Analysis and redesign of an antilock brake system

controller

P.E.Wellstead
N.B.O.L.Pettit

Indexing terms: Antilock braking, Automotive control, Nonlinear control systems, Hybrid systems, Relay control systems

Abstract: Antilock braking (ABS) systems are a
combination  of  hydromechanical  braking
components with switching solenoids and relays
which operate the brakes in response to wheel
and vehicle speed information. The control law
which calculates the braking is a complex set of
logical rules designed to allow for variations in
road conditions and the nonlinear nature of tyre
friction characteristics. The piecewise linear
action of the actuator components (solenoids and
relays) and the logical control rules make it
difficult to analyse the dynamical behaviour of an
ABS using conventional methods. The paper
describes the analysis and subsequent redesign of
an ABS using a new method for studying the
dynamical behaviour of piecewise linear systems.
The method is applied to a conventionally
designed ABS controller. Undesirable
performance  features, not evident from
conventional simulation and testing procedure,
are found and the controller is redesigned to give
a satisfactory dynamical performance.

1 Introduction

The paper takes a model of an antilock braking system
and shows how it can be analysed and redesigned using
a piecewise linear system analysis tool. Background on
the analysis ideas can be found in [1-4].

1.1 Background: ABS - antilock braking
systems
Antilock braking systems are now a commonly
installed feature in road vehicles. They were first devel-
oped in the 1950s for aircraft, but were too expensive
for road vehicles [5]. The first ABS systems for vehicles
appeared in the late 1960s but were commercially
unsuccessful, although the research associated with
these products was important for a number of other
commercial products [6].

Although ingenious mechanical systems have been
developed [7], the real growth of ABS technology in the
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1970s was made possible by integrated electronics and
microcomputers [8], and as a result ABS controllers
have moved inevitably to microcomputer based meth-
ods [9]. Indeed, despite current developments of electric
braking [10], all current mass production ABS units
comprise a hydraulic circuit, with additional solenoids
and a control computer. The control algorithm consists
of a set of logical rules (a rule base), stored in a micro-
computer, which switches the brake on and off accord-
ing to the sensed wheel speeds. Because of the range of
operating conditions, the performance analysis of an
ABS rule based controller is complex (a rule based con-
troller typically has several hundred rules) and is nor-
mally achieved by repeated simulations and track trials
[11]. However, the complexity of the rule base means
that, even with the most extensive test programme, it is
improbable that all the operating conditions are tested
by conventional simulation and track tests. In this
paper we show that an alternative exists. Specifically,
by using a special piecewise linear analysis tool, it is
possible to study the logic controller performance in a
way which reveals characteristics which are not
revealed by conventional validation procedures.

1.2 Background: piecewise linear systems

A piecewise linear system component is one in which
the system characteristics change abruptly in response
to the input or some other system variable. Many eve-
ryday control system components are piecewise linear —
relays, saturating amplifiers, static friction and hystere-
sis are examples. In addition, many modern computer
control system mmplementations are also piecewise lin-
ear. Specifically, programmable logic controllers
(PLCs), rule based controllers and certain intelligent
control system methods are based upon decision rules
which change the controller characteristics abruptly. As
a result the controllers act as piecewise linear systems.
In the same spirit, scheduling of controller actions over
a range of dynamical regions also results in a piccewise
linear system.

When the piecewise lincar actions in a control system
are limited to a small number of events, say switching
between one or two linear systems, then the dynamical
behaviour can often be analysed using existing tech-
niques [12—14]. Similarly, when there are no dynamical
components in the system (or the dynamics are ‘slow’
compared to the piecewise linear behaviour) then the
system performance can be analysed using static logic
network analysis. However, many current control sys-
tems have extensive piecewise linear and dynamical ele-
ments which interact strongly, and as a result their
dynamical behaviour is difficult to predict. Thus we
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have the situation that a growing number of practical
control systems exist where the performance cannot be
completely predicted or analysed beyond simple cases.
The system considered here (an ABS brake controller)
is typical of this class of complex logic/dynamic sys-
tems. As implied in Section 1.1, it consists of a fast
dynamical subsystem (comprising the brake hydraulics,
wheel and tyre inertias) and a complex set of logical
rules which must ensure satisfactory control.

2 Analysis of piecewise linear systems

This Section is an overview of the analysis of piecewise
linear (PL) systems. The analysis aims to trace all the
dynamical paths that are valid for a given system and
capture these possible dynamic paths in a systematic
way. For a general system, the method is complex and
requires computer assistance.

2.1 The concept behind the analysis
technique

The attractions of piecewise linear systems in control
have been recognised for a long time [15, 16] since
many nonlinearities such as saturation and relays are
expressed easily as PL functions. The interest in revisit-
ing this type of system model is that logic can also be
incorporated into the PL framework. This means PL
models can act as a unified framework for modelling
dynamical systems with nonlinearities and logic. In its
simplest form a PL system is described as a set of con-
vex polytopes Py € R” [17-19] each containing some
linear system of the form:

T=Anx + by, z € P, (1)
and P; form a partition of R* s.t.:
UP,,j :%n, PiﬂPj :@ 275] (2)

The problem has been that the geometric interpretation
leads to a complex picture of ‘boxes’ stacked together
n state space with each box containing a different lin-
ear dynamic system. Any global analysis must some-
how identify the dynamical behaviour in each box and
then link them together to form a global picture of the
dynamics. Fig. 1 illustrates this geometric interpreta-
tion.

saturation

x3

X2 x1
1 j 1 1 x2
T
x1

Fig.1 Geomerric interpretation of a piecewise linear system

relay

In Fig. 1 the block diagram shows a three-state sys-
tem with two PL functions; a saturation followed by a
relay. In state space, the system will be in three dimen-
sions. One axis will be split by two planes due to the
two breakpoints that appear in the saturation. The
other will be split by one plane due to the relay, since,
although the relay has two breakpoints, they occur at
the same instance in the input. As a result, the state
space will comprise six linear regions. Fig. 1 shows how
the PL functions of the system result in switching sur-
faces in state space. These surfaces act as boundaries of
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convex polytopes that bound each linear dynamic
region. In general, a model can be constructed that
ensures all regions will be convex [3].

