w.ut l_DuA A|1_SA|®
:\\\OM \\\\\\\\\\ _
X S
.
& <
®|v1_s|v KO |vDW.A
& %
[ \T,_W\\.
£ X
Eled & ke ~i o
wA| _J le— —iI A|®
x s
RS 83
:\\\VW \\\\\\\\\\ _
® o
@lvl_slv =3
\V\a \\\\\\\\\\\\\\ ~

14.e) Check the signs by comparing with the considered physical system:
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L, R,
7”6?5?515\ MWW
‘ ‘/m Tm ngm Tp Qp dl QdQ
v.JO 5O & w.@ i, @ A Pon@ e iE2 Pus] s

~




3.47

3. Modeling: Simple Examples

R. Zanasi (UNIMORE) - MCEMS 2023/24

15.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:

Vi
e

Lo
I
9

Ry

R
— AW —
r4

rl

v.JO

15.b) Draw the series/parallel structure of the POG block scheme:
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15.c) Add the dynamic blocks to the POG scheme:

15.d) Add the dissipative blocks and the summation signs to the POG scheme:
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15.e) Check the signs by comparing with the considered physical system:

I
a
O
Ry Ry Lo
A —T— AW —L
I Iy I 1,5
G
e KIS
Y
Rs
V&TC) WW V7~7T§R7
19 5L C, ‘QT:: @
§R2 §L1 Vi = I Iy § Ig
L §R6
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POG modeling of physical systems

There are two different ways of modeling physical systems using POG.

A) POG modeling from left to right.

e Let us consider the following electric circuit:

Ra CQI I Lg
WWy ] ad 111
]CL’\ C v ?2 ]3 C Y Ib
8 W=/ =" 8

e The corresponding POG block scheme is:

I3
| ,(?' ,?' ,
| I R I
| 1 | | s | - ! 1 |
B T I L R
| | @ | 1 | T | l |
NNk el [T
o] Vi LG ] s o |
l : S G N e st
Vi V-

e This POG scheme can be obtained modeling the system from left ro right.

The input current I, acts on a capacitor

(Effort Block) in parallel connection, and

therefore there is only one way of modeling
Y the capacitor.
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e The next element is the resistor I?, in series with an input voltage V; on
the left. In this case the resistor can be modeled using two POG schemes.

e The two possible POG schemes are:

e Let us consider the solution (1). The next element to be modeled is the
capacitor (5 in series with the input current I3 on the left. In this case
the capacitor C'5 can be modeled only as follows:

e The next element to be modeled is the inductor L3 in series. Since the
input current I3 enters on the left, the inductor L3 can be modeled only
using the derivative causality:
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e In this case the causality problem can be solved inverting the blue dashed

path shown in the picture.

e After inverting the path, the POG scheme has the following structure:

I ﬁ.? ’ - 1

a A h " "
| 1 1 1 1 1
B S T R
T | Ra| T
| | | 1 |
| 1 I I = I 1
e | B RN I -
p [ [ [

‘/:l‘ ‘/1 | | |

e This is exactly the POG scheme that coluld have been obtained choosing

the solution (2) when the resistor R, was modeled.

e The last two elements to be modeled are capacitor ('3 and the current

generator [,. The only possible POG solution is the following:

I3

| .

Ll "?‘ - D N N ’?‘ 1y
Nl N N e
kN i S e B N N I
| R | T
| C | Vi 2 | > | C |
: 1 | | Vv, | : f |

V. | | | é RY:
1< v, g g g ¢ Vs ™ V7

e In fact, the capacitor (5 is connected in parallel and can be modeled only

using the POG structure shown in the picture.
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B) POG Direct modeling.

a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

MW\ | ]‘ZWSZS‘
I 7 ’ I
a Cl ‘/2 04 b

™ vl== Vi = o

b) Draw the series/parallel structure of the POG block scheme:

i

c) Add the dynamic blocks to the POG scheme:

!
1, 4>(§>< 1 < 1 L 1 l > >(§)< I
| | | | I3 | |

d) Add the dissipative blocks and the summation signs to the POG scheme:
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1 1
! S

T 1 L
1, % 1 le 1 L 1 l > >(§< I
| | | | I3 | |

R, 02| | Ls
I w ot ! 3%256\ I
a 01 ra ‘/2 04 b

M W= Vil = O
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POG direct modeling: simple examples

1.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:

L1 LQ Rb

1.b) Draw the series/parallel structure of the POG block scheme:

Vet @@V

I — — —®—1

1.c) Add the dynamic blocks to the POG scheme:

1.d) Add the dissipative blocks and the summation signs to the POG scheme:
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Ry
S

[rb

:C3 vi|




R. Zanasi (UNIMORE) - MCEMS 2023/24 3. Modeling: Simple Examples 3.57

2.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

AT {
K, £y
Mo My
Va7 va U4T v
I I

2.b) Draw the series/parallel structure of the POG block scheme:

V@ R ®— — @

Fy: —Q— i —Q®— Iy

2.c) Add the dynamic blocks to the POG scheme:

Va Le: Y Qe
1 1| |
; i ; 7
v ) v )
1 1
K, B K3 g

2.d) Add the dissipative blocks and the summation signs to the POG scheme:
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— @ —» K M

by

2.e) Check the signs by comparing with the considered physical system:
K
SAM
by
Mo
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3.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:

Ch

Iy

S

||
|
%
1

I

R,

L2 Rb C4| |
| |

vl

<
4

W

3.b) Draw the series/parallel structure of the POG block scheme:

Vi @0V,

I, —Q— —Q— : 1,

3.c) Add the dynamic blocks to the POG scheme:
Vs

(VA i e o 9|»—t

S|»— “— » [~
VI e CEP|»—A
(VA i e o S|H

3.d) Add the dissipative blocks and the summation signs to the POG scheme:
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4.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

01 Ly 1
Q Q |
1 2
? I Cg 04
PaT R PST Pﬁ
%
4.b) Draw the series/parallel structure of the POG block scheme:
P ® @R
Q- —Q— —Q— —R—Q

4.c) Add the dynamic blocks to the POG scheme:

4.d) Add the dissipative blocks and the summation signs to the POG scheme:
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o)
4.e) Check the signs by comparing with the considered physical system:
R
C Ly :
Qil=— @2 ‘ (12 ‘
P1 Qﬂ C

O[T
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5.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

- N
[T, | |
v, s C,
4@ R, Ly Vi—— Ry, (1
Iy
5.b) Draw the series/parallel structure of the POG block scheme:
vy —@— @ & & v,
Iy —Q— —QR—R—Q®—1
5.c) Add the dynamic blocks to the POG scheme:

A

A

N

Y

Y
[ A
=

= e w1

» |—= P [S}|H

S= e w1
= —» Q|>—n

L

5.d) Add the dissipative blocks and the summation signs to the POG scheme:



R. Zanasi (UNIMORE) - MCEMS 2023/24

3. Modeling: Simple Examples

4 e
=X 'T
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6.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:

Ra L2 Rb
AW T
Iy
I3
Cl 04
A4S vil== LS v/ @O
I
6.b) Draw the series/parallel structure of the POG block scheme:
v, —@— R ; v,
I, —Q— i —QR—Q®—1

6.c) Add the dynamic blocks to the POG scheme:

%Mw "V

(VA I e = S|>—t
|r— — » |—
c,oh|’_' — » |~
(VT e o 9|>—t

h
[\

I

6.d) Add the dissipative blocks and the summation signs to the POG scheme:
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7.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

1ty Ly ()5 L3
1 — Q R
A | }02 }04
i S (e
Qy
7.b) Draw the series/parallel structure of the POG block scheme:

P—@ @@+ R
Qu —Q——®— —®——®—Q

7.c) Add the dynamic blocks to the POG scheme:

Py
‘ 1 1 1 1
s Co s Cy
' 1 v 1
1 1 1 1
| | L s L3 s }
o |
o - o ' b
@ o o @

7.d) Add the dissipative blocks and the summation signs to the POG scheme:
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7.e) Check the signs by comparing with the considered physical system:

1y Ly () L3
— | o

Prl ‘ 02 r2 ‘ 04 r4

) AT )(m A RO
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8.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:
E2 b5

AAAYAY

1y

F,

AN UlT by ng bs (|0

8.b) Draw the series/parallel structure of the POG block scheme:

% —®— & —®—u

P @@ Y S - 7

8.c) Add the dynamic blocks to the POG scheme:

Vg gt B Qe
N ; N : 1 :
mi E ms
i } i
1 1 1
S E_2 S

8.d) Add the dissipative blocks and the summation signs to the POG scheme:
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bs

8.e) Check the signs by comparing with the considered physical system:
Fy

2
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9.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

WA —
i

Vs 4
Vi = D
Iy

9.b) Draw the series/parallel structure of the POG block scheme:
V@@
I, —Q— : —Q— -1,

9.c) Add the dynamic blocks to the POG scheme:

F|’—‘ — » |

g|»— “— » |~

[V e e cSp|>—t

= —» §|»—~

[a :"4]1

9.d) Add the dissipative blocks and the summation signs to the POG scheme:
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| | V |
VoG —— : v
| 1 1 ‘
| % | S Ci 0—4 ‘/;,,2
l 3
l . Ry T T R
1 Ty 1 1
Ly S S
i i Iy
Ia — : > - > - - > @ < < [b
I

9.e) Check the signs by comparing with the considered physical system:
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10.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:
b2 Kg b3

13
T,h T 7, Ty

K 1 UJQT K 4 wa

10.b) Draw the series/parallel structure of the POG block scheme:

Wal — O W

T, —Q— — R —R—T,

10.c) Add the dynamic blocks to the POG scheme:

10.d) Add the dissipative blocks and the summation signs to the POG scheme:
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10.e) Check the signs by comparing with the considered physical system:
Kg b3

bf =7 000" - | |
1, ’LU;rz ‘ ng w;ﬁ Ty
A 2x w0 kS
8 \
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11.a) Choose the positive directions of the state and input variables of the con-
sidered physical system:

Ry
—AMM—
L 1 03 | | R5
AT i —
[ 2 ‘/E)’ 04
VO R, L vi|== D
I

11.b) Draw the series/parallel structure of the POG block scheme:

b %

; e | 3 | 3 |
I,—@— —®— —®— 1

11.c) Add the dynamic blocks to the POG scheme:

| ‘/v4\
h ) —F R
B |
1| A R T
i T D U R =
s o C,

I,

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
lg-
I

I,

11.d) Add the dissipative blocks and the summation signs to the POG scheme:
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| V | |
Vo —r— - - ———@—V;
| | | | | B | |
| ! } ! | 1 ! } 1 ! !
! 1 w 1 l ! " 1 1 ! — 1 1
| I | s ! S i F?, ! 04 I ‘/7'5 I
1 l | | |
R | L | | |
fia i 1 Ry | 1 ! R5
I | | L_1 | ! = i | l | L+ |
| Ira i ] | Irl | Lo ! % ! S
1 I 1 ’ 1 l
I —G—é‘—ﬂ—" [2 i : | |
]a ﬁ—@: ke ¥ > = | ‘ T < } Ib

