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ARTICLE INFO ABSTRACT

Keywords: This paper addresses a methodology for the systematic modeling of complex gear systems. The methodology
Automotive systems is based on the use of a unified general model, working for all complex gear systems: time-variant as well
Gear systems as time-invariant, having parallel or oblique rotation axes. The model equations are automatically written

Time-variant systems
Energetic modeling
Power-Oriented Graphs
Simulation

following the outlined procedure and applying the presented algorithms, making this approach less prone
to mistakes with respect to other approaches. Next, a reduced model assuming rigid gear connections and
introducing no loss of information is proposed, which directly gives the kinematic relations between the gears
angular speeds and input torques. In order to show some case studies, the proposed methodology is applied
to three systems of interest for vehicle dynamics and powertrain modeling. The considered case studies are a
differential structure having a bevel gearing system with non-perpendicular gear shafts, a vehicle differential
and a full toroidal variator, which is suitable for applications such as KERS (Kinetic Energy Recovery System)
and IVT (Infinitely Variable Transmission). Furthermore, the control of a full toroidal variator acting as a KERS
with reference to an automotive case study and the comparison of the proposed modeling methodology with

two other approaches are addressed.

1. Introduction

Transportation systems are an important part of nowadays human
life, with particular reference to road transportation systems, signifi-
cantly impacting our daily life. In the last two decades, the growing
awareness of climate changes has led to the investment of great re-
sources for research in the field of Hybrid Electric Vehicles (HEVs) (He,
Shou, & Wang, 2022; Miller, 2006; Zhang, Liu, et al., 2020). The
articulated process leading to the design and development of a new
vehicle passes through a large number of steps and can differentiate
depending on the type of vehicle. A first important step consists in the
identification of the most suitable vehicle architecture. In the field of
HEVs, a large variety of architectures and topologies are available in
the literature, including series HEVs (Chen, Evangelou, & Lot, 2019),
parallel HEVs (Kim & Choi, 2020), power-split HEVs (Gong et al., 2021;
Tebaldi & Zanasi, 2019, 2021) and plug-in HEVs (Oncken, Sachdeva,
Wang, & Chen, 2021).

Once the most suitable architecture has been identified, the mod-
eling step has to be addressed. Modeling a vehicle architecture is
an essential part, as it enables the simulation, testing and perfor-
mance evaluation of the vehicle before its physical production. A
vehicle can be seen as a complex physical system, composed of several
physical subsystems (Khajepour, Fallah, & Goodarzi, 2014) interact-
ing with each other. As far as the modeling of the powertrain is
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concerned, an important part is covered by gear systems, which are
included in many physical elements of the powertrain. A first ex-
ample of physical elements in the powertrain including gear systems
are differentials (Khajepour et al., 2014), which are responsible for
distributing the motive torque among the left and the right axles. A
second example are planetary gear sets (Hou & Ji, 2021; Khajepour
et al., 2014; Mishra & Srinivasan, 2017; Ouyang et al., 2022), which
represent a key component of automatic transmissions and ECVTs
(Electro Continuously Variable Transmissions). A third example are
toroidal variators (Khajepour et al., 2014; Patil, 2011), which can be
half or full and can be exploited to implement a KERS (Kinetic Energy
Recovery System) as well as an IVT (Infinitely Variable Transmission).
There are also many other elements in the powertrain transmission
system, which can include more complicated gear systems, such as
transmissions including bevel gearing systems for example (Du, Mao,
Cui, Liu, & Zhao, 2018), which are employed to transmit power be-
tween non-parallel shafts. Furthermore, gearing systems are highly
employed in other transportation fields (Molyneux, 1997) as well as in
other engineering fields, such as mechatronic machines and robotics.
There are several different approaches in the literature for modeling
these devices. The modeling of differentials is addressed in Forstinger,
Bauer, Hofer, and Rossegger (2016) making some simplifying assump-
tions to develop a reduced model. A simple modeling is performed
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in Gadola and Chindamo (2018), where the working principles, advan-
tages and limitations of passive limited-slip differentials are discussed.
One of the most widespread platforms for modeling powertrains is
provided by the Mathworks tools. The “Open Differential” (S., 0000a)
and the “Limited Slip Differential” (S., 0000b) blocks, that are found in
the Powertrain Blockset and in the Vehicle Dynamics Blockset provided
by Simulink, model the differential employing the differential equations
describing it under the assumption of rigid coupling between the crown
gear and the axles and neglecting the dynamics of the differential box
and of the planetaries. Let us now consider planetary gear sets, for
which different modeling approaches can be found in the literature. As
an example, an approach for determining the kinematics of a coupled
epicyclic spur-gear train is proposed in Freudenstein and Yang (1972).
Later on, the Lever Analogy (Benford & Leising, 1981) was introduced,
which is still one of the most employed tools for the kinematic and
dynamic analysis of planetary gear sets. Other approaches can be
found, adopting different degrees of simplification, including the use
of basic physics laws assuming rigid connections employed in Zhang,
Shen, and Kako (2020) for the modeling of the planetary gear set,
for instance. As far as toroidal variators are concerned, an interesting
approach for modeling a full toroidal variator is presented in Fuchs,
Hasuda, and James (2002), which consists in a velocity analysis at the
contact points, followed by the modeling of the traction forces and by
the Newtonian formulation of the equation of motion on the roller.
In Newall, Cowperthwaite, Hough, and Lee (2005), the authors chose
to focus on the efficiency modeling instead, by combining a full EHL
(ElastoHydrodynamic Lubricated) model, an empirical traction model
and a variator cooling model. Physical elements in different energetic
domains can also be modeled with an energetic approach using differ-
ent modeling techniques, including Bond Graphs (Cauffriez, Grondel,
Loslever, & Aubrun, 2016; Jha, Dauphin-Tanguy, & Ould-Bouamama,
2018), Energetic Macroscopic Representation (Garcia-Herreros, Keste-
lyn, Gomand, Coleman, & Barre, 2013; Lhomme et al., 2017), and
Power-Oriented Graphs (Zanasi, 2010; Zanasi, Grossi, & Fei, 2014). A
comparison of the main properties of these techniques can be found
in Zanasi, Geitner, Bouscayrol, and Lhomme (2008). In this paper, the
Power-Oriented Graphs (POG) technique is used, since it is deemed to
be very effective when developing the systematic procedure illustrated
in this paper. Some applications of this technique are in Tebaldi and
Zanasi (2019), Zanasi et al. (2014), (Zanasi & Tebaldi, 2019, 2020a,
2020b).