The analysis approach developed is described in [1-4,
20]. The idea is to capture each region’s dynamics in a
simple connected graph. This is repeated for all
regions, the regions are then pieced together and a glo-
bal representation of the system is achieved. To see
how this is done, consider one of the linear regions
within the PL state space. The initial information
describing the region will be the bounding hyperplanes
of the convex polytope (y, ¢) and the internal dynamics
(x = Ax + b). The adjacent regions will act to drive
external dynamics towards the region boundary or
away from it. Fig. 2 illustrates one region considered in
isolation.

Fig.2 Dynamical behaviour of one region in a PL system

Pre

PR

Fig.3 Partitioning of a boundary according to the dynamics either side

The behaviour of the dynamics as they approach the
boundary of a region can be categorised into four prin-
cipal types: they can enter the region, exit the region,
converge to a boundary or diverge from a boundary.
These are illustrated in Fig. 3. Partitioning the bounda-
ries of a region into these characteristic behaviours is a
straightforward matter and results in convex partitions
of the boundary. As illustrated in Fig. 3, these parti-
tions can be represented as nodes or points, with
directed arrows symbolising the characteristic dynamic
patterns. Note that one behaviour shown, that of con-
vergence to a boundary, typically identifies a sliding
condition in the model.

Once the partitions are identified, the next step is to
identify how the dynamics move within one region. The
idea used is simple. Each partition where dynamics
enter a region is projected through the region using
that region’s dynamics. In this way it is possible to find
out which partitions the dynamics will exit from, given
they enter a region by a particular partition. The result
is to form a connected graph showing how partitions
are connected via a regions dynamics.
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The final step is to aggregate all the region graphs to
form a global graph. The principle steps in the analysis
procedure (illustrated in Fig. 4) are straightforward in
concept. It is important to note, however, that the
computer algorithms used to realise the analysis are far
from straightforward [3

c
Fig.4 Ilustration of the analysis concept

(a) Initial system dynamics in state space with the piecewise linear boundarics
superimposed

(b) Separate analysis of each region, identifying the dynamic connections
between boundaries

(¢) Merging the individual node graphs to form a global node graph of the
system

(d) Applying graph simplification routines to analyse the final graph

The preceding discussion is intended to illustrate how
the behaviour of a piecewise linear system can be repre-
sented in a linear graph. The advantage is that, regard-
less of the number of states of the model or the
complexity of the piecewise linear elements, the final
result 1s always a connected graph. This is then availa-
ble to be processed using graph theory, a well-devel-
oped area with tools capable of handling very complex
graphs. In some sense the nature of the phase portrait
is retained. The system is still depicted by a visual rep-
resentation of all possible dynamics in the system.
Finally, the graph retains a close connection with the
model. The nodes are directly related to the logic or PL
functions in the model and the connections relate to
the dynamics. This allows a clear physical interpreta-
tion of the graph and shows how logic and dynamics
interact within the system.

For a more detailed description and examples of the
piecewise linear tool, the reader is referred to [3, 4].

3 ABS principle

The aim of an antilock braking system is to improve
the braking performance by maintaining the tyre brak-
ing torque at or near its maximum value. Nowadays
commercial ABS controllers are almost all rule based
and have as their control objective the limit cycling of
tyre braking torque about its maximum value [21]. The
basic idea can be explained with reference to Fig. 5
which shows a simplified form of a typical curve relat-
ing tyre torque and wheel spin. The braking torque, or
tyre adhesion, is at its highest between wheel spin val-
ues marked A and B on the Figure. If the wheel spin
increases beyond B, the wheel ‘locks’, tyre adhesion
decreases and more importantly the driver loses the
ability to steer the vehicle. The locked wheels will have
a coefficient of friction for sliding that will be lower
than the static coefficient of friction for the rolling
wheels. So, for instance, in rear braking, unless braking
is exactly in a straight line on a level road, the lateral
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component of forces on the vehicle will meet less resist-
ance from the rear wheels causing the rear to swing
round in an uncontrolled manner. The objective of an
ABS controller is to keep the wheel spin between A
and B, i.e. maximise braking torque without exciting
those problems associated with locked wheels. A basic
rule based controller that will do this is

if wheel spin > B then brake pressure =0

if wheel spin < A then brake pressure = maximum

[=
(=]
‘0
L)
L
©
[&]
g
o
g - wheel spin
A B

Fig.5 Tyre adhesion curve used in ABS

In reality the tyre torque curve changes rapidly and
by large amounts, depending on, among other things,
the conditions of the road, weather, vehicle and tyres
[22, 23]. Furthermore, sudden ‘discrete event’ changes
will occur if the wheels move over different surface
types. For instance an icy road will cause the curve to
flatten and the distinct peak will disappear altogether.
This means that selecting thresholds like A and B in
Fig. 5 is not possible. A more sensible controller would
be

if wheel spin increasing & brake force increasing
then brake pressure = max

if wheel spin increasing and brake force decreas-
ing then brake pressure =0

Although this is still an incomplete rule set, it neverthe-
less embodies the key idea that the rules should track
the position along the tyre torque curve and act
accordingly. The main problem is that neither brake
force nor wheel spin can be measured. Typically, brak-
ing force is deduced by measuring pressure of the brake
hydraulics before the four ABS valves. This informa-
tion, coupled with the valve history, allows a rough
estimate of the braking force. One way of determining
wheel spin is to measure the wheel speed of the four
wheels and use logic to infer the wheel spin. To make
the best of this poor measurement data, the measure-
ments are coupled with system knowledge. For exam-
ple, if a passenger car wheel registers a deceleration
greater than that equivalent to gravity, then the wheel
is almost certainly locked. This is because the mechan-
ics of a passenger car show that its deceleration limit is
typically in the region of 0.8g.

