1.0. 1.1

Planetary Gears: fast and direct modeling

e Let us consider the following gear transmission, case a):
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The figure shows the positive directions of the system variables: the an-
gular velocities of the two gears, wy and wy, and the tangential force Fis
that gear 1 transmits to gear 2.

e The POG block scheme:
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e The corresponding POG state space equations:
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e The signs of the parameters within system (1) are a direct consequence of
the choices about the positive direction of the system state variables wy,
w9 and Flg.

e Powers P, = wy 11 and P, = wy 7 flowing through the input and output
power sections are positive if they enter the system.

e One can easily prove that, if the positive direction of variables wy and 7
is reversed, see case b), the state space equations remain the same except
for matrix A, which turns into:

—bl 0 ’—Tl
A1: 0 —bg’ T2
™ —7”2’ 0

In this case, only the sign of parameter ry is changed.

e Starting from case b) and reversing the positive direction of variable Fio,
see case c), the state space equations (1) remain unchanged once again
except for matrix A, which now turns into:

—bl O ‘—?“1
A.2 = 0 —bg‘ T2
—ry ry | 0

In this case, the signs of both parameters 1 and 75 within matrix A, are
changed with respect to matrix A;.

e By rewriting matrix A in the following form:

-B; R’ —b, 0
A—[ R O]a BJ_[O _62]7 R:[T1T2:|

and focusing on the previous two cases, one can state that: 1) matrix B
does not change even if the system variables w;, ws and Fio change the
signs of their positive directions; 2) if the angular velocity w; changes the
sign of its positive direction, then all the coefficients of the 7-th column
of matrix R change their signs; 3) if the tangential force F}5 changes the
sign of its positive direction, then all the coefficients of matrix R change
their signs.
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Modeling a one-stage planetary gear

e Let us refer to the following planetary gear:

e Each gear is characterized by a specific color and by a one-digit subscript

i", where i € {c, p, s, r, g, m}.

e Each gear rotates around a horizontal axis, denoted in the figure by a
short arrow (i.e. " —" ), having the same color of the considered gear.
The direction of the short arrow indicates the positive direction of the

associated angular velocity &J; of gear “i".

e The one-digit string “2" also denotes all the parameters and variables
associated with gear “i": J; is the moment of inertia, b; is the linear
friction coefficient and 7; is the input torque applied to the gear.

e The gears interact each other by means of their teeth. The contact points
of the gears are denoted by short red lines (i.e. “ =" ) representing the
stiffness of the teeth where the gears interact each other.

e The tangential forces F; transmitted by the contact points are denoted
by short red vertical arrows (i.e. "+ " ) representing the positive directions
of the contact forces themselves.
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e The two-digits subscript “ij" of the tangential force I; indicates that
such force is positive if oriented from gear “i" to gear “;" and that the

spring connecting the two gears has its first terminal connected to gear "¢
and its second terminal connected to gear “j". Such two-digits string also
denotes all the parameters and variables associated with the spring “ij":

K; is the spring stiffness and b;; is the spring linear friction coefficient.

e The dynamic equations of the considered system are graphically repre-
sented by the following POG scheme:
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e The corresponding state space equations are:
Lx=Ax+Bu W I
N

where X, u = 7, y = w are the state, input and output vectors of the
system, respectively, B is the input matrix and I is an identity matrix of
proper dimension.

e The energy matrix L and the power matrix A have the following structure:

(3 o0 _ [-B,-R'B,R —R”
[ ] an [P
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e Velocity vector w, input torque vector 7 and force vector F:

Wp Tp Fs
W Ty F,
w=| |, 7= , F= |7 (4)
Wy Ty Fyy
wg Tg F rm
wm Tm

e The inertia matrix J and the inertia friction matrix B are:

(J.0 000 0 b. 0 0 0 0 0
0J,000 0 0b,000 0
j_ 00000 B, 00b,00 0
000J. 00| 000b 0 0
0000.J,0 0000b, 0
0000 0J, 00000 b,