In this paper, we would like to extend the systematic methodology
for modeling planetary gear sets at a system level introduced in our
previous work (Zanasi & Tebaldi, 2019, 2020a, 2020b). Such method-
ology has the following main features (Zanasi & Tebaldi, 2020a) with
respect to the state of the art: (a) the proposed dynamic model is
general, i.e. it can be used for modeling any planetary gear set and can
be directly implemented in the Matlab/Simulink environment; (b) the
procedure for building the system matrices and vectors is fully system-
atic, thus reducing the chances of making mistakes when deriving the
system model; (c) relative frictions can be freely inserted between any
couple of gears, thus enabling the simulation of different transmission
operating modes; (d) two dynamic models are automatically given: a
full elastic model and a reduced rigid model; (e) the reduced rigid
model is very suitable for real-time simulations and introduces no loss
of information since the tangential forces can still be recovered, even
when the gears are assumed to be rigidly coupled. Furthermore, the
kinematic constraints and torque relations automatically result from
the reduced model. The contributions of this paper with respect to the
previous work are illustrated in detail in Section 2.

With respect to other approaches in the literature, such as the
Lagrangian approach for example, our approach offers the following
benefits. First, the system equations are automatically written, which
makes the approach less prone to mistakes. Second, the approach is
always the same for any type of system, both time-invariant and time-
variant, and is therefore unified and more general. Third, two system
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models are automatically obtained: a full one, giving a more detailed
description of the system including the gears elastic interaction, and
a reduced one assuming rigid connections. The reduced order model
automatically gives the kinematic relations between the gears angular
speeds and input torques and is more suitable for fixed-step size sim-
ulations for real-time executions, as it does not contain the stiffnesses
fast dynamics. Furthermore, the time behavior of the forces exchanged
between the gears can still be computed using the reduced model. The
approach proposed in this paper also offers advantages with respect to
other dedicated models made available by some well-known simulation
platforms, e.g. the Matlab/Simulink open differential model.

The remainder of this paper is structured as follows. The contri-
butions with respect to the previous work are detailed in Section 2,
whereas the symbol notations and the nomenclature employed through-
out the paper are summarized in Section 3. Section 4 contains the
formal definition of the systematic methodology for modeling complex
time-variant gear trains, together with the extended algorithm for the
automatic computation for the radii matrix R(¢), the reduced model
definition and the formula for recovering the gears contact forces in the
reduced model. Three case studies are addressed in the next sections:
a fictitious oblique differential structure in Section 5-(1), a vehicle
differential in Section 5-(2) and Section 5-(3) and the modeling, control
and simulation of a full toroidal variator in Section 6. The contributions
of our approach with respect to two other solutions in the literature are
illustrated in detail in Section 7. Finally, the conclusions of this study
are reported in Section 8, the algorithm for the systematic computation
of the relative friction matrix B, is given in Appendix A and the proof
of Property 2 is given in Appendix B.

2. Contributions with respect to the previous work

With respect to our previous work, we provide the following new
contributions in this paper: (a) the formal definition of the systematic
modeling process which is unified for any generic time-variant gear
system composed of n; gears, ng elastic couplings between the gears
and ny relative frictions between the gears. This formal definition is
made by abstracting from the specific case studies in order to make it
more general, see Section 4; (b) a unified Matlab/Simulink structure
suitable for simulating both the full and the reduced model of any
linear time-variant or time-invariant gear system; (c) the extension and
application of the systematic methodology not only to the modeling of
planetary gear sets, as it was instead in the previous work, but also
to the modeling of generic complex gear systems. These can therefore
include planetary, parallel and oblique rotation axes (e.g. differentials,
toroidal variators, etc.), see the new Algorithm 1 in Section 4.1; (d)
the extension and application of the systematic methodology to the
modeling of time-variant gear systems, which were not accounted for
in the previous work, see the new Algorithm 1 in Section 4.1; (e)
the proof that the tangential forces being present at the gears contact
points can still be recovered in the reduced rigid system even in the
time-variant case, see the new Property 2 which holds true for the time-
variant case as well, on the contrary with respect to the previous work;
(f) the modeling of three new case studies which were not present in
the previous work. The three new case studies are: a differential with
oblique rotation axes, a vehicle differential and a full toroidal variator.
These case studies show the extension and application of the new
systematic methodology to the modeling of more generic and complex
gear systems, including parallel and oblique rotation axes and the time-
variant case; (g) a new approach to control a full toroidal variator when
employed as a KERS, namely as a Kinetic Energy Recovery System,
together with an automotive example showing the KERS and its control
operations; (h) the contributions of our approach with respect to two
other different approaches in the literature.