Because of the additional rules and information, a
practical ABS controller will have a high degree of
complexity involving perhaps hundreds of rules [24,
25]. In the following Section we explain how these rules
might evolve in a simplified ABS model and further
show how the controller behaviour can be analysed.
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4  Simplified ABS model

The model is ‘simplified” because it aims to capture a
few core nonlinearities associated with an ABS system.
The main nonlinearity being the tyre adhesion curve. It
also sets out to control the brakes using a logic control-
ler that contains basic features found in an ABS con-
troller. This model is then analysed to show that a
dynamic system, combining system nonlinearities with
logic control can be analysed. In [1], a number of more
traditional nonlinear analysis techniques were shown to
be ineffective with this type of model, demonstrating
the need for a different approach. This paper aims to
validate one such new approach.

inlet  exhaust wheel
valve  valve  cylinder

Pmas ma Cin Pcyl ‘

o

? Tbrk

- road wheel
brake *
master
um
cylinder pump expander
chamber

Fig.6 Schematic of the antilock brake system

4.1 The brake subsystem

As shown in Fig. 6, a simple antilock brake can be
modelled using three states. This Figure defines the
main variables of the system and shows its principal
operating regimes. There are three types of control
action: (a) pump; (b) hold; and (¢) dump. The principle
of operation is that if the driver presses the brakes
hard, then once the ABS control computer has identi-
fied the brakes are on hard and approaching their
locked condition, the ABS system is activated. With
reference to Fig. 6, the ‘pump’ action can be associated
with the condition:

(1) pump activated, (2) inlet valve set open and (3)

exhaust valve closed
The “pump’ action increases the braking torque applied
to the wheel. The ‘hold’ action closes the inlet and
exhaust valves, holding whatever pressure is applied to
the wheel cylinder. The ‘dump’ action opens the
exhaust valve, dumping fluid into the expander cham-
ber and releasing pressure to the wheel cylinder. The
‘pump’ phase can be scheduled to allow different rates
of pump action.

The schematic shown in Fig. 6 can be used to con-
struct the model of an ABS. Specifically, Fig. 7 shows a
block diagram which captures the essential dynamic
and significant nonlinear features of an antilock brake,
but at the same time reflects the features found in a
working system. The model is built from two subsys-
tems, one for the braking dynamics and one for the
tyre and wheel dynamics. The key system nonlinearities
in the model are: (a) the pressure-volume relationship
(Veyi = Py in the wheel cylinder; (b) the road angular
velocity effect on torque or road load effect (w, — 1,.)
and (c) most importantly, the relationship between tyre
torque and wheel spin (w; — 1;,,). The control ‘input’ is
shown as a switching function that can select either
‘pump’, ‘hold’ or ‘dump’ modes.
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brake dynamics
Fig.7  Block diagram of the antilock brake

wheel and tyre dynamics

The equations of the system can be decomposed [26]
to give the following mathematical model of the sys-
tems behaviour.

Assuming linear hydraulic restrictance, the inlet and
exhaust valve flows are, respectively:

Pmus - Pcyl Pcyl - Pewp
T = AJ exr B — 3
7 Rin ¢ Rcz ( )
The valve restrictances are
1 1
kor, = N kogy = TR (4)

Wheel cylinder volume is given by

Veyl = /(qm - qe:c>dt <5>

Assuming a linear relationship between brake pressure
and brake torque :

Tork = kbrkpcyl (6)
Expander chamber pressure is given by
Peacp = Cegp — ke:cpvcyl (7)

The wheel cylinder pressure is given by

Pyt = { Fpo(Veyl = Vdeq)  when vy < vgeq (8)
0 otherwise

The wheel and vehicle inertias give the following

expressions. The wheel acceleration is given by

. Ttyr — Tbrk
e 9
E - (9)
where 7, is the road wheel inertia.
The vehicle acceleration is given by
\’«Z)r _ _(Ttyr - Trld) (10)
I
where /, 13 the ‘inertia’ of the vehicle as seen by the
road wheel.

Finally, the wheel spin speed is given by

Ws = Wy — Wy (11)
where T,,, the brake torque, is obtained from the
brake model and the tyre and road load torques, 7,
and 1, are given by the piecewise linear functions dis-
cussed below. It will be convenient to rearrange the
equations to give spin speed as a state because spin
speed is simply a linear combination of the wheel and
road speeds. Rearranging the relevant equations gives:

Ws = Wy — Wy

_ Tiyr — Tork | Ttyr T Trid
Iy I,

_ Ttyr(Iw + Ir) _ Tork Trld (12>
1.1, I, I.
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A general autonomous state model of the system
dynamics can be deduced from egns. 3-12:

L 1y

PV Crd
Ctyr T T,

We —notied ~ro 7,

'[)(:yl = 0 _nOtd(z(ikpu(kon+1€off)_c(impkoff 0

—Ciyr —c,.
@, — 0 d

We

Veyl

Lw+1Ir Epwkprps
kpyr F=rEFvdea =7

+ | notgeakpvvicd(kontkosi)tkespkosf+Pmaskon
— (b yr o)
Iy

(13)
where the parameters ¢, and k,, depend upon the
piecewise linear segment of the tyre torque characteris-
tic; ¢,y and k,; depend upon the road load characteris-
tic; k,, and ks are the inverse restrictances of the ABS
modulator valves and not,,; is a Boolean value that
indicates when the brake wheel cylinder is not in its
dead zone, i.e.