0
0
0
e The stiffness matrix KX and the stiffness friction matrix B are:
0
K

K, 0 0 bys 0 0 0 |
0 K, 0 0 0 by 0 0

— " B. — pr
K 0 0 K, 0 |7 " 0 0 by 0
0 0 0 Ky 00 0 by

e The position of the angular velocities w; within vector w and of the tan-
gential forces Fj; within vector F, see (4), completely and uniquely defines
the position of parameters J;, b;, K;; and b;; within diagonal matrices J,
B, K and B respectively.

e The only matrix in the state space equations (2) that fully defines the
internal structure of the given planetary gear is the radius matrix R.

e For the considered system, the radius matrix R is defined as follows:

re —rp —Ts1 0 0 0
Te T 0 —rq O 0
= . 5
R 0 0 —-re 0 -—r, O (5)
0 O 0 —ro 0 —r,
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e The radii present in the radius matrix R are constrained as follows: r. =
rp 4+ 1s1 and . = 2r, + rg.

Direct derivation of the radius matrix R.

e Let r;;; denote the generic coefficient of matrix R = [r;;;] in (5). Sub-
scripts ij € {ps, pr, sg, rm} and i € {c, p, s, r, g, m} indicate that
rij; is the coefficient that links the tangential force F’ij to the angular
velocity ;.

e Generalizing the rules provided at the end of the previous section one can
easily prove that the coefficient r;;; can be expressed as follows:

Tiji — SFZ-]- Swz- T
where 7;, Sg,; and S, have the following meaning:

1) r; is the effective radius of angular velocity &J;. Two different cases
must be considered (see the figure): a) if velocity ; directly affects
the force vector F)’Z] then the effective radius r; coincides with the
radius of the gear associated with velocity &;; b) if angular velocity
w; affects the force vector Ej through an intermediate gear “j", then
the effective radius r; coincides with the distance between the rotation
axes of the two angular velocities &Jj; and ;.

a) Direct contact b) Indirect contact
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2) SFU is the sign of the positive direction of vector ﬁij:

1 if F}j is oriented from gear ¢ to gear j

Sp. = _,
Hij —1 if Fj; is oriented from gear j to gear i

3) S, is related to the sign of the velocity vector &j;:

1 if F%j is on the left of vector &;

“ T —1f F}j is on the right of vector &;
The left and right half-planes of vector &; are determined by moving

in the positive direction along vector &;.

e From (2), it follows that &;; = r;;; w; is the tangential velocity of one of
the two terminals of spring K;; when the angular velocity ¢J; moves along
its positive direction. Since the sign of velocity ;; directly affects the sign
of the force vector ﬁw it is evident that z;; must change sign both when
the velocity vector @w; and when the force vector F}j change their positive
directions.

e The following figure graphically shows why the effective radius associated
to an angular velocity &; is equal to 7; for both case a) and b) of direct
and indirect contact.

a) Direct contact b) Indirect contact

e In particular, in the indirect contact case b) the tangential velocity &;; =
;i w; is the same for the two elastic elements K;;, and Kj;, because, when
w; moves along its positive direction, the angular velocity &; is kept equal
to zero.
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Rigid and reduced model when K — oo.

e When K — o0, from state space model (2) one obtains:

(
Tcwc_rpwp _Tslws — O

TCWC+prp_TT1WT — O

(6)

\ _mem_rﬂwr:o

e System (6) provides four static constraints between the six components w;
of the angular velocity vector w, meaning that vector w can be expressed
as a function of “two” of the six composing angular velocities: w = Qx4
where x; = [wi wj]T.