D. Tebaldi and R. Zanasi

3. Notations and nomenclature

Notations

N = {i}
N = {ij}
N = {ij={ij}}

ker(A)
Im(A)

Nomenclature

System Definition
Ny

N

Ny

Ji, by, o, 7;

L, A®), B
J.K
BJ’ Bw’ BAw’ BK

R(@®)
X, o, F

uU=17,y=0
E;, P,

Algorithm 1

rijn(®)

rp(0)

o(1)

Sr.
@)

Reduced Rigid Model

X
T ()

Ordered set containing elements i;
Ordered set containing couples ij;
Ordered set containing ordered couples
{ij};

=
(=]

o o
=
o
o o

, with N'={a, b, c, ...};

(=]
=

c

00 0

O O O

Identity matrix of proper dimension;
Kernel of matrix (A);
Image of matrix (A);

Ordered set containing the one-digit
subscripts i identifying the n; system
gears;

Ordered set containing the two-digit
ordered subscripts ij = {ij} identifying
the ng system tangential springs;
Ordered set containing all the np
two-digit subscripts ij identifying the
system relative frictions;

Moment of inertia, linear friction
coefficient, angular speed and input
torque of gear “i”;

Stiffness coefficient, linear friction
coefficient, force of tangential spring “i;”;
Relative friction coefficient between
gears “i” and “;”;

Energy, power and input matrices;
Inertia and stiffness matrices;
Inertia, gears, relative and stiffness
friction matrices;

Radii matrix;

State, speed and force vectors;
Input torque and output speed vectors;
Stored energy and dissipated power
within the system;

Generic coefficient of matrix R = [r;; , ()],
with ij € N and h € N;

Effective radius linking the angular speed
@y, to the tangential force F;;;
Parameter giving the dependence of r, (1)
on time;

Sign related to the positive orientation of
vector Fj;;

Sign related to the positive orientation of
vector wy,;

State vector of the reduced rigid model;
Rectangular transformation matrix
relating x to x;;
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Q) Matrix expressing the n; original angular
speeds as a function of the n; — ng
angular speeds in x;;

L, (0).N;(®), A, (1), B, () Matrices of the reduced rigid model;

Full Toroidal Variator Reduced Model

RaG’ Rb’ Rc9’ Ra’
J(0), N@®), A®t)

Ratios between angular speeds;

Scalar time-variant parameters of the full
toroidal variator reduced model;

Wy Angular speed in the reduced state vector;
7, System input torque;

Kinetic Energy Recovery System (KERS) Control

K, Torsional spring connecting the KERS to
the vehicle transmission shaft;

@, Transmission shaft angular speed;

o) Position of the KERS rollers;

Tes Desired profile for input torque 7,;

Ky, K, Parameters of the KERS integral control;

A, Tracking error of input torque z,;

4, Tracking error of angular speed w,;

7, Estimation of input torque 7,;

E Time derivative of the energy stored in
the KERS;

Extended Lagrangian Equations

N Number of the system degrees of
freedom;

q; Generalized Lagrangian coordinates;

0; Generalized forces;

T,U System kinetic and potential energies;

0y Angular position of time-variant inertia
J@®);

Algorithm 2

B;; Generic coefficient of matrix B, =[B;;],

with i, j€N;

N; Set of all the subscripts pg € N such
that p=iorq=i;
b, S;; Relative friction coefficient and sign

function defined in Appendix A.

4. Modeling a time-variant gear system

This section is focused on the description of the proposed general
mathematical model which can be used for different types of gear
systems. Let us consider a system composed of a generic number n;
of gears. Each gear is uniquely identified by a one-digit subscript “i”.
The interaction between the gears takes place through a number ng of
elastic contact points, which are modeled as tangential springs. Each
tangential spring is uniquely identified by a two-digit ordered subscript
“ij = {ij}”. The latter is said to be ordered because it describes the
positive direction of the spring (Zanasi & Tebaldi, 2020a), whose first
and second terminals are connected to gear i and to gear j, respectively.
This can be clearly seen from the example reported in Fig. 1. The figure
also highlights that the exchanged force F,, is tangential to the gears
themselves, which is why the gears contact points are said to be coupled
by tangential springs. If two gears i and j are arranged in a mechanical
configuration causing the presence of some relative friction between
them, a two-digit subscript ij is assigned to the considered relative
friction. According to what has been described so far, let us define the
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Gear a

Gear b

Fig. 1. Tangential spring K,, coupling gears a and b.

following sets:

Ny={a, b, c, ...},
Ni={ij = {ij}, Vi, €Ny [G#DNITEN )}, (€]
Np={ij. Vi.j € NjI(i# ) A(i & Np)} .
N is the ordered set containing the one-digit subscripts i identifying
the n; gears in the system, whereas Ny is the ordered set containing
the two-digit ordered subscripts ij = {ij} identifying the ny tangential
springs in the system. Hereinafter, the shorter notation ij will be
adopted for the two-digit ordered subscripts belonging to set N for
the sake of brevity. Lastly, Ny is the ordered set containing all the
ng two-digit subscripts ij identifying the relative frictions present in
the system. The sets N;, Ny and N are said to be ordered because
the order of the subscripts they contain will define the order of the
parameters within the system matrices and vectors, as described in the
remainder of this section. This does not impact the system dynamics in
any way, but simply changes the order in which the system energetic
ports appear in the system model. With reference to the simple two-
gears system reported in Fig. 1 as an example, it is N, = {a, b},
Ny = {ab}, Ny = {}. The one-digit subscripts i € N, characterize all
the parameters and variables associated with the gears: J; and b; are the
moment of inertia and the linear friction coefficient of gear i, w; and
7; are its angular speed and input torque. The positive direction of the
angular speeds w; and of the input torques 7; is chosen to be the same.
This ensures a positive power flow entering the system through gear i
when both w; and r; are positive, and viceversa. The two-digit ordered
subscripts ij € Ny denote all the parameters and variables associated
with the tangential springs: K;; and d;; are the stiffness coefficient and
the linear friction coefficient of spring ij, while F;; is its tangential
force. The force F;; will be positive when transmitted from gear i to
gear j through the spring, and viceversa.