Notgeq = 0 for all Ueyl < Vded

for all veyr > Vged (14)

It is important to reiterate that this model has been
developed to capture basic ABS features. As a result,
dynamics are highly simplified and issues such as how
the road angular velocity is measured in a real vehicle
are not addressed. As the main aim is to demonstrate
the analysis of mixed dynamic/logic systems, it was felt
the model omissions were acceptable.

NOotgeq = 1

adhesion
A (tyre torque}

HKpk

. Hm
Hio

-
1
Wslo Wem wspk  wsl0) spin
Spnmin Spn0
wheel velocity-road velocity (angular equiv.)
Fig.8 Characteristic tyre adhesion curve

4.2 Tyre modelling

A piecewise linear approximation to the tyre torque
versus spin speed is shown in Fig. 8. This curve is usu-
ally given as a continuous nonlinear curve that varies
for differing road conditions. The true tyre curve has a
complex shape and changes with road and vehicle con-
ditions. For a review of recent developments in tyre
modelling see [27, 28]. The curves used in this analysis
were derived by fitting a double exponential function to
data supplied by an industrial collaborator. In order to
handle the nonlinearity in the analysis, the curve is
approximated by a PL function which is designed to
capture the peak characteristic and the tail slope of the
curve. There are four key wheel spin references that are
used in the controller design:
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Spn0 (w,(0)) — the zero spin or no braking reference
Wy, — the spin at the peak tyre torque point

g, — the spin at the ‘knee’ of the curve

Spnmin (wy,) — the lower bound on the spin.

If the spin reaches Spnmin, then normal ABS operation
is considered to have failed.

Since the tyre curve varies for differing road condi-
tions, four curves were used and four graphs generated
through the analysis. The curves used are shown in
Fig. 9 and are labelled as u = 1 (high adhesion)
through to ¢ = 0.2 (icy conditions), u = 0.5 is consid-
ered to be the nominal road adhesion condition for tar-
mac. This article will present just two results, those for
w =02 and u = 0.5, since these will be sufficient to
demonstrate the advantages of the analysis method. A
more detailed explanation of the modelling process and
complete analysis is given elsewhere [1].

: ¥ i
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B ¥
i i %

0.4

; ;
. )
02dp-ccsoneu
4 ¥

.

tyre/road adhesion

0 3 i

6 A6 A2 A -8 6 -4 2 0
spin speed, rad/s

Fig.9 Tyre adhesion curves used in the PL analysis
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5 Initial controller design

The controller aims to generate a limit cycle in the
dynamics that move the wheel spin back and forth
around the maximum of the tyre torque curve. We will
use the term ‘stable region’ to indicate the nonsliding
condition (wheel spin between 0 and ;). The term
‘unstable region’ will indicate the locked wheel condi-
tion. The control principle is to set three threshold
curves that approximate the true tyre characteristic, but
to also allow for uncertainty in the tyre characteristic.
These thresholds represent values that are the differ-
ence between the tyre and brake torques. One threshold
curve (accl) sits ‘below’ the true curve, the other two
(acc2 and acc3d) are close together and sit ‘above’ the
tyre torque curve. The control aim is to drive the spin
acceleration variable w, using the ‘pump’ control action
until the acc2 threshold is reached (Phase B ‘on’). The
‘hold’ control action is then used to maintain the
torque such that it tracks acc2 (Phase B ‘hold’). This
is depicted as the two parts of the ‘Phase B’ curve in
Fig. 10. Once the w,, value is reached, the tyre adhe-
sion will decrease. Since the braking torque is main-
tained using the ‘hold’ action, the acceleration
measurement will maintain its value as spin increases
negatively and the acc2 threshold will drop below it.
The acceleration curve will hold steady until it hits the
acc3 threshold, this confirms that the wg, value has
been reached and triggers the ‘dump’ action. This
switches off the brake and unlocks the wheel as shown
in ‘Phase C’ of Fig. 10. When sufficient decrease in
braking torque has occurred, accl is crossed and the
brake pressure set to ‘hold’ (indicated by ‘Phase A’ in
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Fig. 10). Once accl is re-crossed, this indicates that
the wheel spin is again in the stable region of the tyre
adhesion curve, and ‘Phase B’ can be repeated.

unstable operating stable
region | operating torque
: region

Phase B

acc? 7 I
/!

Phase A \
f
|
|

spin
Wspk
Fig.10  liustrasion of the controller action
A broke rate
phase D rate0
(initial )
phaseB |rate2 N
accO| acc3 (control) acct Ws
t y -
acc2 ) phase A
(hold)
phase C
4 {dump) rate 3

Fig.11  Controlier loop

Further scheduling is required in setting the rate at
which the pressure is applied and removed from the
braking cylinder. This determines how fast ‘Phase B’
and ‘Phase C’ operate. The rule logic can be shown as
a plot of spin acceleration against the ‘restrictance’
applied to the valves to regulate flow to and from the
brakes. This is shown in Fig. 1. An initialisation phase
‘Phase >’ is also shown. This will be activated just
once in the control cycle when the driver activates the
ABS through hard braking.