: T ) .
e By choosing x; = [wc wr} , one obtains the following congruent state
space transformation:

" W, | 1 0
_Tre Trl
Wp Tp T'p
2 _ Tl
Ws T's1 T's1
Wy 0 1
_ 2rersy rriTs2
w — wg — Tgrsl Tgrsl wc — Ql Xl .
F Wi, 0 =2 | |w 0
N——~ Fi 'm N N~
X ps 0 0 X1 T,
Er 0 0
Fog 0 0
| From 0 0

T,
e By applying transformation x = Tix; to system (2), one obtains the
following reduced system Lix; = A1x; + Bju:

J1 J3 We . bl bg W, T
[J3 JQ] [Wr] N [bg bg] [Wr] +\Q,1_/\T/ (7)
N—— N~ N—— e N~ B, u

Ly X1 Ay X1
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where martices L, A and B have the following structure:
(L =TILT, =Q{JQ

A =TIAT, = -QR'BxRQ, -Q{B,Q,
| B, =T{B=qQf '

N\

o Term QIRTBxR Q is equal to zero because Q; € ker(R):
Ruw=0 < RQ1X1:O = RQ1=O.

e The structure of elements J;, J3 and J5 in matrix Ly is:

Jyre? AJ o2 4Jrcr22
J:J_|_ pc+ sle | 9 S
1 & Tp2 12 2

7"51
J3 — _:]prcrrl . 2J87”C7”T.1 . 2JchTT1T52
sz 7"312 7’927’512
JmTTQ ‘]prr12 Jsrr12 J!]THQTSQZ
JQ — J + ) —|— ‘l— D) + D) D)
m sl Tg"Ts1

e The structure of elements by, b3 and by in matrix Ay is:

2 2 2
by — —b. — bpTe . 4657“02 . 4bgrc T o
1 — c 2 2 2 2
bo — bprerrt 4 2bs7err1 4 2bgTery17s2
3 — 2 2 2 2
rp TS]. 7”9 T sl 5 5
b — _b _ bmrr2 bp"’rl bSTHQ . bgrrl 759
2 — T 2 2 2 2, 2
'm Tp TSl Tg TSl

e Property 1. The force vector F is not present in the reduced system
(7), but its time behavior can still be obtained using the following relation:

F = (RRT>_1R(T —JQix1 — BJQle) (8)

Proof. From (2) and (7), one obtains:
R'F=7-Ju—- (B;+R'B;R)w

When K — o0, it is w = Q;X;. By substituting in the previous relation,
it results:

R'F=7-JQx — B ~R'B, R . 9
T Qix; 7Q1x4 k OQ1X1 (9)
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Relation (8) can be directly obtained from (9) by applying the pseudoin-
verse of matrix R, that is (RR!)™'R, on the left of relation (9) and
recalling that RQ; = 0. ]

e The following modified POG block scheme combines in the same figure
the computation of the force vector F' (blue blocks) with the POG reduced
system (7) (black blocks).

JQ1 ﬁ—txl
i

e Both the full elastic model (2) and the reduced rigid model (7) have been
simulated in Matlab/Simulink using the following parameters:

r_sl = 10*cm; % Sun_1: radius

r_s2 = 16*cm; % Sun_2: radius

r.p = 4.8%cm; % Planetary: radius

r_g = 16*cm; % Generator ring: radius

r_m = 12%*cm; % Motor ring 1: radius

r_r2 = 22%cm; % Motor ring 2: radius

r_c = 14.8%cm; % Carrier: radius

r_rl = 19.6%cm; % Ring: radius

J_c = 0.17648xkg*meters”~2; J Carrier: inertia

J_p = 0.009756xkg*meters~2;% Planetary: inertia

J_r = 0.54251xkg*meters”~2; 7 Ring: inertia

J_s = 0.038617*kg*meters~2;% Sun: inertia

J_g = 0.48197xkg*meters”~2; J Generator: inertia

J_m = 0.15263*kg*meters”~2; J Motor ring: inertia

b_c = 0.08*Nm/rpm; % Carrier: friction coeff.
b_p = 0.08*Nm/rpm; % Planetary: friction coeff.
b_r = 0.08%Nm/rpm; % Ring: friction coefficient
b_s = 0.08*xNm/rpm; % Sun: friction coefficient
b_g = 0.08*Nm/rpm; % Generator: friction coeff.
b_m = 0.08*xNm/rpm; % Motor: friction coefficient
K_ps = 30*Newton/mm; % Planetary-Sun: stiffness
K_pr = 30*Newton/mm; % Planetary-Ring 1: stiffness
K_sg = 30*xNewton/mm; % Sun-Generator : stiffness
K_rm = 30*Newton/mm; % Ring 2-Motor : stiffmness
b_ps = 0.4xNewton*s/cm; % Planetary-Sun: fric. coeff.
b_pr = 0.4*Newton*s/cm; % Planetary-Ring: fric. coeff.
b_sg = 0.4xNewton*s/cm; % Sun-Generator: fric. coeff.
b_rm = 0.4*xNewton*s/cm; % Ring 2-Motor: fric. coeff.
Tau = [100 0 O O O O]*Nm; 7% Input Torques