Any gear system having time-variant interactions between the gears
can be modeled using the following general POG state-space model:

) U -B,-RTBR® -RT() o |1 u
0 k1 R() 0 0] —— @

L A B

where x = [mT FT ]T is the system state vector, u = t is the input
torque vector, L is the energy matrix, A(¢) is the power matrix and B
is the input matrix (Zanasi, 2010). The energy matrix L and the power
matrix A(7) describe the energy E; stored in the system and the power
P, dissipated in the system, respectively:

E = EXTLX, P; = XTA(I) X. 3)

N
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The notation “(#)” is adopted in system (2) to denote the system
matrices which are supposed to be time-variant, whereas the notation
“(t)” is omitted in the system vectors for the sake of brevity. The
matrices composing matrix L are the inertia matrix J and the stiffness
matrix K. The matrices composing matrix A(r) are the inertia friction
matrix By, the stiffness friction matrix By and the radii matrix R(r).
The inertia friction matrix B; is given by B, = B, + B,,, where
B, is the gears friction matrix and B, is the relative friction matrix.
Matrix B; includes all and only the friction coefficients acting on the
inertial elements, namely the system gears defined within the inertia
matrix J. These friction coefficients can be of two different types. The
first type are the friction coefficients b;, for i € N, contained in
the first component B, of B; and associated with the rotation of the
gears around their own rotation axes. The load torque that inertia J;
experiences due to the presence of the friction coefficient b; is given
by b; »;. The second type are the relative friction coefficients b;;, for
ij € N'g, contained in the second component B, of B, and associated
with the relative friction existing between the two different gears “i”
and “;”. The load torque that inertia J; experiences due to the presence
of the friction coefficient b;; is given by b; (®; — ®;), whereas the
load torque that inertia J; experiences due to the presence of the
friction coefficient b;; is given by b;; (w; — w;). The stiffness friction
matrix By includes all and only the friction coefficients acting on the
elastic elements, namely the system tangential springs defined within
the stiffness matrix K. These friction coefficients are denoted as d;,
for ij € N, and represent the friction associated with the tangential
springs having stiffness coefficients K;;. The load force generated by
the friction coefficient d;; is given by d,; times the product of the “i;”
row of matrix R(r) and the speed vector . The output speed vector
y = BT x = o, the input torque vector and u = 7, the inertia matrix J
and the gears friction matrix B,, are defined as:

J=|[Ji]| » Bw=|[bi]| .
N N

o=for].

Ny

i
e=[=] . )
Ny

The force vector F, the stiffness matrix K and the stiffness friction
matrix By are defined as:
ij ij ij
F=‘[F,~j ” : K=M Kyl BK=|[ dij ]| O

K K NK

The reader can easily check that the order of the elements in vectors
® and 7 and the structure of matrices J and B, in (4) are completely
defined by the order of the one-digit subscripts i in the ordered set
Ny in (1). Similarly, the order of the elements in vector F and the
structure of matrices K and By in (5) are completely defined by the
order of the two-digit ordered subscripts ij in the ordered set Ny in
(1). The left side of the POG scheme in Fig. 2 clearly shows that the
considered system interacts with the other systems through the input
vector 7, containing the external torques, and through the output vector
, containing the gears angular speeds. The input torques in 7 are either
controlled torques or load torques. As an example, if the considered gear
system was a planetary gear set to be employed in an HEV (Tebaldi &
Zanasi, 2021), the controlled torques in r would be the electric machine
and the internal combustion engine motive torques, whereas the load
torque would be the transmission load torque. If the considered gear
system was a differential to be employed in a transmission system,
see Section 5, the controlled torque in T would be the transmission
shaft motive torque, whereas the load torques would be the left and
right wheel torques. Furthermore, from (2), note that the system state
vector x contains the force vector F. Consequently, the engineer can
freely apply any control law to generate the controlled torques, and
thus simulate all possible operating conditions by reading the resulting
speed and force vectors  and F. These two examples highlight the
versatility of the proposed model, which can describe any time-variant
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T

| | | R*(1)] | %F |
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wre > R(1) p— >

[ [ [

| Inertias | Gears | Elastic teeth
radii

Fig. 2. General POG scheme of time-variant gear systems.

or time-invariant gear system having parallel or oblique rotation axes,
working in any desired operating condition.

The only two matrices which are not defined yet are the relative
friction matrix B, and the radii matrix R(r). The former accounts for
the relative friction between couples of gears in the system. Matrix B,
can be effectively and systematically computed using the Algorithm 2
in Appendix A. The radii matrix R(s) contains the radii of the system,
see Section 4.1, which determine the interaction between the gears
and the tangential springs in the considered gear system. The radii
within matrix R(r) are completely determined by the structure of the
considered gear system. The algorithm for the systematic computation
of matrix R(?) is reported in the next Section 4.1.

The state-space model (2) can be straightforwardly implemented in
the Simulink environment using the equivalent block scheme shown
in Fig. 2. The two fundamental blocks in POG schemes (Zanasi, 2010)
are the elaboration and connection blocks, modeling physical elements
and energy conversions, respectively. In Fig. 2, the 1° block models the
gears inertial dynamics. The 2° block introduces the gears viscous and
relative frictions. The 3° block describes the energy conversion between
the rotational and translational mechanical domains. The operation
R(/)@ generates a tangential speeds difference vector charging the
tangential springs. As an example let us refer to Fig. 1, where the
difference between v, = w,r, and v, = w,r, charges the tangential
spring K,,, thus generating the force F,, acting on the tangential
direction with respect to the two gears a and b. The operation R(#)" F
(neglecting the friction coefficients in matrix By for the purpose of this
explanation) generates a load torques vector applied to the gears as a
result of their elastic coupling. The 4° block describes the gears elastic
contact points. Finally, the 5° block introduces the tangential springs
friction coefficients. From the POG block scheme in Fig. 2, the reader
can verify that the radii matrix R(7) is located inside the connection
block denoted as “Gears radii”’, meaning that it physically describes the
energy conversions taking place within the system. In the considered
case, the energy conversions are those between the physical elements
in the mechanical rotational domain, i.e. the system gears, and those in
the mechanical translational domain, i.e. the contact tangential springs.
In the generalization provided in this paper, it is assumed that the
interactions between two or more gears change in time, meaning that
one or more radii are time-variant.