Ry
—AW—
[7’1
- o
]1 | | T
I, Iy ? 5
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12.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:
R
Ly i Qs

PQTC‘.‘) Pﬁ@ ]{Rg Pﬁ@ ]{34 Q%b

12.b) Draw the series/parallel structure of the POG block scheme:

P&+ ”
L ——
Qa: 1 —R—® —QR——Q®—

12.c) Add the dynamic blocks to the POG scheme:
A S S R ey
1 L 1 L |
3 Co s Ca
A l A
} 1|
1 L Ls | | 1
7 s | | . |
1 | —s— T
Qa o) - "R — R+ Qe —Q—Qy
1

12.d) Add the dissipative blocks and the summation signs to the POG scheme:

Py R

P ‘ ‘
P, e - %% . - - P,
] Nl ] 3
| Csy | | ! g | i C4 i i
X 1 4 1
R | | =R R ||
1 | | 5 | [ |
s QrQi l iy Qr5 ! s Qﬂli
| g T |
Qa ' — (% Qe : (39 X
O

0,
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12.e) Check the signs by comparing with the considered physical system:

PGTC‘.‘

Q1

Rs
Rl QT5 QB—
<— L
Prl 02 QrQ i 04 Qr4




3. Modeling: Simple Examples 3.79

R. Zanasi (UNIMORE) - MCEMS 2023/24

13.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:
K, K,,
=T VWA
A |C1 mp
P, < P oy, Ly v
[GRRE LG  p

13.b) Draw the series/parallel structure of the POG block scheme:

P,

R——va

Qa? i ®_"— a/

13.c) Add the dynamic blocks to the POG scheme:

P

o}

® = P

Qa :: : é‘_<7 a’

13.d) Add the dissipative blocks and the summation signs to the POG scheme:

Y
Y
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13.e) Check the signs by comparing with the considered physical system:
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14.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:

Ly

oy
Lo
DA
I
S0
s
w)
T
1]
“(H
T
£
i
<

14.b) Draw the series/parallel structure of the POG block scheme:

14.c) Add the dynamic blocks to the POG scheme:

SR
[ \
el 2 e
S E

14.d) Add the dissipative blocks and the summation signs to the POG scheme:

Fo

3
g s
O_MA| l_DuA A|1_SA|®
:\\\OM \\\\\\\\\\
X <
e
& <
®|v1_s|v KO —
=) X
S M\\-
S0
Ele & ke —i o
wA| _JA| | A|®
=
53 S
:\\\VW \\\\\\\\\\
® o
@lvl_slv =3
N
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14.e) Check the signs by comparing with the considered physical system:
b,
L, R, — Ly
/T ——AWW )
I, % T | . | Qs Qi
ra m /J\]Tmbm P Qp | }Q)d Qd
o 2o M) ki OO WL e s ]
=K, G=K,
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15.a) Choose the positive directions of the state and input variables of the con-

sidered physical system:

Vi
O

Lo
I
9

Ry

R
— AW —
r4

rl

4O

15.b) Draw the series/parallel structure of the POG block scheme:
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15.c) Add the dynamic blocks to the POG scheme:

15.d) Add the dissipative blocks and the summation signs to the POG scheme:
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15.e) Check the signs by comparing with the considered physical system:

i
)
)
R Ry Lo
A AW — T
I Iy I 1,5
G
Cl ‘/BT—— R5
==
Rs
A®) WW V7~7T§R7
Vi3 &
19 5L C, ‘QT:: CD
§R2 §L1 Vi = I X I
§L3 §R6
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POG modeling of linear systems: useful rules

Rule 1: the positive directions of the two power variables (v, vy) of all
the physical elements of the considered system (except the generators) must
be chosen such that the the positive direction of the corresponding power
P = v.v; enters into the physical element.

Rule 2: the power variables v, and v of all the physical elements connected
in series or connected in parallel (except the generators) must share the same
positive direction.

Physical system:

Rl Cll | L2
I]H% ]1 | | [2 <—
I V;“l Y ‘/2 [4 ]5 ]6 ]b

vf() vie—  WEL V=R 8

POG block scheme:

A

[

- __ &

i
Fy
)
b4
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Rule 3: the position of all the physical elements connected in series or con-
nected in parallel can be changed at will: the corresponding POG schemes are
different from a graphical point of view, but equivalent from a mathematical
point of view.

Physical system:

ey, hll Ly I I I
a 2 ‘/1 rl 6 4c4 5 b

w =

»
P>

Y
) 4
Y

Note that, from a mathematical point of view, the obtained POG block scheme
is equivalent to the POG block scheme of the system considered in the previous

slide: v
4 ;
- g b B B Vi
Y
1 1
0_4 S Y
1

i
-
=
()
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Rule 4: when modeling physical systems, different POG block schemes can
be obtained only if algebraic loops are present within the system.

Considered physical system:
Ll RQ Rb

Vs

@l

Sl= fe w1
» |~ P CE_>|>—t

|
[, — 2

POG block scheme of the considered system:

li—7

e An algebraic loop is a closed path which involves only dissipative elements.
Two algebraic loops are present in the above POG scheme.

e Each algebraic loop can be inverted. The number m of possible POG schemes
associated to a physical system is m = 2", where n the number of the algebraic
loops present within the block scheme.
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POG scheme obtained inverting the first algebraic loop: POG block scheme of
the considered system:

POG scheme obtained inverting the second algebraic loop: POG block scheme
of the considered system:

POG scheme obtained inverting both the algebraic loops: POG block scheme
of the considered system:

[a "4]1

e The four POG block schemes are equivalent from a mathematical point of
view,

e Block schemes with algebraic loops are not suitable to be simulated directly
in Simulink. For linear systems, the algebraic loops can be easily solved.
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Rule 5: two physical elements of the same type connected in series or con-
nected in parallel must be substituted by the corresponding equivalent element

before applying the POG modeling.

In the electrical domain the following simplifications can be done (external

connections in series):

1) Flow dynamic blocks in series:

L, L, Le
R —— T — DAL
1 2 :
VIO oV, = VO O
2) Flow dynamic blocks in parallel:
Lo
I
2
L,
L mn— e
]1 L1 ](

VO Ov = VO

3) Effort dynamic blocks in series:

S oV, = 8

| Ca) Cel |
il i Ll 5
1, Vi Vs a Ve

L.= L+ Ly
I — L{L-
L+ Ly
105

6201-|—02
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4) Effort dynamic blocks in parallel:

Cy
il
v,
¢ Gy
| |
I, Vv, I, A
S ()T% = S C)M Ce=C1+(Cy

5) Dissipative blocks in series: +
Rl RQ Re
A A —— MWW —

Vi[O oV, = VO OWVi  R.=Ri+R

6) Dissipative blocks in parallel:

Ry
—A\WWW—
R,
| J\/\RA/\/\_. A
1

de o = VO O Re=pn

e All the previous simplifications hold also if the external connection of the
considered elements is in parallel.
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e Similar simplifications can be done also in the mechanical domains (transla-
tional and rotational) and in the hydraulic domain.

Example. Before applying the POG modeling approach, the following hydraulic
system: Considered physical system:

Qi Ly
Ry R, ()3 L3
=] =] ‘ C ‘
CQ 04 C”5
AVA P \r P Q P @ 7
! I e
should be simplified as follows:
R, Qe L.
=l ‘ O ‘
C Ce
PGT__ PQTQ NRb PCT VY
‘ ‘ Qo
where:
R, =R+ R,, L, = Ly L C.=Cy+ Cs

Lg—|—L47
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Rule 6: the POG modeling approach cannot be used if the physical system
contains nodes connected only to branches with flow dynamic blocks in series.

Example. The following electrical system cannot be directly POG modeled
because it contains a node connected only to branches with inductors in series:

The correct dynamic model can be obtained by adding a spurious physical
element (for example the

C,
b
1, v,
V|
then

a) obtain of the augmented system;

b) read from the POG block scheme the state space dynamic model of the
of the augmented system;

c) apply a congruent transformation to the state space model in order to ob-
tain the dynamic model of the reduced system when the spurious element
is neglected:
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Rule 7: the POG modeling approach cannot be used if the physical system
contains closed paths characterized only by effort dynamic blocks .

vl

v

In this case the correct dynamic model can be obtained using an approach
similar to the one described in the previous case. In this a spurious element
(for example an inductance L) mast be added in series with one of the three

capacitors.
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POG modeling: a particular case

e The following physical system:

Ry
MWW
Rl Rg Cl| |
— WW———WWAN— ||
I W I,
ETC) Ly Lp

cannot be modeled using the “POG direct approch” because, due to the pres-
ence of resistance Ry, the system cannot be described by a sequence of series
and parallel elements.

e This problem can be solved obtaining the POG block scheme of the original
system without resistance Ro:

Ry R C

e L L

» |
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o |f resistance R» is added to the original system, the corresponding POG block
scheme can be modified as follows:

/// R2 \\\
~—\WW\—
S~___ =<
Rl /,\\ R3 G'll\ | // \\
l VVVVY \N// VVVVY ||\\ N AN
< AN I
/// ][1 ‘/;-1 \\,’ ]lp
ET() ///‘/;] 1 /b \\ Lp
/ // \\\
/
// /I N

e The first two red elements represent the two points where resistance R; is

attached the rest of the system. The last red element is the POG clock scheme
of the resistance Rs.

e [he two red summation blocks which involve the currents represent the
Kirchhoff's current law applied to the two points where the resistance R is
attached to the other elements.

e The red summation block in the right POG block scheme represents the
Kirchhoff’s voltage law applied to the new closed path due to the connection
of the resistance Rs to the other elements.
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e The modeling problem can also be solved adding two generators (1}, gener-
ator and [, generator) in correspondence of one of the two terminals of the
resistance Rs:

Rs
W\J/V
R V
i
Va 11 V VbTC) I,
EIO S L
Iy

e The corresponding POG block scheme is:

. g ——
| , | | 1 |
IVQ% Vblvsiéivbl
I | I ¢I1 LS

] 1
SR R - N 50 N i I I
| | | : | | ] Lo | L
| I lZ—qIQ: :!:s : !:LP
T¢ T¢ [lp

I, — ‘—F—él

e The correct POG block scheme of the original system is obtained connecting
the outputs of the two generator to the inputs of the same generators.
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State Space Model in the “Control System Theory"

e Classical State Space Model. In the classical “Control System
Theory” a linear time-invariant dynamic system S is usually described by
using state space equations having the following structure:

S:{ x = Ax+ Bu

y = Cx+ Du

where A is the system matrix, B is the input matrix, C is the output
matrix and D is the input-output matrix.

e Transformed Systems. The Classical State Space Model S is usually
transformed using a “simzilitude” transformation x = T X:

~ x=Ax+Bu =Tx . x=A%X+Bu
= :> S: A~
y=Cx+Du y=CXx+Du
where S is the transformed system and
A =T 'AT, B=T'B, C = CT.