The controller rule set used to achieve the desired
limit cycle 1s given below:

If dwspin > accl AND phase ~= Phase D
THEN phase -> Phase A
If dwspin < accl AND phase == Phase A
THEN phase -> Phase B
If dwspin < acc3 AND phase ~= PhaseD
THEN phase -> Phase C
(1)
where dwspin is the spin acceleration (dw/dr) and
Phase_D is the initialisation state (see below). The con-
trol is then determined by the state of phase:

If phase == phase_ A
THEN rate -> O

If phase == phase B AND dwspin > acc2
THEN rate -> rate2

If phase == phase B AND dwspin < acc2
THEN rate -> 0

If phase == phase (C
THEN rate -> ratel (16)
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Three additional rules are also used. The first is an
absolute bound on the spin velocity (NB wspin = w,)
and aims to prevent it from becoming excessively large
by switching to the turn-off phase (Phase_C).

IF wspin < spnmin, THEN phase -> phase.C
(17)

where spnmin is a large negative value. The other addi-
tional rules are used for initialisation. In this context it
is useful to note that a large number of rules are often
required just to initiate the ABS controller limit cycle.
In this case two rules are used:

IF wspin > Spn0 THEN phase -> phaseD
IF wspin < SpnO AND dwspin < accO
AND phase == phase D,
THEN phase -> phase_C (18)

Phase_D is the initial phase in which the brakes are
turned on at the maximum rate — it is the ‘ABS off
condition with rateO corresponding to the rate with
the inlet valve fully open. Hence:

IF phase == phase D THEN rate —-> rate0
(19)

Rule set 18 provides both entry and exit conditions to
ABS operation. The condition on spin is that it must
remain at a small value greater than Spn0, which is a
small negative limit. The condition on acceleration is
that it must be less than acc0, a large negative value.
When the deceleration is large and the spin greater
than SpnO, the wheel is judged to have broken away
and the ABS control is brought into action by switch-
ing to the recovery phase (Phase_C). The combined
rules and dynamics create a state event table summaris-
ing all the system state transitions (Table 1).

Table 1: State event table for the ABS controller

State event phase A phase_B phase B phase_C phase_ D

(on) (hold)
dwspin <accO & phase_C
wspin < spn0
dwspin <accl phase_B

(on)

dwspin > accl phase_A phase_A
dwspin < acc2 phase_B

(hold)
dwspin > acc2 phase_B

(om)

dwspin < acc3 phase_C
wspin < spnmin phase_C phase_C phase_C phase_C

wspin > spn0 phase_D phase D phase D phase_D

The controller was implemented in ACSL as this has
an effective structure for dealing with logic. The system
dynamics, as given in eqn. 13, are embedded in a
derivative block of ACSL. The rules are implemented
by assigning ACSL schedules to w, and ., i.e. wspin
and dwspin, respectively. These variables are scheduled
in the derivative block against the tuneable variables
accO to acc3 for dwspin and Spn0, spnmin for wspin.
Flags are used to track the history of the control
phases activated. A lookup table in the discrete block
then allows the braking rate to be selected from the
tuneable variables rate0 to rate2. The lookup logic is
given by Table 1.
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Once the controller rule set is fixed, then the remain-
ing parameters of the controller that require tuning are
the scheduling variables to trigger the rules. These are
the four accelerations, acc0 to acc3 and the two spin
limits, Spn0 and spnmin. There are then the three rate
variables controlling the braking rate, rate0 to rate2.
This reflects a large range of choice in controller varia-
bles and illustrates the formidable controller tuning
problems which the designer of rule based controllers
faces. In practice the designer has little alternative but
to conduct hundreds of simulation runs, testing combi-
nations of parameter values in an attempt to select a
parameter set containing the required performance and
robustness conditions. The results of a design obtained
in this ‘trial and error’ manner are illustrated by two
typical simulations given in Figs. 12-17. The controller
phase plot of Fig. 13b can be related to Fig. 11. The
value 4 in Fig. 13b indicates Phase_D in Fig. 11, 3 indi-
cates Phase_C, 2 indicates Phase_B and 1 indicates
Phase_A. FFigs. 12, 13 and 14 show responses for a road
surface of u = 0.2 and Figs. 15, 16 and 17 responses for
u=0.5.
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Fig.12  Simulation run with initial controller
(a) road speed — ~ — — wheel speed
(b) Wheel spin
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Fig.13  Simulation run with initial controller
(a) Spin acceleration
(b) Controller phasc
w=102

Figs. 12-17 illustrate some of the problems in design-
ing complex systems using simulation. On first inspec-
tion, the figures look very promising. The key plots for
tyre and brake torque show the ABS system quickly
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bringing the braking torque to a maximum and holding
it there for the duration of the ABS operation. How-
ever, these plots provide no information as to the func-
tioning of the controller with the system. To attempt to
give this information, simulations of the controller
phase, spin acceleration, wheel spin and road and
wheel speeds are given. The controller appears to cycle
around its phases in the manner predicted through the
design. The controller action together with the plots of
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tyre and brake torques behave in a similar manner for
u =02 and u = 0.5. This is also a good indication that
the design works. The plots of wheel spin and spin
acceleration show the effect of the limit cycle behaviour
and seem to be within acceptable limits of variation. If
there is any slight concern, it may be that the wheel
spin cycling for u = 0.5 is a little excessive, but it is still
acceptable. As can be seen, even with detailed simula-
tion, the designer can extract little more than qualita-
tive information from the simulations. The ability of
the designer to interpret this information using past
experience then becomes critical in order to achieve
good design. We will return to the plots after the anal-
ysis and design cycle presented in the paper. This will
allow us to examine the simulation using the insights
provided by the analysis.
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6 Analysis of the initial controller

As mentioned in the previous Section, only two road
conditions are considered here. In many ways the road
adhesion u = 0.5 represents a normal road so this will
be examined first. The full connection graph for the
system 1s not shown here. This is because, as an exam-
ple, the u = 0.5 road generates 44 regions with some-
thing like 215 nodes. It is meaningless to display such a
large graph, since no useful information can be
obtained by simple visual inspection. Indeed, automatic
information extraction methods are required, see [20].
The key limit cycles that are related to the control
action can be extracted from the full connection graph
to produce a reduced graph. In all the graph plots, a
grid is drawn of wheel spin along the x-axis and a com-
bination of torque acceleration and valve position
along the y-axis. This allows the graph to be related
back to the control cycle shown in Figs. 10 and 11
because the rules depend only upon wheel spin and rate
of change of wheel spin. Fig. 18 shows the key paths
found for 4 = 0.5.