4.1. Algorithm 1: calculation of the radii matrix R(z)

Let r;; ,(t) denote the generic coefficient of matrix R(?) = [r;; ,(1],
where ij € N and h € N, see (1). Coefficient r;; ,(r) links the angular
speed w,, of gear A to the tangential speed of one of the two terminals
of the tangential spring K;;.

Control Engineering Practice 132 (2023) 105420

ij

P

T"h

Fig. 3. Effective radii r,: (a) Direct contact; (b) Indirect contact.

Property 1. The generic coefficient r;; ,(t) of the radii matrix R(t) can be
computed as follows:

Fyan® = St Su, rh(0). (6)

Let us describe the meaning of the terms in (6) with reference to the example
reported in Fig. 3. Note that the horizontal colored arrows “ —” and
“—.”  shown in Fig. 3, and similarly the horizontal colored arrows in
the other gear systems representations following in this paper, highlight the

positive direction of the gears rotation axes.

(a) r,(v) is the “effective radius” which links the angular speed w,, to the
tangential force F;;. Under the hypothesis that the gears rotation axes are all
located on the same plane, we distinguish the two cases: (1) if the angular
speed w,, directly affects the force F;;, see the direct contact of Fig. 3.q,
then the effective radius ry(t) coincides with the radius of the gear which
links velocity w,, to force F;; (2) if the angular speed w,, affects the force
F;; through an intermediate gear “p”, see the indirect contact of Fig. 3.b
as an example, then the effective radius r,(t) is computed as follows: the
central point P of force F;; has to be orthogonally projected on the rotation
axis of the angular speed o, associated with the intermediate gear “p”,
thus generating point P’, see Fig. 3.b. The effective radius r,() is given
by the distance between the resulting projected point P’ and the rotation
axis of w,, namely distance P’ — P". In the scenario shown in Fig. 3.b, it is
(1) = rp; 4 rpp cos (1), Note that the described indirect contact case is
a generalization of the one depicted in Zanasi and Tebaldi (2020a)-Fig.
5.b, where the angle 6(t) was supposed to be constant and equal to r/2,
ie. the rotation axes of the two involved angular speeds w; and w, were
supposed to be parallel.

b)) S F; is the sign related to the positive orientation of vector F; I

S = 1 if i = h (direct) or i = p (indirect),
Fj =\ =1 if j = h (direct) or j = p (indirect).
As an example, Sg, =-1in Fig. 3.a and Sg, =1 in Fig. 3.b.

(©) S, is the sign related to the positive orientation of the velocity vector
wy:

1

The left and right sides of vector w,, are determined by moving along the
positive direction of vector w;,.

if force F;; is on the left of vector o,
if force F;; is on the right of vector wj,.

Remark 1. The proposed algorithm represents a generalization of
the Algorithm 1 proposed in Zanasi and Tebaldi (2020a) introducing
the following important new features: the generic coefficient r;; , (1)
of the radii matrix R(¢) can now be a function of time. This is thanks
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to the fact that, in the indirect contact case, the new version of
the algorithm allows the angle between the rotation axes of the two
involved angular speeds w, and w, to be such that the two rotation
axes are no longer constrained to be oblique, but their position can now
be varying with time. Note that, in the previous version of Algorithm
1 given in the previous work, the angle between the rotation axes of
the two involved angular speeds ), and w, in the indirect contact case
was always constant and giving parallel rotation axes, thus excluding
the oblique and time-variant cases. The new generalization allows to
use the proposed systematic methodology not only for the modeling of
planetary gear sets, as it was in the previous work, but its use is now
extended to the modeling of a large variety of complex gear systems
as well, including half and full toroidal variators, vehicle differentials,
and any other type of system including bevel gearing systems having
different shaft operating angles between the gear shafts.

4.2. Reduced rigid model

The full model (2) is suitable for accurately simulating the system
including the gears elastic coupling, but is not suitable for fixed-step
simulations needed for real-time execution. This is due to the tangential
springs fast dynamics, which would cause the step size to be very
low, thus significantly increasing the simulation time. A solution for
fixed-step simulations is to use a reduced rigid model assuming rigid
connections between the system gears, which can be systematically
computed as described in this section. When an eigenvalue of the
energy matrix L tends to zero, the system model degenerates to a
lower dimension system (Zanasi, 2010), and the reduced model can
be obtained by applying a proper congruent transformation x = T, x;,
where x is the state vector of the original full model, x, is the state
vector of the new reduced model and T, is a proper rectangular matrix.
Let us assume all the coefficients K;;, for ij € Ny, within the stiffness
matrix K contained in the energy matrix L in (2) to tend to infinity.
From the second equation in (2), one obtains:

R() o = 0. ¥4}

Remark 2. In order for the model to be feasible, system (7) must
exhibit static constraints between the n; angular speeds w; leaving at
least one degree of freedom. From a mathematical point of view, this
means that n; > ngx and rank(R(r)) = ng. Under these conditions,
system (7) can be used to express ny angular speeds w; as a function of
the remaining n; — ng angular speeds, which compose the state vector
X, = @; of the reduced model.