W_0 = [0 0 0 0 O Ol*rpm; % Angular velocities: In.Cond.
F_0 = [0 0 0 O]*Newton; % Tangential forces: In.Cond.
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e Simulation results: the angular velocities w;, for i € {c, p, s, r, g, m}:

Angular Velocities w;

Wi [rpm]

e Simulation results: the tangential forces Fj;, for ij € {ps, pr, sg, rm}:

Tangential Forces Fj;
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e The time behaviors plotted by using dashed red lines refer to the simulation

results obtained by using the rigid reduced system (7). The time behaviors

plotted using colored lines refer to the simulation results obtained by using

the extended POG system (2) taking the elasticities into account.
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Modeling a two-stages planetary gear

e Let us refer to the following two-stages planetary gear:

_——7

e The corresponding POG state space model can be obtained by means of
the same equations and the same symbols used in (2) and in (3) for the
previously considered one-stage planetary gear.

e In this case, the velocity vector w, the input torque vector 7 and the force
vector F are defined as follows:

Wy Ts i i
We T, Fy
W Tp F,
w=|wg| . T= |7, F=|F,
Wy Tr Fab
Wp T Fy,

| Wy | | Tq -
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e The inertia matrix J and the inertia friction matrix B are:
(J,000000 (b, 000000]
0J.000O00 06.00000
00J,0000 00b,0000
J=1000J,0001], B;=1000b6,000
000O0J.-00 0000b-00
000O0O0J0 0000O0bO
_OOOOOOJq_ _OOOOOObq_
e The stiffness matrix K and the stiffness friction matrix By are:
(K, 0 0 0 0] by 00 0 0
0 Koo O 0 O 0by, 00 0
K=|0 0K,0 0/[,Bg=|0 00b,0 0
0 0 0 Ky O 0 0 0 by O
0 0 0 0 Ky 0 0 0 0 by
e The radius matrix R is defined as follows:
_Tsl _/rcp /rp 0 0 0 0 ]
T's2 —Tca 0 Ta 0 0 0
R=|0 ey Tp 0 —1p 0 0 (10)
0

O /)nca - ch O /r.a O Tb

0 Teb 0 0 0 r —ry

e Radii 7; or r;; present in matrix R are constrained as follows:

Tep = Tp + Ts1, Tep — 2Ta + Ty + Ts2,
Teo = Ta+ T2, Ty = 2rq +2r, + 1.

e The radii within matrix R defined in (10) have been computed by means

of the rules defined in the previous section.

o Let us consider, for example, the coefficient 74 .. In this case the angular

velocity .. affects the force vector ﬁab through two different intermediate

gears, characterized by moments of inertia J, and J,.



1.2. DYNAMIC MODELING

1.14

e The two-stages planetary gear:

Sp

R N sa
pr
ab

bq

rp 0

O /r.ca/ - /’ncb O /r.a/

0

Tch

0 0

_TT’
0
0

b ¢

0 0 |
0 0

0 0

Ty 0

Ty —Tq

e The the coefficient 4, . is given by the linear combination of two radii:

—

— W, affects Fy;, through J,, therefore it is Sp, = 1 and S, = 1,

/

meaning that r,, .