In Fig. 18 the principal control cycle has Phase B
moving from B3 through B8 to B9. At this point, acc3
is reached and Phase C (‘dump’) is triggered. This
drives the trajectories down to C6 where accil is
crossed and Phase_A begins. This holds the trajectories
through A6 until accl is recrossed and Phase B
restarts. This cycle 1s as -expected from the control
design and simulation. The other cycles in the graph
also make sense, since it is expected that for certain ini-
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tial conditions, the dynamics cross the w,, threshold
and as a worst case, cross the safety rule triggered by
the dynamics reaching spnmin. All these conditions are
shown to return to the main control loop within the
graph.
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Fig.18 Key dynamic paths for u = 0.5

In the main, the graph confirms the behaviour which
was planned during the design/simulation iteration.
However, the graph shows up one unexpected pattern.
During the design process the control performance cri-
terion was for Phase B to drive the dynamics to the
acc2 threshold and hold them at this level until @, is
crossed. The wheel spin should then increase until acc3
1s reached and the ‘dump’ action initiated. The graph
tells a slightly different story. Phase B only manages to
achieve an acceleration torque between accl and acc?
before wy, is reached (see B3 — B6 in the graph). The
acc2 level, crossed at node B8, is reached after o, is
exceeded. The dynamics then increase until acc3 is
reached. This implies that the control action spends
much longer in the unstable part of the torque curve
than was anticipated in the design, since the accelera-
tion torque must cross both acc2 and acc3 in the
unstable part of the curve.
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Fig.19  Key dynamic paths for u=0.2

Fig. 19 shows the key cycles when u = 0.2. This pat-
tern shows a number of differences from the expected
control cycle. The first is that conditions for a sliding
mode exist at node B4 (in the full graph B4 is a node
with all connections converging to it as illustrated in
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Fig. 3). Specifically an unplanned and unpredicted slid-
ing mode from B4 to B8 exists. The problem of acc2
not being crossed before wy, is reached is again shown
in the path B3 — B6 — B&. However, a potential path
B3 — B4 — B8 exists where acc2 is reached before
wg,- More disturbing is the fact that the only method
of reaching Phase C or the ‘dump’ action is for w, to
increase until Spnmin is reached. As mentioned previ-
ously, this is an emergency rule and for w, to reach
Spnmin means a long time is spent in the unstable
region of the tyre adhesion curve.

The analysis shows a clear failure in terms of accept-
able control action in the ABS. Moreover, it is one
which was neither predicted by ad hoc design nor
detected in simulation. However, given these analysis
results, we can revisit the simulations in Figs. 12-17.
The problem of hitting the spnmin rule for u = 0.2 is
one that might have been picked up by looking at the
wheel spin plot (Fig. 12b). Here the wheel spin is seen
to touch the spnmin limit of —10. However, as the sim-
ulation is of a low friction surface, the peak of the tyre/
torque curve is close to this limit anyway (Fig. 9).
Indeed, for many initial conditions, the designer would
expect the spnmin rule to fire, and so would not be
overly concerned to sec the limit reached. The other
problems are almost impossible to infer from simula-
tion. There is no evidence of the sliding behaviour as
only certain initial conditions excite this behaviour. The
designer must hope one of the simulations catches the
behaviour and this did not occur here. Given the
knowledge that the controller spends too much time in
the unstable region of the curve, it is possible to look at
the controller phase plots of Fig. 136 and say that the
time spent in level ‘17 is too long. However, this is not
something easily inferred a priori.

The node graphs highlight a number of problems in
the control design. In summary, these are:

(a) The acceleration control shown in Phase B needs to
be improved so that the design threshold acc2 is
reached before w,, is crossed. This relates to increasing
the time the cycle spends in the stable side of the adhe-
sion curve.

(b) The sliding behaviour for u = 0.2 should be
removed.

(c) The wheel spin needs to avoid the Spnmin rule, par-
ticularly for u = 0.2.

7 Redesign of the controller

The first problem to be addressed is the sliding mode.
Examination of the acc2 rule suggests that the sliding
behaviour occurs whenever Phase B results in the
acceleration torque reaching acc2 before w,,, is
crossed. The alternative is to prevent acc2 being
reached and increase the time spent in the unstable part
of the adhesion curve. This leads to the conclusion that
a designed sliding mode is to be preferred, since it
should be relatively robust to different values of p. This
effect is achieved by increasing the rate2 value for
turning the brakes on (‘pump’ action ) (this is to guar-
antee that the acceleration reaches acc?2), including
hysteresis and dividing acc2 into two thresholds (acc20
and acc21). This avoids chattering on the sliding
mode. An unwanted consequence of increasing the set
rate rate2 for Phase B is a reduction in time spent in
the stable part of the curve. This can be resolved by
providing two thresholds to replace acci. Thus the
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controller switches from Phase C to Phase A at acc10
and from Phase A to Phase B at acc11. Thus accit
can be scheduled to ensure Phase B starts well within
the stable portion of the curve. These changes are illus-
trated in Fig. 204. The modified illustration of the rule
operation 1s shown in Fig. 205.