By rewriting the ny equations in system (7) in a matrix form,
and including n; — ng identities, one can build a matrix Q,(¢), which
expresses the n; angular speed of the considered gear system as a
function of the n; —ng angular speeds that remain in the reduced state
vector x, assuming rigid gears connections. The original state vector x
in (2) can therefore be expressed as a function of x; by means of the
following time-variant congruent transformation matrix T, (¢):

(D_Ql(f)x
F| | o |

e
X T, @)

where

»=Q,(nx, 8)

and x; = ; contains the angular speeds in the reduced model. By
applying x = T,(#)x; to system (2), one obtains the following reduced
state space time-variant model:

LiOx +N(Ox, =A% +B;(Hu, 9
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where matrices L, (1), N;(r), A;(r) and B,(¢) are given by:

L) =T,0OTLT,(0)=Q,»TIQ .
N, (1) =T, 0TLT, (1) = QTIQ,1.
A0 =T,OTAT,() = -Q,(nTB,Q, 1),
B, (=T, B = Q.
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Remark 3. The time variance of the original model (2) was supposed
to be contained only in matrix R(?). This choice was dictated by the fact
that matrix R(#) contains the effective radii of the gears, see Section 4.1.
Assuming that an effective radius can be time-variant means assuming
that the system physical configuration can change. An example is given
in the full toroidal variator of Section 6, where the time variance of
two elements in matrix R(¢) determines a variation of the tilt angle 6(r)
of the full toroidal variator rollers. The matrices L, (¢), N;(t), A(¢) and
B, (¢) of the reduced model (9) are all time-variant, since they are ob-
tained from the original ones applying the time-variant transformation
T, (1), as in (10).

4.3. Calculation of the force vector F

The reduced state vector x; of system (9) no longer contains the
force vector F, which was instead present in the original state vector
x of system (2). However, the time behavior of vector F can still be
computed in the reduced system (9), as shown in Property 2.

Property 2. The time behavior of the force vector F can be obtained from
the reduced state vector x, and the input vector u = t of the reduced system
(9) using the relation:

F=M,(1) [z—(B;Q;(N+JQ; (1)) x,], (1n

with M, (") = (R(Z)J '1RT(t) '1R(t)J -1 The input torque vector t, the
inertia matrix J, the inertia friction matrix B; and the radii matrix R(t)
have been defined in Section 4 right after the introduction of system (2).
Matrix Q,(r) within the transformation matrix T,(r) and the reduced state
vector X, have been introduced in (8) when deriving the reduced model (9).
The proof of Property 2 is given in Appendix B.

5. Differential
5.1. Differential with non-perpendicular shafts

Let us consider the differential with non-perpendicular gear shafts
shown in Fig. 4. Note that the red lines “=="" located at the contact
points between the system gears denote the presence of the tangential
springs. This system can be modeled using the dynamic model given
in (2), the POG scheme shown in Fig. 2, and the systematic procedure
presented in Section 4, where:

N,Z{a,b,C,d,e,f,gL
Nk = {ag, cb, dc, de, ef},
NB: {1

ny; =dim(WN;) =7,
ng = dim(WNy) =5, (12)
ng = dim(Np) = 0.

Note: the user is free to change set N in (12) at will, in order to
simulate different types of relative friction conditions. From N in (12),
the output speed vector w, the input torque vector z, the inertia matrix
J and the gears friction matrix B, can be computed using (4). From
N in (12), the force vector F, the stiffness matrix K and the stiffness
friction matrix By can be computed using (5). Matrix B,, =0 according
to set N'p in (12) and using Algorithm 2 in Appendix A. Matrix R can be
automatically computed using the Algorithm 1 presented in Section 4.1:
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wr
Tf
Fig. 4. Differential structure with non-perpendicular gear shafts.
a b c d e f g
ag -r, 0 0 0 0 O —rg
cb 0 —rp,—-r. 0 0 O Tgl
- ) 13)
aR=l 0 0 —r, —r;, 0 0 Fgy =Tl
de o 0 0 ryr, O Fgo =Tyl
ef 0 0 0 0 ro-rp 1y
where rpy = r; +r,c080 = r, +r.cosf and r,, = r, + 2r.cosf =

ry+2r,cos 0. Note that parameter ¢ in Fig. 4 is a constant angle. When
the stiffness coefficients within the stiffness matrix K tend to infinity,
that is when K — oo, from (2) one can write the state vector x as
a function of the chosen reduced state vector x; using the congruent
transformation in (8), where:

rprg rirg
ra(rb+r/) ra(rb+rf)
1 0
ry (rf —r, cos0) rf(rb+rc cos 0)
re(rp+ry) re(rp+ry)
| D __ i )
Q= ra(rptry) ra(rptry) Xl_[a)f] ’ a4
_r,,(rf+re cos 6) ry(ry=re cos0)
re(rp+ry) re(rp+ry)
0 1
rp i
rb+r/ rb+rf

The resulting reduced system is structured as in (9), whereas the system
matrices can be computed as in (10). Since matrix Q, is constant, from
(10) it follows N; = 0 in the considered reduced system.

Matlab/Simulink files allowing to perform simulations of the pro-
posed differential structure are provided in the supplementary material
in Appendix C within the folder named
“Non_Perpendicular_Differential”. The unified Simulink im-
plementation of the full and reduced models is named
“Unified_Scheme_FULL_RED_SLX.slx”. The scripts launching
the simulation of the full and reduced
models are named “NP_Differential_Full.m” and
“NP_Differential_Reduced.m”, respectively.
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Ba/|Ta

Fig. 5. Structure of the considered vehicle differential.

5.2. Differential with perpendicular shafts: Modeling

Let us consider the differential shown in Fig. 5. This system can be
modeled using (2) and following the systematic procedure presented in
Section 4. For the considered system, it is:

Ny={a b c d, e},
Nk = {ae, cb, cd},
Ng = {eb, ed},

ny = dim(N;) =5,
ng = dim(WNy) =3, (15)
ng = dim(WNp) =2.