The “stmailitude” transformation x = T X can be applied only if matrix
T is “squared” and “non-singular”.

e Transfer Matriz. For a Classical State Space Model S:

{X:Ax+Bu

5= y = Cx + Du

the input-output transfer matrix H(s) is obtained as follows:
H(s)=C(Is—A)"'B+D.

e The transfer matrix H(s) does not change if a “similitude” transformation
x = T X is applied to system S.
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Example. Block scheme:

|
AK,

o<
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

K,

Qo

—K,,

State space equations:

(L,1, =—R,1,— K, wn+V,
T Om = Ko Iy — by wy, — K, Py
L Co Py = Kywn — oy Py + Qo

N\

"Classical” state space model (x = Ax + Bu):

1

]CL Ly L Ia _L_a 0
| = | B I LG [g]
. m Km O;l/n L O
Lol [0 & —athd [0 alss
X A X B
POG state space model (Lx = Ax + Bu):
Lo 0 07 [L] [-Ba=Kn 0 J[L7] [L0]r,
0 Jn 0| |im| =] Kn —bp —K,| |wn|+]00 [Q]
0 0 Cy| | Py 0 K, —a,| | R |01]&%
N\ f /\',-/ N\ X /v \]3,-/ u
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From the POG scheme to the State Space Model

e POG State Space Model. A linear time-invariant POG dynamic
system S is characterized by state space differential equations having the
following structure:

g_ Lx = Ax+ Bu
| y = Cx+Du

where L is the energy matrix, A is the power matrix, B is the input power
matrix, C is the output matrix and D is the input-output matrix.

e A POG state space model satisfies the following properties:

a) L =L > 0is a symmetric semidefinite matrix;

b) the “energy E stored in the system” can be expressed as follows:
1
= 5XTLX >0

c) the “power P, dissipated in the system” can be expressed as follows:

T
P,=x"Ax =x"Ax where A, = A+TA.

e POG Transformed Systems. A POG dynamic system S can be
transformed using a “congruent” transformation x = T X:

Lx=Ax+Bu x=TX _ Lx=A%X+Bu
S= — S= S
y=Cx+Du y=Cx+Du
where S is the transformed system and (if matrix T is constant)
L=T!LT, A =T!'AT, B =T!B, C =CT.
e The transformed POG system S maintains the same properties of the
original POG system S.

e A “congruent” transformation x = T X does not require the calculation
of the the inverse of matrix T and therefore it can be applied also when
T is “singular” or “rectangular”.
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4.4

e POG Transfer Matrix. For linear time-invariant POG systems:

g_ Lx = Ax+ Bu
B y = Cx+ Du

the input-output transfer matrix H(s) can be obtained as follows:

H(s)=C(Ls—A)"'B+D.

e In fact, the POG dynamic system S can be rewritten as follows:

X:Ljéx+LjBu
A B

y = Cx + Du

x = Ax + Bu
y = Cx + Du

and the transfer matrix H(s) can be computed as follows:

H(s)

C(Is—A)"'B+D

— C(Is— (L'A)"Y(L'B)+ D

C(Ls—A)'L(L"'B)+D

(
(
C(LY(Ls—A))"(L'B)+D
(
C(Ls—A)"'B+D.

e A time-invariant “congruent” transformation x = T X:

S_{LX:Ax+Bu =Tx _ {f§:K§+§u

y=Cx+Du

> S:

does not change the transfer matrix H(s) of the considered POG system:
H(s)=C(Ls—A)'B+D=C(Ls—A)'B+D = H(s).

e In fact, the transfer matrix H(s) of system S can be computed as follows:
CLs—A)'B+D

= CT(T'LTs - T'AT)'T'B+D
= CT(T?(Ls — A)T)'T'B+D

H(s)

CTT '(Ls — A)'T"T’B + D
C(Ls—A)"'B+D=H(s).
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e The POG state space equations can be read directly from the POG scheme.

Example: from the following POG scheme

K

‘/Kp
tate spage equatLons /
N £
/ v . \\ ’-A’\\/
L 0 8 gTi, —R K 0 T dap [0 .
0 ' 0 |oal =l En o =mgl |55 # o0 [Q]
~—- . ;.—-\\ 0
0 0 l’Cf“,‘ By 0 Kp —Qy L(P/l 01 ~
| \\_//_ N o’ (. ) \\_/ i u
~ i: ~ T B"

A

0 0 X—I—Oou
0 1 0 0
C D

e The POG state space equations are obtained using the following procedure:

1) The components of the state vector x must be chosen equal to the
“output power variables' of the dynamic elements. In this case it is:

= mmen B |

2) The diagonal coefficients of the energy matrix L are the coefficients
of the constitutive relations that link the “output power variables’ x
to the “internal energy variables’ q = Lx:

¢:La[a ¢ La 0 0 Ia

p=Jnwn — pl=10J, 0| |wn

V:C()P() vV 0 0 C() PQ
—— N N —

q X
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3) The coefficients A;; of matrix A are the gains of all the paths that
link the j-th state variables x; to the ¢-th input ¢; of the integrators.

K, K,

K_m_ -[gﬂ
Lo 0] [FEf ZHes B RrRT Pl
OJmO Wm | = Km ‘::b@/\/ Kp Wm | + 00 |:Qa:l
0 0Cof | B 0 (K ca | BP0y &2
Tv \\’p/ = p ] N——— Y u
A
- 1 0 0 o 00 -
Y=l 0 0 1 0 0
C D
The element Ay3 = — K, of matrix A, for example, is the gain of the

path that links the third state variable 3 = F, to the input ¢y = p of
the second integrator.

4) The coefficients B;;, C;; and D;; of matrices B, C and D can be
determined in a similar way:

a) coefficients “B;;" are the gains of the paths that link the j-th input
u; to the input ¢; of the i-th integrator. The coefficient B3y = 1,
for example, is the gain of the path that goes from input us = Qg
to the input g3 of the third integrator.

b) coefficients “C;;" are the gains of the path that link the j-th state
variable x; to the i-th output y; of the system;

c) coefficients “D;;" are the gains of the paths that link the j-th input
u; to the i-th output y; of the system.


Roberto Zanasi
Evidenziato


R. Zanasi (UNIMORE) - MCEMS 2023/24 4. State Space 4.7

e The properties of a POG dynamic system hold for the considered system:

1) The energy matrix L is symmetric and positive definite:

L, 0 0
L=L">0 =N L=|0J, 0
0 0 G

2) The energy Ej stored in the system can be expressed as follows:

1 1 1 1
_&=§ﬂ1xzo = _&=§%@+§%M;+?%$.

Matrix L is characterized by the coefficients of the constitutive rela-
tions of the dynamic elements of the system.

3) The power P, dissipated in the system can be expressed as follows:

Pi=x'A,x =  Pj=-—R,J?— b — apP;

m_

where A is the symmetric part of the power matrix A.

“R: 0 0

A+ AT a
Afi_%_l: 0 =b; 0
0 0 —o

Matrix A is always characterized by the coefficients of all the static
dissipative elements present in the system.

4) The total power P, redistributed within the system is zero:
P,=x'A,x=0

where A, is the skew-symmetric part the power matrix A:

0 =Ky 0
A— AT L
0 K, 0

Matrix A, is always characterized by the coefficients of all the con-
necting blocks present in the system.


Roberto Zanasi
Evidenziato


R. Zanasi (UNIMORE) - MCEMS 2023/24 4. State Space 4.8

e Example. Let us consider the following electric circuit:

Ly o Ly ke R ks

e -~ AAAAA e
\‘7 _ ~

)

AN

/
o ]

=

I

K
. has the fo/[lo,Wing structure:
/o I

\\%R \\O /O /M
— 9 (- > @\ Uhl . // // - - B _
Loooo][a] | D PR o
rpN TN TN Ly /
. (R, (— Ry =10 !
0Ly 0 0 || N e R I P E 0 0 [[Va
== - =X /"(
A e TS Sar e | P e P
O O Cg O ‘/3 Nl (\\ R]}// l\ /h}/I ‘/3 Ib
R A 0
7 _ u
00 0C||Vi 0 o (L nvval LYVl
~ ~ -\ - i \\]Eb// \\xl/zb// | - - N, e’
I XS X 7 X B

The connection coefficients appear within matrix A only when one type of
energy (i.e. magnetic energy in L) is converted in another different type
of energy (i.e. electrostatic energy in C).
A dissipative parameter (i.e. R, and R)) appears 4 times, in a symmetric
way, within matrix A when the corresponding physical element connects
two dynamic elements of the same type.
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4. State Space

4.9

e Example. A chain of carriages and snubbers:

= rgnubber
7
F(t) AV~
= PW 2 Py 3 (T
00 N Sullimonmye é
T, 7 T A
(a)
The symbolic scheme:
bl b2 b3
11 11 11
J | | 1
K1 K3 K3
AV AAVAAY ANVWWN—
F My My M,
@ ] Tjﬁ [] Til'iz [] Tj??) <>TO
The corresponding POG block scheme:
F F: 2
| ' 1 ! 2 ! ' 3 |
& | | | | :
Ny LS
| 1 ! K 1 ! K ! 1 ! K |
S vl I Bl I LT B vl I a8 1000 T B vl B Bl B LY
: T T T
| I I I I |
| | | | | |
| | | | | |
| . ] . ] ] . ] I
1 I i) I I XT3 I
The POG state space dynamic model is:
_Ml _,'Z:'l_ _bl —1 b1 0 0 0 _.fl_ _1_
L 2, Lo -1t 0 0o 0/flgrl| o
M2 i'2 b1 1 —bl—bg —1 [)2 0 a';-z n 0
Ve Ry 0 0 1 0 -1 01| [R]"]O
M3 i'?) 0 [)2 1 _[)2_b3 —1 -f?) 0
) ;
i %] L% o o o 1 o | Lil LO
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e Example. Let us consider the following electric circuit:

V.l

‘ Vi o Ve Vis .
‘/a } | } | } | }
i el i :
- - s | !
| R | R |l — | B
N L] oL :
B T 2] T | B T :
l l l l i l 1,
. h S LI R £ ,

Ly 0 0] Th —R R 0 I 107
0Ly 0| |L|=|R —-Ri—-Ry Ry L|+0 0 [Ia
00 L) U] | 0 m  —men| LBl 0B
AR I R A
= X +
Vi3 0 0 Rs 0 —Rs3| [ I