e b torque
accd
phase B
acc2l - -7
dec20
phase C
tyre
acci’l
acc10
a spin
A brake rate
phase D rate0
{initial)
phaseB | rate2
‘control’ .
acc3 Feontrol') acc’10 Wg
o ‘ et e
acc acc21 acc20 acc11 phase A
(hold)
phase C
< ‘ {dump) rate 3

b
Fig.20  Redesigned controller loop

(a) Modified controller action
() Modified controller schedule

The sliding mode hysteresis design aims to give a
(relatively) low frequency chatter while maintaining
tight control. To ensure that the sliding mode is
attained in all cases rate2 must be chosen so that the
spin acceleration can always reach acc21 whilst operat-
ing in the stable region of the tyre torque curve. To see
how redesigned variables were chosen, consider a sim-
plified model of the operation in phase_B on the stable
side of tyre torque curve that can be obtained from
eqn. 12:

Gy = TtyT'(Iw + [r) _ Tork + Trid (2())
L1, Ly I,
The tyre torque in the stable region increases with
decrease in spin speed. Assuming 7, is increasing line-
arly with time and that 7, is constant gives the simpli-
fied equation:

ws = —kiws — korate2t + ¢ (21)

where Kk will depend on u, k, will depend upon the
brake pressure at which the linearisation is performed
and ¢ is a constant which will depend upon the road
speed about which the approximation is made. To
examine the scheduling of the thresholds, the variation
of acceleration with u is needed. The acceleration will
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be constant when

kiws = —korate2t
korate2t
S, = —
k1
korate2
=, = 2 0e (22)
k1

To achieve sliding motion in phase_B, a (negative) spin
acceleration is required that will drive the controller
past the acc?2 threshold under all conditions, i.e. w, <<
acc2 then from eqn. 22 we obtain

rate2 > —Z—laCCQ (23)
2
The values for k; and k, can be derived from the
parameters of the state equations (eqn. 12) for each
operating point. In the sliding mode assume that the
mean acceleration is approximately equal to acc2. In
phase_B a duration of about 0.1s and a change of spin
in that period of 5% of the peak torque spin is chosen
for design, 1.e.
N dws Aws  0.05w,  wy

R T Ve N (24)
Since the ABS should operate around the spin peak
this suggests a schedule of

ace2 = w,/2 (25)

Combining eqns. 22 and 23 and inserting values for &y,
ky and w,,;, for each case of u gives

rate2 > 0.0094 (26)

so choose
rate2 = (.02 (27)

Note that the rate2 should ideally be scheduled; how-
ever, this would be difficult with the current ABS mod-
ulators.

For an overshoot (past w,;) between 1% and 10% a
suitable choice is

acc3 =0.3w; — 2.2 (28)

Note that only the value for acc2 has been chosen. The
control algorithm requires acc20 and acc21 to be spec-
ified. For simplicity these are made linear combinations
of acc2 and acc3:

acc20 = acc2 + A(acc2 — ace3)
acc2l = acc2 — A{acc2 — accld) (29)

The value of A determines the frequency of the switch-
ing along the sliding mode. Here A was chosen to be
0.1. In retrospect, the frequency achieved is rather high.
The values of acc10 and acc11 depend upon the value
of the spn0O threshold; if the undershoot is too large,
the spnO threshold will be hit during a normal cycle
which is undesirable. The difference in acceleration
thresholds can be reflected into the difference of spins
on entry and exit of phase_A. With spn0O chosen to be
—0.25, acc10 was set to 50 and acc11 to 10.

The system with modified controller was analysed for

= 0.5 and the resulting graph constructed. The analy-
sis was carried out in the most ‘critical’ dynamic
regions first, these regions being identified from the
analysis of the system with the initial controller. This
approach resulted in a dangerous dynamic pattern
being revealed by the partially created graph before
analysis of the system was completed. This pattern,
illustrated in Fig. 21, was confirmed to exist for u = 0.8
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and 1.0 as well as u = 0.5, with all three tyre adhesion
curves showing the same pattern of instability within
their respective graphs.

spnmin Wsm Wspk spn0
actions within phase_B

switch phases pump hold
Fig.21  Problem with the redesigned controller for u = 0.5

Fig. 21 shows that for normal operation, the ABS
behaves as expected. If Phase B is entered by accli
being triggered for wheel spin between Spn0 and wy,
then the graph shows the acceleration torque being
driven to the sliding mode and entering a cycle between
acc20 and acc21. In this cycle the pressure to the
brake cylinder is alternately switched on at rate2 and
held. This cycle continues until w,,, is exceeded, then
the dynamics are able to exit out via the acc3 rule and
begin Phase C. However, a totally unexpected instabil-
ity occurs for initial conditions where ®; > g In this
case, there is a strong likelihood of the dyndmlcs being
driven past g, the knee of the adhesion curve. Once
this occurs, a dangerous limit cycle is generated
between the acc20 and acc21 thresholds for which the
only escape is to wait until w, exceeds the Spnmin
safety rule. This kind of behaviour can occur if, for
instance, the car hits a slippery patch while braking.
This could result in the initial conditions for the ABS
to suddenly appear around w,,,, inducing the instability
in the controller.

Once a problem such as this is diagnosed from the
graph, its cause can be deduced from the model. This
again is a result of the analysis and the fact the nodes
in the graph can be related directly back to the system
model. It is unlikely that (with no prior information)
an instability such as this would have been spotted by
checking the equations. The problem is due to the
scheduling of the acceleration thresholds acc20, acc21
and acc3. At high spin speeds, the acceleration thresh-
old decreases faster than the spin acceleration. That is,
when operating in Phase_B with the controller holding
the brake pressure constant and the spin speed becom-
Ing more negative, the acceleration threshold is decreas-
ing with spin at a higher rate than the spin
acceleration. Therefore the acceleration threshold is
never exceeded and the controller locks up until the
Spnmin spin threshold is passed.