From W} in (15), the output speed vector o, the input torque vector
7, the inertia matrix J and the gears friction matrix B, can be computed
using (4). From N in (15), the force vector F, the stiffness matrix
K and the stiffness friction matrix Bx can be computed using (5). By
referring to set My and using the Algorithm 2 in Appendix A, one can
systematically build the following relative friction matrix B,

a b c d e
a 0 0 0 0 0
b 0 b, 0 0 —b,,
1e)
¢Bgy=l0 0 0 0 0
d 0 0 0 by  —by
¢ 0 _beb 0 _bed beb + bed

The relative friction coefficients b,, and b,, within matrix B, account
for the linear relative friction between the case (element ¢) and the left
axle shaft (element b), and between the case and the right axle shaft
(element d), see Fig. 5. The radii matrix R is obtained using Algorithm
1 in Section 4.1:

a b c d e
ae T, 0 0 0 —r,
oR=1"0 -, —r. 0 ’ an

cd
0 0 r. —ry

For the considered case study, parameter 0 is a constant angle. This
differential can be seen as a particular case of the more general one
shown in Fig. 4 with 0 = z/2, i.e. the two elements encircled in red in
(17) follow from r,+r, cos @ = r,. When the stiffness coefficients within
the stiffness matrix K tend to infinity, that is when K — oo, using (2),
(4), (5) and (15), one can write the state vector x as a function of the
chosen reduced state vector x; = [w, cod]T. In this case, matrix Q, in
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Fig. 6. Simulation of the vehicle differential: full (colored characteristics) and reduced (dashed characteristics) models.

Table 1

Differential: parameters.
6 =r/2 rad
J,=J,=J,=5-102 kg m?, b, =b, = b, =2-10"2 Nm/rpm
r, =36 mm, r, =39 mm, r, =30 mm, r, = 135 mm, d,, =d, =d.,, =70 N s/m
K, =K. =K, =20 kN/m, b,, = b,; =2-102 Nm/rpm

J.=J,=5-107 kg m?, b, = b, =210~ Nm/rpm

(8) is given by:

Lo Lo

2r, 2r,
1 0

Q=| -3 3 18)
0 1
1 1
2 2

The resulting reduced system has the structure given in (9) and (10).
Note that, since matrix Q, is constant in (10), N; = 0 from (10).

5.3. Differential with perpendicular shafts: Simulation

The differential reported in Fig. 5 has been simulated using the
system parameters given in Table 1, starting from zero initial con-
ditions and applying an input torque 7, = 100 Nm to gear b. The
resulting angular speeds w; and tangential forces F;;, for i € N
and ij € W, are reported in Fig. 6. In the figure, the colored
characteristics come from the simulation of the full model, whereas
the red dashed characteristics come from the simulation of the reduced
model. Note that the time behavior of the tangential forces F;; of
the reduced system has been computed using the relation presented
in (11). The matching between the time behaviors given by the two
models highlights the effectiveness of the reduced model, as well as the
effectiveness of Eq. (11). The Matlab/Simulink files allowing to perform
the described simulation are provided in the supplementary material in
Appendix C within the folder named “Differential”. The unified
Simulink implementation of the full and reduced models is named
“Unified_Scheme_FULL_RED_SLX.slx”. The scripts launching
the simulation of the full and reduced models are named “Differen-
tial_Full.m” and “Differential_Reduced.m”, respectively.

6. Full toroidal variator
6.1. Modeling

The full toroidal variator shown in Fig. 7 was modeled in Zanasi
et al. (2014) using the POG technique. A much more effective and less

Ta (3 b
= —_—
Wa To

Fig. 7. Structure of the considered full toroidal variator.

prone to mistakes approach for modeling it is given by the systematic
methodology presented in this paper, as shown in the following. The
considered system can be modeled using the dynamic model given in
(2), where:

Ny={a b, c,d}, ny=dimWNy) =4,
NK = {bC, ac, db}, ng = dlm(NK) =3, 19)
Np=1{}, ng = dim(Np) = 0.

From N in (19), the output speed vector w, the input torque vector
7, the inertia matrix J and the gears friction matrix B,, can be computed
using (4). From Ny in (19), the force vector F, the stiffness matrix K
and the stiffness friction matrix By can be computed using (5).

Using Algorithm 1 in Section 4.1, the radii matrix R(?) is:

a b c d
be 0 ryg 1. O (20)
ac R(t)y=| —rg 0 r. O
db 0 -rp 0 ry
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Transmission
Shaft

Fig. 8. Considered automotive system with KERS.

In this case, the time-variant matrix R(¢) is a function of the time-
variant angle 6(r), meaning that the energy conversion taking place
between some system gears and some tangential springs varies with
time, see Fig. 2. The terms r, and r, in matrix R(r) are given by:
ryg = ry +r.sin0() and ry = ry — r, sin (1), respectively.

When the stiffness coefficients within the stiffness matrix K tend
to infinity, that is when K — oo, from (2), (4), (5) and (19), one can
write the state vector x as a function of the chosen reduced state vector
X, = w, using (8), where matrix Q,(?) is:

rq ("bl +r, sin 9(1‘)) w,
2 (rp1 =7 sin0() R g
rd @p
IO I £ B B N @D
rq(rpi+r. sin0() R D
T E— g
rpale
Ry 1

1

The resulting reduced system has the structure given in (9) and (10).
Note that, since matrix Q,(¢) is time-variant, in this case matrix N, (¢)
is a non-zero time-variant matrix. In this case, the reduced system (9)
can also be rewritten as a scalar time-variant differential equation:

JWaoy,+ Ntw; = Aoy + 14, (22)

where matrices L,(r), N;(r), A;(r) reduce to the scalar time-variant
parameters J (1), N(t), A(t), respectively, whereas matrix B,(¢) reduces
to the constant 1.

6.2. Control

One of the main applications of the full toroidal variator in the
automotive world is KERS (Kinetic Energy Recovery System). In this
case, this device is placed within the vehicle architecture and is used as
a temporary energy storage device to recover kinetic energy under cer-
tain vehicle operating conditions (e.g. during braking). Let us consider
the case study reported in Fig. 8, where the full toroidal variator acting
as a KERS is connected to the vehicle transmission shaft, with angular
speed w,, through a torsional spring having the following dynamics:
Ty =Ky/s (0, —wy).