Note that, in this case, the power matrix A is symmetric because the
system is characterized by only one type of stored energy. In this case the
magnetic energy is stored in the three inductances Li, Lo and Ls.
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e Example. Let us consider the following electric circuit:
The POG state space dynamic model is:
Lool L [/ —Iy w I L R ]y
0 L, O Ll =|-R —Ri—Rs —Ri— Ry L | +{1 —-Ri—Ry [Ia
; b
0 0 L] i) | —m-m —R-R R L] (1 —Ri—R— Ry
(I A L r
V3 i —Ry —Ri1—Ry —Ri—Ry—Rj3 I —Ry—Ry—R3 Ib_

The power matrix A is symmetric because the system is characterized only
by one type of stored energy.
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Relative degree of a transfer function G(s)

e Let us consider a generic block scheme:

-[CL | \Cm | Cp\ | P() |
[Cla ~ ,—;-L——————;L:KHLJ- [ | | Kp N N ‘-——;é PO

“al A TEN U e A N

\ \ e \ \ \ L]
i A = i

\ \ C \ \ | o By \

| | e e | P oY

\ \ I \ m | \ L \

| | NEE | | | ! |

| | | = | I | | | :g }

| | W ] | | Qo B

: | S A N ISR ey I LoV

L | Km‘ i: W, bi bi ] Kp‘ | | |

) y ) ) )
e For each transfer function G(s) = % which links an input u(t) to the

output y(t), the following properties hold:

1) the order of function G(s) is equal to the number n of independent
dynamic elements which store energy within the system;

2) the poles of function G(s) are equal to the solutions of equation
A(s) = 0 where A(s) is the determinant of the block scheme;

3) the relative degree of function G(s) is equal to the minimum num-
ber 7 of integrators present in all the paths that link the input u(t) to
the output y(1);

4) if there is only one path P; that links the input u(t) to the output
y(t), then the zeros of function G(s) are equal to the solutions of
equation Ay(s) = 0 where A(s) is the determinant of the reduced
block scheme obtained from the original one eliminating all the blocks
touched by path Px;

G(s) = %) has 3 poles and 0 zeros because the relative degree is r = 3;

G(s) = ‘I/—‘; has 3 poles and 2 zeros because the relative degree is r = 1;

e Note: the higher is the relative degree the more difficult is the control.
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Linear systems: equivalent block schemes

e Let us consider the following inductor connected in series:

L

S 0000 —
I

%

e For the considered linear system, three mathematically equivalent POG
block schemes can be used:

a) Initial condition ¢, b) Initial condition I c) Zero initial condition.

Moot Ve Vit Vs w—«T—%

w = e N| —

¥ ]

e For linear systems it is always possible to switch the position of two cascade
connected blocks without modifying the input-output dynamic behavior of
the considered system.

e If the three block schemes were implemented in Simulink, their initial
conditions would be ¢ = ¢y, I = Iy and I = 0, respectively.
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4.1

POG state space equations: examples

e The following electric circuit:

V)

Ra C L3
i i
I Vr < 3 1,
@ Ch 2 Cs b
8 Wil=/ 7 S
is described by the following POG scheme:
I3
[a‘ e o f n Q‘ » ‘ I
} \ \ ) \ } \
aeul TR
} S \ R \ \ Lg } 5 \
B ) R e
\ | \ \ 1 | \
| | | | ” | |
\ ‘ \ \ | \
! \ \ \ ! \
! \ \ \ !

1 - 1
Cl Vr 032 C,
v, a

Vi V3
e The POG state space equations Lx = Ax + Bu and y = Cx + Du are:
o, 0 00 07 [ W] 000 -1 07 ([w] [1 07
0 C, 0 O Vs 0 0 1 0 Va 0 0 I,
C | = +
0 0 L3 O I3 1 -1 —-R, —1 13 0 0 Iy
. ———
0 0 0 G| |1 o0 0o 1 o] |w] |0o-1] u
N\ ~ V2NN - N ~~ o \\ / _ﬁ
L X A X B
v, | (1 0 0 0 0 0] |1
— X+
Vi 0O 0 0 1 0 O Iy
V_ = '
Yy C D u
e Matrices A, and A ;:
0 0 0 O 0 0 -1 0
0O 0 0 O O O 1 O
As: 3 Aw:
0O 0 —R, O 1 -1 0 -1
00 0 0 0 0 1 0 |
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4. State Space Examples

4.2

e The following electric circuit:

is described by the following POG scheme:

. B ENEN SN (i
L] ] 1 1
2w e el mle
o] P R e B N H
e e b

e The POG state space equations Lx = Ax+ Bu and y = Cx + Du are:

o
0
0
0

A\

0 0
Ly 0 0
0 C5 0
0 0 C

0

I

g - -

L

I |

Vi
——
y

e Matrices A, and A :

" —R, R,
R, —R,
0 0
00

" —R, R, 0 0 I 1 0
R, —-R, -1 0 I 0 0
O 1 1 1 +
% ™ Vs 00
1
| 0 0 & -l LVl Lo -1
A X B
(1 0 0 0 0 v,
X +
0 0 0 1 0 0 I,
Nl ~~ J/ N\ 7\ s
C D u
0 0 ] 0 0 0 0]
0 0 0 0 —10
11 ’ Ay =
% 0 1 0 0
1 1
T 0 0 0 0
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4. State Space Examples

4.3

\ .

e The following electric circuit:

fe

I

— T

o

Ly

Ry
1,

e The POG state space equations Lx = Ax + Bu and y = Cx + Du are:

F L
0
0
0

0
Cy

0

0

0
0
L

0
0

0 Cy

07

L

e Matrices A, and A,:

A,

0

0
0
0

0 0
0 0
0 —R3
0 0

0 -1 0 0 I C1 0 ]
1 0 -1 0 Vs 0 0 V.
_|_
0 1 —Ry —1 I 0 0 Vi
——

00 1 —% Vi 0 » u
| 5 1 LVal L ;

A X B
(1 0 0 0 (0 0 | [V,

X +

0 0 O R%; O—RA4 v,
- ~ - | 7 .

C D u
0 0 —1 0 0 ]
0 1 0 -1 0

) Aw:
0 0 1 0 -1

1

— 7 0 0 1 0
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e The following electric circuit:

L R
| ————|
| | I I, | |
I Vi o Vi Iy

3

V|9 Vi Z R, v —— Ol w

C1

is described by the following POG scheme:

e The POG state space equations Lx = Ax+ Bu and y = Cx + Du are:

C;, 000 07 | W 0 0 0 0 Vi 1 0
0 Ly 0 0 I 0 —R, -1 0 I R, 0 I,
: = +
0 0 C3 0 Vs 0 1 —Rib Rib Vs 0 R%, v,
. ——
|0 0 0 Ci] | W |0 0 Rib —Rib_ |V, | 0 —RLb_ u
N — ', L . NG ~ N\ / N\ ~ 2
L % A X B
v, 1 =R, 0 0 R, 0 I,
= 1 L | Xt 1
]b O O E —E O _R_b %
~—— ~ ~~ - N ~ - ——
y C D u
e Matrices A, and A,:
0 0 0 0 7 0 0 0 0]
0 —-R, 0 0 0 0 —1 0
AS: 1 1 9 Aw:
0 0 -3 = 0 1 0 0
1 1
0 0 & -7 |0 0 0 0
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4. State Space Examples

4.5

e The following electric circuit:
o | A
noll I, Irn
S I
Vi R3 c, ¢,
O O o W=
Iy
is described by the following POG scheme:

| ‘/b | | ‘/3 |
| | | ‘/})

| | |

| | |

L e

CbS } RQ } 038 }

| | |

| | |

| | |
| | | ]b

Iy

e The POG state space equations Lx = Ax+ Bu and y = Cx + Du are:

ge 0
0
0

0

0 0

Ly 0 0

0 C, 0

0 0 Cs.
L

\

e Matrices A, and A ,:

1

A,

0
0
0
0

1

R3
—1

1
0

0

-1
1

Ry
1

0 %

0

0

1
Ry
1

Ry

~"

A
10 0
00 —1

0
0

:U|H© o

:U|>—l N
[V}

_ 1
Ry
1

Ry

oL

1

Vi 7 0
I I 0 a
+
Vi 0 0 I
——

| V3 ] | 0 —-1] u
—_—— ———

X B

[ 1

m O Ve

0 0 I
———

D u

0 1 0 0]
-1 0 —-10

0 1 0 O

00 0 0]
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4. State Space Examples

4.6

e The following electric circuit:

VlTC

Cy

Ry

1y

is described by the following POG scheme:

e The POG state space equations Lx = Ax+ Bu and y = Cx + Du are:

o
0
0
0

\ .

0 0 0]
C, 0 0
0 Ly 0
0 0 C]

L

A,

I
Va

0O -1 O —1 1 1 0
1 1
o 0 — % Vs N 0 O
0 0 0 I3 0 O
1 1 1
-l_R_a " R, Ry 4 | Vi | 0 —1
A X B
10 00 00 Vi
X +
00 01 00 1
N ~ ~ —_——
C D u
0 i [0 —1 0 —11]
1
— 1 0 0 0
Ra Aw:
0 o 0 0 1
1 1
& 1 0 -1 0 |
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4. State Space Examples

4.7

e The following electric circuit:

v]O

Lo R,
I <«

Lj

e The POG state space equations Lx = Ax + Bu and y = Cx + Du are:

C1 0 0 0]
0Ly, 0 0
0 0 Ls 0
00 0Cy]

A\

<

e Matrices A, and A,:

[ 1

Rq

A,

0

1 1T T -1 T
—5 —1 0 0 Vi 0
1 —R. 0 -1 I 0 0
= +
0 0 0 1 I 0 0
0 1 -1 0 Vi 0 -1
A X B
i 1
—% 0 0 0 = 0| |V,
s X+
0 0 0 -1 0 0| L
N ~ g __/‘—/
C D u
0 0 0] (0 -1 0 0]
—R. 0 0 1 00 -1
) Aw:
0 00 0 0 0 1
0 0 0, |0 1 -1 0 |
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4.8

e The following hydraulic circuit:

Ry

Ly

=
Py

PGTA

o)

(N C

Q4

Qs

e The POG state space equations Lx = Ax + Bu and y = Cx + Du are:

(L1 00 07 | @ -k -1 0 0 Q1 1 0
0Cy 0 0 Py 1 —5 -1 0 Py 0 0
| o= +
0 0 L3 0 Qs 0 1 0 -1 Qs 0 0
000C:i] | P 0 0 1 -] [P 0 -1
L $ I 1Al L . LAl L
L x A X B
Q| 10 00 0 0 P,
= X
b, 00 01 00| |Q
—— N ~- - —— ——
y C D u
e Matrices A, and A :
Ry 0 0 0 ] 0 -1 0 0
0 —5 0 0 1 0 -1 0
A= : A, =
0 0 0 0 0 1 0 -1
1
| 0 0 0 —7 | 000 1 0
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e The following mechanical system:

F F3
m3

B E e o

e The POG state space equations Lx = Ax + Bu and y = Cx + Du are:

mq 0 0 ‘/1 —bl —1 0 ‘/1 1 0 r
0 By 0 Ll =1 0 -1 El+]0o0 [V]
0 0ms| | V4 0 1 —by—bs] |V 0 bs | L d
N ~ Y — ~ ~ I S u
L % A X B
Vi ] 10 0 1 0 E,
— X +
F5 00 b5 0 _b5 %
N—— N ~ -
Yy C D u
e Matrices A, and A,:
—b; O 0 0 -1 0
A,=| 0 0 0 : A,=|1 0 —1
0O 1 O

0 0 —b3—0bs
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e The following electric circuit:

Ll R4 03 | | R5 %
; W | VWW—
12 Vr4 TZ& Vr5
Cy
vT() Ly WT:: @
Iy

is described by the following POG scheme:

‘ Vi ‘
Vet | | | | | v
| ) | 1 | | | | |
| s | ’ | | | c | |
I TR e T G o |
| | | | | | |
I R s 2 e T
| —_— | | y | | £ | Y |
I I s A -0 (N I
| | %b | | T | % | |
Il\ I | | | | | \Ib
1
e The POG state space equations Lx = Ax+ Bu and y = Cx + Du are:
(L, 00 07 [ 4] "R, Ry -1 17 [LT7 [1 07
0L, 0 0 I R, —R, 1 1 I 0 0 v,
. = +
0 0C;0 17 1 -1 0 0 Vi 0 0 I
. N———
00 0C ] |V 1 -1 0 0| |w] |[0-1] u
A\ ~~ P A - A\ ~~ o \\ 7 A 7
L M A X B
I | (10 00 [0 0 [V,
= X
v 00 01 0 —Rs | | I
—— - — - e e N
y C D u
e Matrices A, and A,:
Ry Ry 0 0] 0 0 -1 -1
Ry —R, 0 0 00 1 1
As: s Aw:
0 0 0 0 1 -1 0 0
0 0 0 0] 1 -1 0 0 |
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e The following electric circuit:

Rz L3 RS
< I3 <—
Vio Via
Ca
L, o L,

| | | | I?) | | |
Ia [ g [ [ [ ¥ [ [ [ Ib
[ TL [ [ % [ [ [ ih [
| | | | | | |
| 1 I 2 ! | 1 PR 1 |
| _— | | | L3 1 1 _— 1
1 Ly 1 Rs 1 ¢Q2 1 | Rg | Ly |
| | | | Yos | |
| | | 1 | | | T¢4 |
| | | o | | | 1 |
| | | o | N
l l — l v
2
e The POG state space equations Lx = Ax + Bu and y = Cx + Du are:
", 0007 [ 4] "Ry 1 0 01 [L] [R 0]
0Cy, 0 0 Vs 1 0 -1 0 Vs . 1 0 I,
0 0Ls0 Ll | 0 1-Rso0| | I 0 -1/ |V
. ~——
00 0Ly | 00 0 o) L] o 1] u
o ~— ", L _ NG ~ AN / N, s’
L X A X B
V., —Ry 1 0 0 Ri+Ry O 1,
= +
I 0 0 1 -1 0 -]V
SN—— N ~~ - N ~ 7 N———
y C D u
e Matrices A, and A :
[ —Ry 0 0 0] 0 1 0 0]
0 0 0 0 -1 0 -1 0
A, = ) A, =
0 0 —R3 O O 1 0 0
0 0 0 0] 0 0 0 0]
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e The following dynamic system (DC motor with an hydraulic pump):

da
=1
L, R, e ds
> AW . o=
‘ Via Tm J,, T Y @Qp Ko ’ B
VIO 51O 8 =@ . @ & 1)) fu N
I LA

is described by the following POG scheme:

P,
| Ia | | \Tm | Tp\ | PO | | | | |
(i Sy By A7 e AR NN s S S A YT,
S N 1 Ky | R 2NN I
[ L [ [ [ S [ [ [ [ [ [ [ S [ 1
\ a | 1| Ry ! \ Vo \ \ | dy | | dy | Vo | -
e v S e T N e v:qu S Sk 1 s e Y
J 1 _GET Ol el
v, L e e Lo B e |
m Wm Qp Q Ql
b
e The POG state space equations Lx = Ax + Bu and y = Cx + Du are:
L, 0 0 01 [ I, ] [ —R, —K,, 0 0 17 I, 1 0 ]
0J, 0 0 Com Ky —b, -K, 0 Wi 0 0 v,
. = +
00 %0 Py 0 K, —dy—dy —1 Py 0 dy Py
. N———
00 0L 01 0 0 1 — Q; 0 —1 u
\_ ~ -J\_ -/ \- ~~ 3-4\- -/ \_ -/
L X A X B
I, | 10 00 0 0 v,
Q| |00 d1 0 —dy | | B
W__/ — ~ /
Yy C D u

e Matrices A, and A

T —R, 0 0 0 0 -K, 0 0
0 —b, 0 0 K, 0 -K, 0
As - , Aw —
0 0 —dy—dy O 0o K, 0 -1
|0 0 0 —d—13 . | 0 0 1 0 |
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e The following electric circuit:

Ry
Irl
Vis
I Cgll —>
0000 | | VYV
I, I e, S s I,

vlO R L, ] G

is described by the following POG scheme:

I I,
La 1 !
I <«

a

| | | | “/4 |

V;l\ ! 8- N T N \ ! \Vb
| | | 1 | | | |
\ \ \ < \ \ \ \
! Y ! v ! 5 ! 4 ! ! !
Tl v el a ]
\ [ [— = | \ \ \ \
Lol L] e ) 1 | g e ] B |
T B I I e B N IO IR S
| | | | s | | |
\ | | \ \ \ \
\ \ \ \ \

1o
:MHK—& I
| |

e The POG state space equations Lx = Ax+ Bu and y = Cx + Du are:

L, 0 0 07 | L 00 —1 -1 I 1 07
0Ly 0 0 I 00 1 1 I 0 0 v,
. = +
0 00C50 Vs 1 -1 -5 —3 | | V5 = 0 | L
. N——
00 0C] |V _1—1—RL1—RL1_ R _RLI 1| u
N\ ~ J = - (. ~ A S | S ——
L X A X B
T K 1 1 1 1
Ia _ 10 _R_l _R_l X+ R_a+R_1 0 ‘/a
Vi 00 0 1 0 R; I
\,-_/ Nl ~ J/ G ~ JH,-/
y C D u
e Matrices A, and A ,:
0 0 0 0 7 [0 0 —1 —17
0 0 0 0 00 1 1
A—S: 1 1 ) Aw:
0 0 -3 —7 1 -1 0 0
1 1
10 0 -3 —5 | 1 -1 0 0
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e The following hydraulic circuit:

Rs
=
Qs
L4 Ry Lj
— = —
@ Py Q2 @3 Qa
CQ C4 Qb
PaTA PQT NRQ P4T Nm V.
is described by the following POG scheme:
| | | P2 | | P4 | |
P, ‘ <~ < > > > < > > b,
| | | | | | | |
| | P, | | | | | |
T | & U .
e | S R e R
A‘/Q . L L A V4 .
AT s | | s | |
IR ! ! Qs | Qs @ ! ! Qq |
| | | | | | | |
| | | | | | | |
Qo é— — g é— > @
e The POG state space equations Lx = Ax + Bu and y = Cx + Du are:
L0001 [ [-R -1 0 0 1707 [1 0]
0Cy, 0 0 P 1 ——x -1 % P 0 0 P,
S| = +
0 0 Ls 0 o} 0 1 0 -1 Q3 0 0 Qy
. ———
|00 0Cy] | Py 0 s 1l —g—#] LA] [0-1] u
N\ ~ = - N ~ A S D e ¥ e—
L X A X B
Q.1 [10 00 00 P,
= X+
b, 00 01 00 Qs
N—— ~ ~ - N e’ N’
Yy C D u
e Matrices A, and A
[ — Ry 0 0 0 i [0 -1 0 0 ]
1 1 1
P L o I - N R
’ 0 0 0 0 ’ “lo o1 0 -1
1 1 1
0 A& 0 AL 000 1 0 |
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e The following friction system:

Ql f""""""""""": Fm

VA n A @T [] b Ol

[ S
R U

@@1— §|,_. — » |~

Iy

e The POG state space equations Lx = Ax + Bu and y = Cx + Du are:

C., 0 0 P, ~K, —A 0 P, 1 0 .
0 m, 0 o | = | A —b —1 v, | +]0 0
. v
00 || £, 0 1 0] |E, 0 —1] L2
N P mjhr_/ . ~ N N——— u
L X A X B
Vi 10 0 0 0 P
|l oo 1 00 vy
C D
y u

e Matrices A, and A
—-K, 0 0 0 —A 0
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POG State Space model: examples

1.a) POG block scheme:

Vet @@ @V
P S (T | P R
| 1 | | | | 1 |
N RN e e

| | | |
: 1 | 0 ! R, ! v : 1 |
| ) | | | | ) |
| = | 1 | | 1 | = |
| 5 | S | L | L3 | > |
| | | | | |

| | | |

L1 ’é‘ — L — . ’é‘—']b

I3
1.b) State space equations:

(C; 0 0 0 ] (000 -1 0o ][Ww] [1 0]

0 Cy 0O 0 | 0 0 1 0 Vo 0 0
X = + u

0 0 Ly O 1 -1 —-R, —1 I3 0 0
0 0 0 C4 0 0 1 0 Vi 0 —1

N— ~~ -/ N— ~~ 7 \\—, -7 N— -7

L ~ A X _ B
V., 1000 0 0 I,
— X_|_
Vi 0001 0 0 Iy
—_— = ~ - ———
y C D u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

(00 0

00 0 0
A, =

00 —R, 0

00 0 0

0

: Ay

0 0 -1
0 0 1
I -1 0
0 0 1

0

0
—1
0
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2.a) POG block scheme:

Ve v
v@| ? | ’2 | | | - | |Vb
| | | | | | |
1 V. 1
N N R 13 | I :
b s e el e s (D0 e S N I
| 1 | 1 | 1 | | 1 | |
i il il atil I w3
Ial | | | | | l]
I, I b
2.b) State space equations:
(L; 0 0 0 | (0 -1 0 o0 ]1[L] [1 0]
0 C, 0 0| 1 0 =1 0 Vs 0 0
X = + u
0 0 Ly 0 0 1 —Ry —1 I 0 0
0 0 0 C4 00 1 —RL4 Vi ORL4
N— ~~ -7 N - _J;_ __/_ \_ _/
L ) A x B
I, 100 0 0 0 V.
= L[ X 1
I, 000 % — % v,
| 4 4
A / N ~ J/ N ~ o \\ /
y C D u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

00 0 0 ] (0 —1 0 0 |
00 O 0 1 0 =1 0
A.SZ 9 Aw:
00 —R; 0 0 1 0 —1
1
00 0 —5 00 1 0
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3.a) POG block scheme:

Va | %7 | ¥ | ? | ] | | | Vi
| L V.o | | | 4
| 1 | ra 1 I I | 1 |
o | | p ] O] T |
| | | | | 1 | |
| ¥ | Ut | ! | ) | Ry | ¥ |
| h | | 1 | 1 | | : |
| 1 | | 7 | | | 1 |
| s | ‘ AN S | Iy s |
| | | | | | |
I,—> ;ﬂ—%g F g n 1

3.b) State space equations:

(C, 0 0 0 ] 0 0 0 0 Vi 1 0
0 Ly 0 0 | 0 —R, —1 0 I R, 0
X = 11 T 1
0 0 C; 0 0 1 % R Vs 0 =
00 0 C 00 £ —+llw 0 —%
L - d, L vb b 4L 4, L - b 4,
L _ A X B
V. 1 —R, 0 0 R, O I,
= 1 | X 1
\ / \ ~ "/ N ~ J\ /
y C D u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

0 0 0 0 (00 0 0]
0 —R, 0 0 00 —10
As: 1 1 ; Aw:
0 0 -3 & 01 0 0
1 1
00 5 —n. (00 0 0
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4.a) POG block scheme:

v“| L | | | | i |Vb
TR
LA | S ] O3 | I
L ] - | | 1 | |
: ¥ | Rg | | ! | 1 R | 1 |
S U R T P I I O RN
| s | ra 2 1 | Iy |
]al | | | % | | % |]b
I
4.b) State space equations:
[C;, 0 0 0 ] (51 0 0 ] [W] [ 0]
0 L,y 0 0 . -1 0 —1 0 I N 1 0
X = u
0 0 C5 0 0 1—1% Rib Vs 0 0
0 0 0 Cy _ooRib—Rib__w_ | 0 —1 |
Y _ X SR ¥
I, —L 100 Lol |V,
_ | TR x4 | Ra
Vi 0 001 0 0 1,
N J N E / N\, D,—/_‘,—/
y u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

—% 0 0 07 0 1 0 0]
0 0 0 0 -10-10
A= 1 1 ) Ay =
0 0 -7 7 0100
1 1
00 5 7 00 0 0
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5.a) POG block scheme:

[a"_ll
5.b) State space equations:
(L 0 0 0] (0 —1 0 -1 1 [nL] [1 0]
0 Cy 0 0| . - 0 - Vs 0 0
X: a a _|_

0 0 L3 0O 0 0 0 1 I3 0 0
0 0 0 C 7l —m-—wl 1" 0 —1
— ~ - N a - a b',\' -/ ~— -
L ~ A X B

1, 1000 00 V.,
= X+
Vi 0001 0 0 I
—_— = ' = HD,_/\,_/
Yy u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

0 0 0 0 0 —1 0 —1]
A U A 10 0 0
1o o o o |’ 1o o0 o0 1
1 n 1 1
0 -7 0 ¢ — 7 1 0 -1 0
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6.a) POG block scheme:
Vi Vi
I/“I | | | B I4 I< 7Vb
| | | | | | |
1 Vi 1 1
| I Lo s I b : o |
| | | | | | |
| RL@ | 1 | v | Ry | | | 1 |
| | 1 | 1| | o : 1 :
| | S | | | s
I ]m I I L2 I I I I
| | | | | 3 | |
[ore— e g g %?j—ﬂ—'é'—v Iy
I
6.b) State space equations:
(C, 0 0 0 ] [~ -1 0 o] [w] [z 0]
0 Ly 0 O . 1 —-Ry, 0 -1 I 0 0
X = +
0 0 Ly O 0 0 0 1 I3 0 0
0O 0 0 Cy 0 1 -1 0 Vi 0 —1
N ~ -/ — ~ —/ — -/ — ~ -/
L - A 1 X B
1, | 000 < o 0 a
Vi 0O 001 0 0 I
— = > - TV
y u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

0

A

0 00]
—R, 00

0 00/

0 00|

[0 —1 0

1 0 0
A, =

0 0 0

0 1

—1
1

-1 0
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7.a) POG block scheme:

P Py
Pa| | | | | ? | ! | |Pb
| | 1 I 1 |
| ip” A sait A enl
VR A R S R
| A S D R A S R A |
: : Ly | | 3! | !Qm: Ly | 5! | ‘QM:
| | | |
Qak_ Q
Q Qs b
7.b) State space equations:
(L, 0 0 0 ] [ Ry -1 0 0 ][] [1 07
0 Cy 0 0 | 1 - -1 0 P 0 0
X = 2 +
0 0 Ls 0 0 I 0 -1 Q)3 0 0
1
L 0 0 0 04_/ L 0 0 1 ~ T _J¢P4Q \_O —1 1
Y _ X M 3
Q. 1000 00 P,
= X+
P 0001 00 Qb
—_——— = > - TH,_‘/
Yy u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

[ —R; 0 0 0 ] (0 -1 0 0 ]
0 —5 0 0 1 0 —1 0
A= ? , A, =
0 0 0 0 01 0 -1
0 0 0 g 00 1 0
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8.a) POG block scheme:

U1

e
w

Uy, »l »l :?: le > e — Up
I I I I I I I
I L | 1 I | |
| mi | | s | m3 | | |
|
e ) T s ] e |
| 1 | o | 1 | | |
: S : E)l : Eo : S : E)S : Fb5 :
| § | L | | % | i | |
F, mail
j b
8.b) State space equations:
m; 0 0 ] [ —b; —1 0 1T v ] 1 0 ] P
0 B, 0 |x=]| 1 0 1 Fl+|00 !
v
_O O mg_ i O 1 —63—65_ _?}3_ _O b5_ ’
Uy 100 0 0
= X + u
F, ] 0 0 bs 0 —bs

Symmetric and skew-symmetric parts of power matrix A = A, + A,
[ —b; 0 0 | [0 —1 0 ]
A, = 0 0 0 : A,=|[1 0 -1
0 0 —bs—bs | 0 1 0
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9.a) POG block scheme:

=

ol
§ %
=

<

| | | |
| | | |
| 1 | % | 1 | |
: ; : v | : Cs : | :
| ! | ) | Ry | ¥ | ) | Ro |
| 1 | Lo | ’ | 1 | |
I N R | 1 | P | |
| | | | S | | |
i e AR A s SRS SN S
1
9.b) State space equations:
[ L; 0 0 0] [ —R, R, —1 —11[L]T [1 0]
0 Ly 0 O . R, —R;y 1 1 I N 0 0
X = u
0 0 Cs5 0 1 -1 0 0 V3 0
0O 0 0 C4 1 -1 0 0 Vi 0 —1
. ~ - . ~ _J\_ _/ \_ _/
L A X B
1, (1000 0 0 V.,
Vi 000 1 O — Ry I
N—— = S Ve d
y u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

[ —R, Ry 0 0] (0 0 —1 —1]
R, —R; 00 00 1 1
As: ; Aw:
0 0 00 1 -1 0 0
|0 0 00 1 -1 0 0
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10.a) POG block scheme:

v
v“| | | 2 | | | |%
| | |
: % I ‘/,2: 1 | 1 I ‘/r?): 1 :
e el e R SR R R e o
|
: ) | Ry | | | Rs | | |
| T I | 1 o | |
| 1 | | S | T3 | | 4 |
B T B s w0 R
I, —®" — - — @ ]
/ I, g b
10.b) State space equations:
(L, 0 0 0 ] —R, 1 0 O0]l[L] [Ry 0O
0 Cy 0 O . -1 0 -1 0 V5 1 0
X = +
0 0 Lg O 0 1 —R3 0 I3 0 —1
0 0 0 Ly O 0 0 0 1 0 1
N ~ - N ~ A - N ~ _y
L ) A X B
V., —FR>, 10 0 Ry 0 1,
—_— X_|_
I 0O 01 —1 0 O Vi
—_—— = > ~ T\,_/
y u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

A

[ R, 0 0
0 0 0 0
0 0 —Rs0

0 0 0 0

0

Ay

01 0 0]
10 —10
01 00
00 0 0]




R. Zanasi (UNIMORE) - MCEMS 2023/24 4. State Space Examples 4.26

11.a) POG block scheme:

v, — ’ » ke VL.L_@_AVb
e LT LT
| | -
Een i e e e L LA MR
| L | |
LB ] 1w | | | B |
| | | I S A e R IR |
| Lra ! | S VR I R A B I |
e e D
I, e > —t [,
11.b) State space equations:
(L; 0 0 0 ] (000 —1 =171 [1 0F7
0 Ly 0 0 | 0 0 1 1 I 0 0
000 ¢y 0| |1 -1 L -1 v3+iou
Ry Ry Ry
1 1 1
\_O 0 O C4_J 1 -1 =5 -5 ] Vil & L
?L, N X JHX/_/ (. E 7
i 1 1 1 1
O I e oy 7o DV T P o
Vi 00 0 1 — R; Iy
—— = ~~ d N ~~ 7 N——
y C D u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

(00 0 0 ] (0 0 —1 —1]
00 0 0 00 1 1
A‘S: 1 17 Aw:
00 —5 —% 1 -1 0 0
1 1
100 —5 —5 | |1 -1 0 0 |
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12.a) POG block scheme:

P Py
Pa —Le »l (@« le »l » Pb
| | ¥ | | | | | |
! g [ N el ik |
| - | rl =N | 4 —_— |
L R e Y : QR e
| | | N 1 | N -
R | | L o] B | LA
| 1 | | 1 | | | s | | 1 | |
L] B Q"Q: | gzg @y B QM:
| | | | | g l l ) 4 |
Qure 0 " ot é‘-ﬂ-@ F ot =’;‘—P—®‘—v Qb
1

12.b) State space equations:

(L, 0 0 0 ] ! 0 0 Q, 1 0
1 1 1
0 Cy, 0 0 . 1 —+-% -1 £ P, ) 0 0
0 0 Ly O 0 1 0 —1 05 0 0
1 1 1
Loooa] [0 o 1_E_Eu¢a;\ﬁ;i
L ] A x B
Q. 1000 00|~
Pl 0001 00]]Q,
— = > ~ T ——
y u

Symmetric and skew-symmetric parts of power matrix A = A, + A,

[ R, 0 0 0 ] (0 —1 0 0 |
1 1 1
N 4 —7 0 7 A 1 0 —1 0
’ 0 0 0 0 ’ b 01 0 —1
1 1 1
0 Vo 0 —% — % | 00 1 0
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13.a) POG block scheme:

P FHI,
HT ] %?—%Hﬂz
| | | | | | |
| T | B N S T
NS s o e el PO s
| | 1 | | ) | | 1 |
I I s I I o I I s I
| Quv | | | "l | |
SIS NP S P M S SN S
p
13.b) State space equations:
(C, 0 0 | Ko A 0O [R] [E 0T,
0m, 0 |x=| A —b, 1| | v, |+] 0 0 !
v
00 & 0 1 o |lE,] Lo <]t
Qa __KUOO KUO
= X + u
Fy 0 01 0 0