—

= Tecas

— W, affects Fy;, through J, therefore it is Sp, = —1 and S, = 1,
meaning that r), . = —ra;
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e When K — o0, see (2), the angular velocities satisfy relation Rw = 0
and are constrained as follows:

2

\

Ta wd + Tb Wb + wc(/rca - ch) — O

prp_rcpwc_'_rslws - 0
ToWag — TeqgWe T Ts2Ws = 0

Tcpr_Fprp_Trwr — O

Tpwy + TepWe — rgwy =0

(11)

. . T .
e In this case, by choosing x; = [wc wr} , from (11) one obtains the
following congruent state space transformation:

1 0
sl Tr
2rep 2rep
_Ts1 Tr
2rp 2rp
TcaTsl _2GCr82 Tealr
2raTep 2raTep
0 1
TepTs1—2Tcal's1 +27"cp7"52 L 2reaTr—"epTr
27’(,7’0p 27’brcp
TehTs1—Tcals1TTepTs2 _ TeaTr —TepTr
TepTyq TepTyq
0 0
0 0
0 0
0 0
0 0
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e By applying the congruent transformation x = Tx; to system (2), one
obtains a reduced system having the same structure of the reduced model
(7) obtained in the previous example.

e Also in this case, the force vector F' can be recovered from the reduced
POG model (7) by means of relation (8).

e The two-stages planetary gear has been simulated in Matlab/Simulink.
The following parameters have been used:

r_r = 5.4*cm; % Ring: radius

r_sl = 5.4%cm; % Sun_1: radius

r_s2 = 2.6%cm; % Sun_2: radius

r_.p = 3.8%cm; % Planetary: radius

r_a = 5.8%cm; % Planetary_a: radius

r_b = b5xcm; % Planetary_b: radius

r_cp= 9.2%cm; % Center Planetary_p: radius
r_ca= 8.4%*cm; % Center Planetary_a: radius
r_cb= 19.2%cm; % Center Planetary_b: radius
r_q= 24.2%cm; % Ring_2: radius

J_c = 1.891*kg*meters”2; % Carrier: inertia

J_p = 0.0038321xkg*meters”~2;% Planetary_p: inertia

J_r = 0.0046882*xkg*meters”2;% Ring: inertia

J_s = 0.0062509*kg*meters”~2;% Sun: inertia

J_a = 0.020798*kg*meters”2; % Planetary_a: inertia

J_b = 0.011486*kg*meters”2; 7 Planetary_b: inertia

J_q = 2.5213*xkg*meters”2; % Ring_2: inertia

b_c = 0.64*Nm/rpm; % Carrier: friction coeff.
b_p = 0.64*Nm/rpm; % Planetary_p: fric. coeff.
b_r = 0.64*Nm/rpm; % Ring: friction coefficient
b_s = 0.64*xNm/rpm; % Sun: friction coefficient
b_a = 0.64*Nm/rpm; % Planetary_a: fric. coeff.
b_b = 0.64*xNm/rpm; % Planetary_b: fric. coeff.
b_q = 0.64*Nm/rpm; % Ring_2: fric. coeff.

K_sp = 1000*Newton/mm; % Sun-Plan_p: stiffness

K_sa = 1000*Newton/mm; % Sun-Plan_a: stiffness

K_pr = 1000*Newton/mm; % Plan_p-Ring: stiffness
K_ab = 1000*Newton/mm; % Plan_a-Plan_b: stiffness
K_bg = 1000*Newton/mm; % Plan_b-Ring_2: stiffness
b_sp = 8xNewton*s/cm; % Sun-Plan_p: fric. coeff.
b_sa = 8xNewton*s/cm; % Sun-Plan_a: fric. coeff.
b_pr = 8*Newton*s/cm; % Plan_p-Ring: fric. coeff.
b_ab = 8*Newton*s/cm; % Plan_a-Plan_b: fric. coeff.
b_bg = 8xNewton*s/cm; % Plan_b-Ring_2: fric. coeff.
Tau = [100 0 0 O O O O]*Nm; % Input Torques

W_0 = [0 00 0O O Ol*rpm; % Angular velocities: In. Co.
F_0 = [0 0 0 0 OJ*Newton; % Tangential forces: In. Co.
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e Simulation results: the angular velocities w;, for i € {c, p, s, r, g, m}:

w; [rpm]
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Time [

e Simulation results: the tangential forces Fj;

03

, for ij € {ps, pr, sg, rm}:

Tangential Forces I,
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