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Examples of physical models

1) Dynamics of the rotor of an electric motor.

Consider a mechanical element with inertia J, linear friction coefficient b
that rotates at the angular velocity w to which an external torque ¢(t) is
applied.
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The differential equation of the system can be obtained from the law of
conservation of the angular momentum:

d t
UZ( ) =c(t) — bw(t) > Jw(t) +bw(t) = c(t)
Starting from zero initial conditions and applying the Laplace transform
one obtains:
1
Jsw(s)+bw(s)=C(s) 0 w(s) = - (s)
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2) Mass-spring-damper system.
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e Variables and parameters of the physical system:

x(t) : position m : mass

t(t) : velocity K : stiffness of the spring
Z(t) : acceleration b : linear friction coefficient
F(t) : applied force P(t) : momentum

e Conservation law of the momentum P(t) = m z(t):
d d..
FPOI=30RE - m gl = 3RO

e The following differential equation is then obtained:

d . -
a[m (t) = F —ba(t) — K z(t)

which can be rewritten as follows:
mi(t) + ba(t) + Kz(t) = F(t)

e Using the Laplace transform (z(0) = #(0) = 0) one obtains:

ms’X(s)ths X (4K X(s) = F(s) & X(s)=— f(b) K

The system can therefore be represented as follows:

F(s) X(s)
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3) RL electrical system.
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e Physical law: the variation of the concatenated flux ¢.(t) = LI;(t) is
equal to the voltage V,,(¢) applied to the inductance.

d d
o] =Valt) = L{L(t) = Vi(t) - RLi(t)

e Applying the Laplace transform, with zero initial conditions, we have:

1
LsIi(s)+ RI;(s)=Vis) < I;(s) = o T Vi(s)
G(s)
e So, the system can be represented as follows:
G(s)
Vi(s) 1 Ii(s)
Ls+ R ]

e The mathematical relation between the input voltage V;(t) and the output
voltage V/,(t) is described by the following transfer function:

Vu(s) Ls

) =y T It R

The corresponding differential equation is:

LV,(t) + RV,(t) = LVi(t)
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4) Direct Current Electric Motor.
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The system is described by the following two differential equations:

Ll, = —RI, — K.w, +V
Jw, = K., —bw, —C,
e For the principle of energy conservation, the constant K. links both the

armature current [, to the motor torque C,, and links the counter motor
force E to the angular velocity w;,:

C,=K.I, E=K, w,.
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e Using the “Mason formula” one obtains the following relation between the
output variable w,,(t) and the input variables V() and C,(?):

wi(s) = G1(s) V(s) + Ga(s) Ce(s)

where (G(s) is the transfer function between input V() and output w,,(?)
K,

(R+Ls)(b+Js)+ K?

and G5(s) is the transfer function between input C,(t) and output w,,(t):

—(R+ Ls)
(R+Ls)(b+Js)+ K?

Gi(s) =

GQ(S) =

e The previous relationship can also be rewritten as follows:
[LJs*+(RJ+Lb)s+ Rb+ K| wn(s) = K. V(s) — (R+ Ls)Ce(s)
which corresponds to the following second order differential equation:

LJ Oy + (RJ 4 Lb)oy, + (Rb+ K*w, = K.V — RC., — LC,
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5) Hydraulic clutch.

Consider the following simplified hydraulic model of a clutch:

g \S./quIy pr.esilure - | K,, v Crm
olumetric tlow rate In the valve
K, Constant of prop. of the valve — My ‘% b
Cy, Cylinder hydraulic capacity b, A
P Pressure inside the cylinder ] Q
A Piston section
x Piston position
x Speed of the piston Valvola
m, Piston mass (K,)
b Linear friction of the piston
K,, Spring Stiffness ‘ ‘ ‘ ‘
F,, Spring force on the piston [ l
P R=0

e A block diagram describing the dynamics of the system is the following:

‘ ‘ P | F, | F,, |
PM{T: ;: ::AA‘—(T—‘—Y—d
| f | | | , | K, |
| P | 1 | | 1 1 |
| ol | Cas | o ptmys) z
| | i | | | 1 }
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e The transfer function G(s) which links the input P to the output F), is:

Fiu(s) AK,, K,

G(S) - P(S) B Cmmp33 + (Cm b+ Kvmp)82 + (A2 + CnKp + K, b)S + Ky

which corresponds to the following third order differential equation:

Cottiy o+ (Cry b4 Kymyp) Fyy + (A2 4+ Cp Ky + Ky b) Fyy + Ky Ky Fyy = AK,, K, P(1)



2.1. MODELLI FISICI E SCHEMI A BLOCCHI 217

6) Mechanical transmission system.

Consider the mechanical system sho-

: 1
wn in figure: an external torque 7 /-‘ = [ K,
is applied to a shaft with inertia J (( J - U
which rotates at speed w; the shaft CUKT

moves an elastic gear characterized

by a torsional stiffness K7 and a ra- M
dius R; the elastic gear moves a mass b,
M which compresses a linear spring _:z:;'/ __________

K,

having stiffness coefficient K.

A block diagram describing the dynamics of the system is the following:

T1

T»{T: ‘< ::%w—?A—‘—“—uFQ
i 1 K| i 1 Ky |
b+ Js| ] s | b+ Ms| | s |
k—}l—‘—g——“l :L :3 =<£__‘

w\ W [ [ R [ 33 [ \O

The transfer function G(s) that links the input torque 7 to the output
force I can be easily obtained using the Mason formula:

KiKoR

G(s) —
(5) ay s*+ as s3 + axs? + a1s + ag
where
ay = JM R?
as = (bQJ‘l_blM)RQ

o9 = JK1+Z)152R2+JK2R2+K1MR2
b1K1—|—b2KlR2—|—b1K2R2
K, K, R?
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