Symmetric and skew-symmetric parts of power matrix A = A, + A,

K, 0 0 0 —A 0]
A,=| 0 —b, 0], A,=|A 0 -1
0 0 0| 0 1 0 |
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14.a) POG block scheme:

%H?'—*—T’—rffmf s e e B chl
i B ] | L b | Qay o Qal [ | ]
REN | JEdFal RN D@ L
| R AN |;|d1|P|d2|I|d—3
|| Za | | s o | [ ol | "o s || |

[oL r =1 Km—-l—&—:-—g—‘«[(, kv =,l #\%)—J—-_.l‘_.é‘_‘.;rpdd

1, r Py
14.b) State space equations:
(L, 0 0 0 [ —R, —Kp, 0 0 [ L] [1 o0
. X = +
0O 0O I 0 0 Kp —dy —dy —1 B 0 ds
| 0 0 0 Ly |0 0 1 ]l L@ ] [0-1
Y _ X Y ¥
Iy 1000 0 0 Vo
= X +
Qs 00 dy 1 0 —dy | | P,
—— = ~~ - ——
y C D u
Symmetric and skew-symmetric parts of power matrix A = A, + A,
[ —R, 0 0 0 [ 0 -K, 0 0
0 —by, 0 0 K, 0 =K, 0
AS — ) Aw —
0 0 —di—d> 0 0 K, 0 -1
0 0 0 —F 0 0 1 0
B 3 B
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15.a) POG block scheme:

le
™

»
>

15.b) State space equations S and Energy matrix L:

0O 0 0 0 0 0

Ch

0O 0 0 0 0

0 Ly

0O 0 Cy 0 0 0 0
0O 0 0 Ly 0 0 O
0O 0 0 0 Cs5 0 0
0O 0 0 0 0 Ls

0

O 0 0 0 0 0 Cy

L:

Cx+Du’

Lx=Ax+Bu
Yy

|
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Power matrix A and Input matrix B:

-1 1 1
~% 2 —ar
1 R 1
-2 —3 1 0
1 1 3
—28 —1 —1g U
A=| 0 0 0 0
1 1 1
58 1 iR
0 0 0 0
1 1 1
| 5 —1 1r U

-1 1 1
2R 4 4R

_ | o 11
C= 2R 4 4R
0 0 0

-
0 5%
1
0 3
1
0 1%
0o 0 |, B =
3
0 —71%
R 1
2 2
1 _ 5
2 4R _
-
0 —71%
3 _
0 -%|, D=
0 1 |
[V, [ 1,
% 3 Yy = Ib
| 1. ] | VL

el R e~

< G- 5l

e~ [\

| |
() 'boo
-

g
:o|°°

-

-

:o|°° §|“

[GDINN
-

o O O o o O
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Symmetric part of matrix A:

[~ 1 1 1 17

x U =3z VU 3z U 3p

o =% 0 0 0 0 0

1 3 1 1

At AT 37 0 -0 1 0 7R

Aj=—F—=] 0 0 0 0 0 0 0

1 1 7 3

i 0 18 U -1 U —1%
0 0 0 0 0 -2 0
1 1 3 5
L sg VY 1 V-1 U 7R
Skew-symmetric part of matrix A:
(0 2 000 0 O]
1 1 1 1
—2 0 307 04
00 =3 000 0 0
A—AT
Ay=—"F—=10 0000 0 0
00 =000 0 0
0 0 000 0 2
| 0 2000 —% 0]
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Model reduction of a POG block scheme

e When a physical parameter of the system tends to zero (or to infinity) the
POG system degenerates toward a lower dimension dynamic system. The
POG dynamic model can be reduced “graphically” or “analytically”

e Graphical model reduction. Consider the following POG scheme:

Ky,

K,k

Ky,

e The corresponding POG state space model is:

D 0 0 (SR pEn 0 1Th ] fwollk o
0 Ty 0 |x=| Ky —by =8| |wy | %] 00 QO
00 G| L0 &K —aplm] Lom] T
I 100 00
= X + u
B |~ | omont 00

e Let us show how it is possible to obtain the reduced POG state space
model when one of the parameter of the system id neglected. Let us
consider, for example, the case J,, = 0.

e When J,,, = 0 the above POG block scheme cannot be used because the
term ﬁ present in the block scheme is infinite.
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e In this case the central part (o) of the block scheme can be graphically

transformed as follows:

c) Simplified scheme

b) Inverted loop

a) Loop top be inverted

hl
®

a
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a
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.nC. o o
5 ~ Q
._Plb- 1
= 1
far S —
7)) — O
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= +
= _ !
O o (@)
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— ._.M \ a/ 83
2 5o
c o
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5. Model Reduction 5.3

e Analytical model reduction. When J,, = 0 the state space model
of the considered system can be rewritten as follows:

(T 0
0 0
0 0

0

0
Co

Iy
Wi

Py

—R,
Ko,

0

K, 0 Iy 107 ey
—by —K,| | wn | +]00 [Q0]
K, —al | R o1l WY

The second equation is an algebraic constraint between the state variables:
Knly — bpwm — KpBy =0

The angular velocity w,, can be expressed as follows:

Iy

K,, K
W = —Iy— 2P
m bn1 0 bnz 0
e Applying the following “congruent” state space transformation:
(1 0 | .
— I[f—nfj —b%’ [}%] > x =Tz
01 |
J Z

——
X

N~

T

to the given system one directly obtains the reduced system (*).

e The calculations can be checked in Matlab using the Symbolic Toolbox:

-— Matlab commands
syms La Ra Km Jm bm Kp CO alpha_p
Jm=0;
LM=diag([La Jm CO0]);
AM=[ -Ra -Km 0;
Km —-bm -Kp;
0 Kp -alpha_p];
BM=[1 O0; ...
0O 0; ...
0 1];
T=[ 1 0;
Km/bm -Kp/bm;
0 11;
LT=T.’ *LMx*T
AT=simplify(T.’*AM*T)
BT=T. ’*BM

-— Matlab output

LT = AT = BT =
[La, O] [- Km"2/bm - Ra, (Km*Kp) /bm] [1, 0]
[ 0, CO] [ (Km*Kp) /bm, - Kp~“2/bm - alpha_p] [0, 1]
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Algebraic loops in the POG schemes

e Let us consider the following electric circuit:

| | o

In the corresponding POG scheme is present an “algebraic loop”:

Vi

Va‘—’@‘f“ri

<
—_

o l Vo

\ 1 [ ! | ! !
] o T
e e e
| LS T f |
IS IREEEECE
| L | :: | : | S |
| — ) l % |
\ \ \ \]b

I

The corresponding POG state space model can be determined as follows:

. SRR
L O ]1 . \\_é/' Ro A ]1 4 1 O V;L (0)
0 C| |Vo] | B 1 % 0—1] [y
RoA RoA
A

where A is the determinant of the POG scheme without the dynamic
blocks:

The coefficient A;; of matric A is the “transfer gain” (computed using the
“Mason formula”) of the path that links the j-th state variable z; with
the input of the i-th integrator.
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e The “algebraic loop” can also be eliminated “graphically’ as follows:

Vit

Va ! {F——»——]‘—i‘—f—"%
i N A
RS T A
| Ry | (TJ ;
N R N e
eI
I s Sy N
2
‘ Vit ‘ | "~ |
e el e
I 1 s AT
[ S | | | 1 | _ |
| 1o R | | ! C |
| Rl | ReA | 5 |
Bt i R

e The same result can also be obtained using the following “mathematical”
approach. Add a “spurious” physical element C to the original system

I L ue I
L — PR MW s
Irl Cs C
Vi R, Ve == m

Qo A = S s mal
I u R T e
2 (L) e ) Lo
i o B
L I e B U
11%%@
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5. Model Reduction

2.6

The corresponding POG state space model can now be written easily:

Lo o] [h 0 -l Ol rn 1
0 Co 0 |Vl =11 == m | | Vel|+|0
0 0 Cf| [W 1 _ 1 Vs 0
i Ry Ry
When C's = 0 one obtains the following constraint:
1 1 1
L+ (————|Vi+=Va=0
: ( Ry Rz) Ry
which can be rewritten as follows:
RR R
R+ Rs Ry + Ry
Let us consider the following “congruent” state space transformation:
- -
_ R1R R
x =TX where T = R11+J%2 R1+1R2
0 1

The transformed and reduced matrices have the following structure:

_ Wi
X=Tx= :
Rz
[ RiRy Ry
K _ TTAT _ Ré+R2 Rl—{RQ
1 _
| Ri+Ry R1+Ro

L 0

— T
L=T LT—[O C’]

], E—TTB—[

10
0—1

|

One can easily verify that the obtained reduced system is equal to the

system (¢) obtained applying the Mason formula to solve the algebraic

loop. One can easily verify that the two matrices A and A are equal:

R R
A Ri+Rs Ri+Ro | _ V) 2 72 _
A= él 1 T RlR _ = - Ry
Ri+Hy Ry+Ry Rg(l—i-R—%) Rg(l—l—R—%) RoA

_
RoA
__1
RoA

]:A
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e Solution using the spurious element C';. Calculations with Matlab:

-- Matlab commands ——-—-—==—————-=-=— - - oo
syms L C Cs R1 R2
LM=diag([L 0 C1);

AM=[ 0 -1 0;
1 -1/R1-1/R2 1/R2;
0 1/R2 -1/R2];
BM=[1 0; 0 0; 0 -11;
T=[ 1 0;
R1*R2/(R1+R2) R1/(R1+R2);
0 11;
LT=T. > *LM*xT
AT=simplify(T.’*AM=*T)
BT=T.’*BM

Delta=1+R1/R2;
V=simplify(AT-[-R1/Delta -R1/Delta/R2;
R1/Delta/R2 -1/Delta/R2 1)
-- Matlab output -—-——-—--—=-———————— -

LT = AT = BT = vV =
[ L, 0] [ -(R1*R2)/(R1 + R2), -R1/(R1 + R2)] [ 1, o] [ 0, O]
[ 0, C] [ R1/(R1 + R2), -1/(R1 + R2)] [0, -1] [ 0, 0]

e Different types of spurious elements can be used. Nevertheless the final
reduced system will be always the same.

e The same result can also be obtained using a different “spurious” element,
for example an additional inductance L.