To see this consider eqn. 21. When the brakes are
being held, the spin acceleration can be approximated
by

Ws = —kjws + ¢ (30)

Meanwhile, the controller is waiting for the acc3
threshold to be crossed, i.e.

ws < Mace3Ws + Caces (31)
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Fig.22  Analysis for the final controller (u = 0.5)

where m,..3 and ¢, are the gradient and offset of the
acc3 threshold that is scheduled against w,. Combining
these two equations gives the inequality

“(kl + maccB)Ws < Caccg —C (32)

The problem arises when o, becomes more negative
and the term (k; + m,.3) is also negative; then the ine-
quality cannot be true and the controller cannot switch
to Phase_C and release the brakes. Thus when the gra-
dient of the tyre torque function has become very shal-
low and ky is small, eqn. 32 cannot be satisfied. This
problem is due to incorrect scheduling of the thresholds
acc20, acc2t and acc3, particularly when wheel spin >
Oy Once diagnosed this problem is easily overcome
by choosing different threshold values to ensure eqn. 24
is satisfied.

phase_A phase_B phase_C phase_D

to spnmin
and phase_C

accM

acc10

Vded

Wsm Wspk spn0
Fig.23 Key control loop for u= 0.5

8 Final controller design

The complete graph for the final controller design is
too large. Instead a simplified version is given in
Fig. 22, which shows the graph for u = 0.5. The key
paths of the controller are shown in Fig. 23.
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Fig. 23 shows Phase B being triggered at accii
(node B11). The dynamics are driven to the sliding
mode between acc20 and acc21 and oscillate until spin
exceeds @, This is shown by the cycle around B7 =
B6 = B8 = BY. The continued sliding cycle after cw,,;,
in the initial, unsuccessful, redesign (shown in Fig. 20)
no longer exists, since no cycle occurs around B13 =
B14 = BIl5 = BI16. Instead, the dynamics move
towards the acc3 threshold (B12) and trigger Phase C.
Fig. 22 shows that the sliding mode after w,, has dis-
appeared and the acceleration can increase and reach
acc3 through B20 at this point. In effect, the graph
shows that for u = 0.5 the controller rules are well inte-
grated and no dangerous conditions are apparent. This
result is confirmed with u = 0.2. Fig. 24 shows the cor-
responding graph.

Fig. 24 shows that the principal control action has a
very similar graph to that for u = 0.5. The graph shows
that Phase C can be reached through both the acc3
and Spnmin rules as intended. Closer investigation con-
firms that the preferred path is via the acc3 rule (BI2
in the graph).

To confirm that the improved control gives good
responses, two simulation runs using the final control-
ler are shown in Figs. 25-30. The interesting thing to
note is that this second set of simulation runs does not
differ significantly in appearance from the first set
shown in Figs. 12-17. This reinforces one of the tenets
of this paper, specifically that direct testing or repeated
simulation is insufficient to reveal the actions of a
piecewise linear system, in this case a logic controller.
Given the knowledge from the analysis it is interesting
to look at the differences between initial and final con-
troller simulations (Figs. 12-17 and Figs. 25-30, respec-
tively). The most obvious difference is that the final
controller exhibits a much faster limit cycle than
before. This is a byproduct of the design and in princi-
ple, the cycle frequency can be made slower in the final
design so that it matches the initial design. More signif-
icant are the differences in wheel spin when comparing
the plots for u = 0.2 and u = 0.5. In the final control-
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ler, the wheel spin does not dip much below the peak initial controller plots (Figs. 12b and 15b). Similarly the
spin value for the tyre torque curve and it is clear the final controller spends much less time in its level ‘1° or
wheel spin in these plots spends most of its time in the Phase A mode relative to the other controller phases
stable part of the curve. This is not so obvious in the (see the controller phase plots) than the initial control-
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ler. However, the actual tyre torque and braking torque
plots for the initial and final controller differ very little.
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9 Summary

The theme of this paper is that, except for the simplest
systems, piecewise linear dynamical systems cannot be
adequately analysed using conventional simulation
tools. However, by using a special piecewise linear
analysis tool, it is possible to study in detail the per-
formance of a logic controller in a way which reveals
characteristics not visible by simulation, field trials or
static analysis. To this end we have applied the tech-
nique to a typical industrial piecewise linear system.
Specifically we have discussed a model for an ABS con-
troller and applied it to a simplified model of the wheel
and brake. The model has been created to capture
underlying features of an ABS system although much
of the complexity of an accurate ‘real life’ model has
been missed. An initial controller design was carried
out using extensive simulation together with intuition
as to the effect of the rules on the dynamics. The result
was a controller with around 10 rules. These were then
analysed using the PL analysis principles outlined in
Section 2 and detailed in [3, 4]. The PL analysis pro-
duced a linear connected graph which contains infor-
mation concerning the possible performance of the PL
system. In the case of the ABS, the graph highlighted
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weaknesses in the rules which were not apparent in the
initial simulations. The controller rules were conse-
quently redesigned. The new graph showed a further
problem; an instability in the rules that was not obvi-
ous through the design. Once identified, the source of
the instability could be found through the model equa-
tions and a new rule design generated which removed
the instability. This design produced a high degree of
consistency in the graphs for different values of road/
tyre friction and showed no inconsistencies in the rule
operations. Thus the use of the PL analysis to create a
graph linking the controller logic with the closed-loop
system dynamics was crucial to the design of the rule
base and to the subsequent redesign of the controller
laws.

Having shown the analysis working for a simplified
model, the next step would be to look at a more realis-
tic model with higher order dynamics and a more com-
plex rule base.
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