[ 1; }%2 ]é
L gl AW —
Vi
Cy
Vi ValZ R = W

The corresponding POG scheme does not have algebraic loops:

Vi ‘ ‘
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The POG state space model is:
Lo ol Ll [B R 0] 11 107 1y
0 L, 0 I.|=| R —R—Ry —1 Is | + 10 0 Ia]
00 C| |V 0 | o | LV 0—1] L
When L, = (), one obtains the following constraint:
Ry I %

Ry I, + (——al%l -—-.l%g).[s — V5 =0 = I

Using the following “congruent” state space transformation:

I ] 0 | ;
_ R _ 1
x =Tx <~ L | = Rl+lR2 Ri+Ry [ Vs ]
Vs 0 1

The transformed and reduced matrices have the following structure:

_ iR R
] : K _ TTAT _ Ré—i-Rz Rl—:{—RQ
1 _
R1+Ro R1+Ry

L 0
0 C

L=T'LT= [

e Solution using the spurious element L. Calculations with Matlab:

-- Matlab commands ——-—-—==————-=-=— - oo
syms L C Ls R1 R2
LM=diag([L 0 C1);

AM=[ -R1 R1 0;
R1 -R1-R2 -1;
0 1 0];
BM=[1 0; 0 0; 0 -11;
T=[ 1 0;
R1/(R1+R2) -1/(R1+R2);
0 11;
LT=T. > *xLM*T
AT=simplify(T.’*AMT)
BT=T. ’>*BM

Delta=1+R1/R2;
V=simplify (AT-[-R1/Delta -R1/Delta/R2; ...
R1/Delta/R2 -1/Delta/R2 1)
-- Matlab output --------- - - - - - — -
LT = AT = BT = V=

L, 0] [ -(R1*R2)/(R1 + R2), -R1/(R1 + R2)] [ 1, 0] [ 0, 0]
[ 0, C] [ R1/(R1 + R2), -1/(R1 + R2)] [0, -1] [ 0, 0]

- Ri+ Ry B R+ Ry
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5. Model Reduction

2.9

e Example. Let us consider the following electric circuit:

vl

I Ly 4 | | Ry I Ls
— T | WM —— T
Icl ¢
Vh V [2 ‘/ZS
cl
) Ve V12T Ly Vi

e The system CANNOT be modeled using the “integral causality”: the

inductance L3 is graphically represented using “derivative causality”.

e From the physical scheme it is evident that the state variables 1, 15 and

I3 are constrained as following:

L =1

+ I

e The constraint is due to the node evidenced in red in the following scheme:

vilO

Il Ll //’/’U’l __-Ré-‘\‘\‘\\lg, L3
< ~Lgq__ 1 T <
Vis Sy Vis

cl
Ve Vo S Va
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e The system can be modeled adding a spurious dynamic element C5 in
parallel connection between elements Ry and Ls:

LI Clll I Iy I; L3
g AW —— 00—
00— W O

Vi < I V.

VO v, B[S Ve Olv

Thgnew POG block scheme is:

| V. ‘ Vio. o Ve -
Yo | | | | | K
| Vio | Va | v | Vig | | Vis |
| | | | | | |
T2 T s Tal T A L]
N LT R ro e L N L R U
| | | | | | |
| b 112 I | |
Ilf‘ / > > > T ‘ <—:<—I“—’f —1
1 r 3
The corresponding POG state space dynamic model is:
L, 1 4] [-R -1 R, =1 07[L] [10]
C, Ve 1 0 0 0 0|V 00| r,
Ly L|l=|R 0 —Ry 1 O0||L|+]00 [V]
Oy ||V 1 0 -1 0 —1||Vy 0 0 b
I Ls| | I 0 0 0 1 o]f[I3] [0-1]
Ll_[to000]
-] {00001

When C'5 = 0 from the forth equation one obtains the following constraint:

]1—]2—]320 = ]3:]1—]2
Let us consider the following state space “congruent” transformation:
(L] [10 0]
Vi1 01 0 A
x =TX & ILb| =100 1 Va
Vo 00 0 15
I3 10 —1
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Using the congruent transformation x = TX one obtains the following
transformed and reduced POG dynamic system:
Li+Ly L3y 1[L] [-R: -1 Ry [L 11

0 C; 0 Val=]11 0 0 V61+00F‘§l]
~Ly  Ly+L3|| I, R, 0 —R, || L 01 b

(L] _[ro 0]

5] [1 0 -1

e The state variables V.5 and I3 are no more present because C; = 0 and
the constraint I3 = [; — I5.

e The transformed system is NO more decoupled because matrix L = T?LT
is not diagonal. The reduced system has still the structure of a POG
dynamic model. Matrix L, for example, is still symmetric and definite
positive.

e Calculations using Matlab:

-- Matlab commands ——-———————————————-— -
syms L1 L2 L3 C1 C2 R2
C2=0;
LM=diag([L1 C1 L2 C2 L3]);
AM=[-R2 -1 R2 -1 0;
1 0 0 0 0;
R2 0 -R2 1 0;
1 0 -1 0 -1;
0 O 0 1 0];
BM=[1 0; 0 0; 0 O; 0 O; O -1]1;
CM=[1 0 0 0 0O;
0000 1];
Ti=sym([ 1 0 O;
0 1 O;
0O 0 1;
0 0 O;

1 0 -11);
LT=T1.’*LM*T1
AT=simplify(T1.’*AM*T1)
BT=T1.’*BM
CT=CMx*T1

-- Matlab output --------n-----------"----""--\"----------—-

LT = AT = BT = CT =

[ L1 + L3, O, -L3] [ -R2, -1, R2] [ 1, -1] [1, 0, O]
[ 0, C1, 0] [ 1, o0, 0] [ 0, 0] [ 1, 0, -1]
[ -L3, 0, L2 + L3] [ R2, 0, -R2] [0, 1]
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e The same final result can also be obtained adding a dissipative spurious
element F3 in parallel connection between elements Ry and L3:

[1 L1 C’1|| RQ ]3 Lg
| | PAAl
‘/cl ]2 ‘/;“2

A® Ve Ly Va| =R Ov

The new POG block scheme is:

- V. ‘ Vio. o Vs -

K | | | | | "
| Vio | Va | v | Vig | | Vis |
I I I I I I I
L) s IFAHES:
N LTI N Eeroril I el B NECEE
| | | | | | |
| T Lot | |
I I I I I I I

I]‘T*: I :; :; > \12 I I ] I

1 r 3

The corresponding POG state space dynamic model is:

_Ll 0 0 O] __RQ_R3 —1 Ro+ Rj Rs i Iy 1 0
0 Ci 0 0] 1 0 0 0 Va 0 O Vi
X = +
0 0 Ly O Ro+Ry 0 —Ry—R3s —Rj3 15 0 0 Vi
0 0 0 Ls Ry 0 —Ry —Ry] L] [0 —1]
When R3; = oo, from the forth equation one obtains:
Lyl Vi
——=(L—-L—13)+— = Is=1 — I
R (fy — I — I3) R 3 1— 19
Let us consider the following state space “congruent” transformation:
I 10 0
1% 01 0 ||Dh
_ 1
x =Tx & = Vi
I 00 1 ;1
I3 10 1|57
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Using the congruent transformation x = TX one obtains the following
transformed and reduced POG dynamic system:

Li+ Ly —Ls I —Ry -1 Ry I 1-1 v
0 C;, 0 val=1 1 0 o0 Vil + 10 0 [V]
—Ly Lo+ Lsl|| I, Ry 0 —Ry || L 01 b

which is equal to the reduced system obtained in the previous case.

e Note that in the final obtained system the parameter R3 is no more present.

e Calculations using Matlab:

-- Matlab commands ——-—-—==—————-=-=— - - oo
syms L1 L2 L3 C1 R3 R2

C2=0;

LM=diag([L1 C1 L2 L31);

AM=[-R2-R3 -1 R2+R3 R3;

1 0 0 0;
R2+R3 0 -R2-R3 -R3;
R3 0 -R3 -R3];

BM=[1 0; 0 0; 0 0; O -11;
Ti=sym([ 1 0 O;

0O 1 0;

0O 0 1;

1 0 -11);
LT=T1.’*LM*xT1
AT=simplify(T1.’*AM*T1)
BT=T1.’*BM

-- Matlab output -———----—--———-—————————

LT = AT = BT =

[ L1 + L3, O, -L3] [ -R2, -1, R2] [ 1, -1]
[ 0, C1, 0] [ 1, o, ol [ 0, 0]
[ -L3, 0, L2 + L3] [ R2, 0, -R2] [ 0, 1]
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5. Model Reduction

5.14

e Example. The following system cannot be easily modeled due to the pres-

ence of a closed path characterized only by effort dynamic blocks.

vl

Ry

Olvi

To solve this problem, an additional spurious element can be added to the

system (for example an inductance

I,
v.O

in series with capacitance Cj):

Cgl

I
I
%

Vs

» =

.
>

Yy

\ 4
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State space equations:

(L, 0 0 0 0| (0—-1 0 0 o |[nl J1 0]
0 Cy 0 0 O 1 0 -1 0 0 Vo 0 0
0 0 0o 0 |x=01 0 -1 -1 L |+[0 0
0 0 0 C35 O o0 1 0 0 Vi 0 0
00 0 0 C 00 1 0 —5 ||V 0 %

\ ~ 4 \ ~ _J\_ _/ \_ _/

L i A X B
I, 1000 O 0 0 V,
= L | x+ .
I 0000 —% 0 7 Vi
e ~ - ——"
y C D u
When Ly = 0, from the state space equations one obtains the following

static constraint:
Vo—=Vs—=Vy=0

The system can be transformed and reduced at the same time using the

_>

Vo= Vit Vi

following congruent state-space transformation x = T, X:

I 100
Vs 01 1| [1]
Ll=l000]||W
Vs 010 [Vi
Vi 001] ¥
L

The transformed and reduced system has the following structure:

L4 0 0
0 |Cy+ C; Cy
0 Cy Cy+ Cy
N o y
I,

0]—1 —1 I 10
110 0 Vil +]0 0
1 1
10 —4 | | V4 0 &
~— ~ ——— ——
~ A X _ B
110 0 0 0][Wv
;| X T 1
_O _R_4 03_4_ %
N ~ = ———
C D u
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e Calculations using Matlab:

-- Matlab commands ——-—-—==—————-=-=— - - oo
syms L1 L2 C2 C3 C4 R4

L2=0;
LM=diag([L1 C2 L2 C3 C4]);
AM=[ 0 -1 0 0 0;
1 0 -1 0 0;
0 1 0o -1 -1
0 0 1 0 0;
0 0 1 0 -1/R471;
BM=[1 0; 0 0; 0 0; O O; O 1/R4];
Tr= [1 0 O0;
o 1 1;
0 0 O0;
0 1 0;
0o o0 11;

LT=Tr.’*LM*Tr
AT=simplify (Tr.’*AM*Tr)
BT=Tr.’*BM

-- Matlab output --------\-------------------- - - - ---------——

LT = AT = BT =

[L1, 0, 0] (o, -1, -1] [1, 0]
[ 0, C2 + C3, c2] [1, o, 0] [o, 0]
[ o, Cc2, C2 + 4] [1, 0, -1/R4] [0, 1/R4]

e The reduced system can also be expressed as follows:

L1 0 - 0 KT Il Bl ‘/CL
X +
0 L K 0 X9 B, Vi

\---f!f---/ ~~ ~ ~
L A B u
Ia —
L :\[BlT BQTlx—FDu
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