The “KERS Control” block in Fig. 8 acts on the position 6(¢) of
the KERS rollers to force the torque 7, to track the desired torque
74.s» Which will be provided by a higher order control of the vehicle
architecture (Energy Management System). The structure of the “KERS
Control” is shown in Fig. 9. The output variable 6(¢) of the KERS Control
is obtained by using the integral control §(t) = K,(4r — K, 4,,), where
At = 74,,—%; and A, = w,—w,. Variable 7, is an estimation of the torque
7, that the torsional spring applies to the KERS. The kinetic energy
E, = E(wy,0()) stored within the KERS and the power P, dissipated
within the KERS can be computed as in (3), with L = J(0), A(r) = A(0())
and x = w,. The 7, estimator is based on E(w,, 6), as follows. The time-
derivative of E(w,,6(1)) is equal to the sum of the power flow 7, w,
entering into the KERS and of the dissipated power P, = A(0(t))w§:

7 = f — AO®) . (23)

d

E =104 + AO®)0] N

where 7, is an estimation of torque r, coming from the numerical
time-derivative E.
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Table 2

Full toroidal variator and KERS Control: parameters.
J,=0.179 kg m?, J, = 1.8 1073 kg m?, J, = 0.756 - 10-3 kg m?
J; =0.026 kg m?, b, =0.325- 1073 Nm/rpm, b, = 0.55- 107> Nm/rpm
b, =0.475- 107 Nm/rpm, b, = 0.265 - 107> Nm/rpm
ry =343 mm, ry, =51.5 mm, r, =27.5 mm, r, = 17.2 mm
K, = K,, =400 kN/m, K, = 750 kN/m, d,, = d,, =d,, = 10° N s/m
K, =30-10° Nm/rad,K, = 10, K, = 10

6.3. Simulation

Let us perform a simulation with reference to the automotive case
study in Fig. 8. The proposed control has been developed based on the
reduced full toroidal variator model (22). The full toroidal variator and
KERS control parameters are reported in Table 2. The transmission shaft
(see Fig. 8) is supposed to be rotating at a constant speed w, = 1000
rpm, which is also the initial condition of the “d” inertial element of
the full toroidal variator (see Fig. 7). The time-derivative E is computed
by using the response of the transfer function s/(107*s + 1) on the
stored energy E. For the analyzed fraction of driving cycle, the energy
management system is supposed to be requiring the desired torque
74,5 Plotted in red dashed line in the second subplot of Fig. 10. The
simulation results are shown in Figs. 10 and 11. The first subplot of
Fig. 10 shows the transmission shaft speed w, and the full toroidal
variator speed w,. The second subplot of Fig. 10 shows the desired
torque 74, the actual torque 7z, and the estimated torque 7,. The
third and fourth subplots of Fig. 10 show the controlled tilt angle 6(r)
enforced by the KERS control and the energy E(w,, (1)) stored within
the KERS. The good superposition between speeds w, and w,, together
with the good superposition between torques z,,, and 7, proves the
effectiveness of the proposed KERS control. The good superposition
between torques %#; and z, proves the effectiveness of the proposed
torque estimator. Fig. 11 shows the full toroidal variator angular speeds
; and tangential forces F;;, for i € Ny and ij € N.

Matlab/Simulink files allowing to perform additional simulations
of the full toroidal variator are provided in the supplementary material
in Appendix C within the folder named “Full_Toroidal _Varia-
tor”. The unified Simulink implementation of the full and reduced
models is named “Unified_Scheme_FULL_RED_SLX.slx”. The
scripts launching the simulation of the full and reduced models are
named “Full_Toroidal_Variator_Full.m” and
“Full_Toroidal_Variator_Reduced.m”, respectively.

7. Contributions with respect to the literature

To the best of our knowledge, there is no unified systematic method-
ology allowing to model any time-variant gear system composed of
planetary, parallel and oblique rotation axes. Therefore, the comparison
with other approaches employed in the literature needs to be addressed
on a case-to-case basis.

(1) Differential. Let us refer to the Matlab/Simulink open differential
model (S., 0000a). The model obtained using the proposed systematic
modeling approach offers the following benefits compared to the one
made available by the Matlab/Simulink tools: (a) it accounts for the
inertia of the rotating external case and of the elements attached
to it (J, and J,, respectively, with reference to Fig. 5) and for the
friction associated with them; (b) it allows to insert relative frictions
between gears; (c) it allows to obtain both a fully elastic model and
a reduced order model; (d) the same methodology can be applied to
many different gear systems, including time-variant ones. In order to
verify the model proposed in Section 5-(2), a simulation is performed
in the conditions imposed by the most restrictive model, namely the
open differential from Matlab/Simulink: J, = 0, J, = 0 in matrix J in
(4) and b, = 0, b, = 0 in matrix B, in (4), together with no relative
friction acting between any of the system gears and with the use of the
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Fig. 9. Structure of the “KERS Control” algorithm.
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Fig. 10. Full toroidal variator: angular speeds, torques, control variable and stored energy.
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Fig. 11. Full toroidal variator: angular speeds and tangential forces.
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Fig. 12. Comparison of the simulation results: Matlab/Simulink (blue) and systematic POG-based model (red dashed).

reduced differential model (9) neglecting the gears elastic interaction.
The simulation has been performed starting from zero initial conditions,
applying an input torque 7, = 100 Nm and using the values reported in
Table 1. The results are reported in Fig. 12 in terms of angular speeds
@,y @, and wy.

From the simulations and from observations (a), (b), (¢) and (d)
reported above, two conclusions can be evinced: the systematic POG-
based model is correct and more complete than the Matlab/Simulink
open differential model.

(2) Full Toroidal Variator. The full toroidal variator shown in Fig. 7
can also be modeled using other approaches. One of the most common
approaches in the literature for modeling mechanical systems is the
Lagrangian approach (Pesce, 2003; Pesce, Tannuri, & Casetta, 2006),
but this can only be applied to rigid systems composed of constant
masses or constant moments of inertia. The reduced model of the
considered full toroidal variator behaves as a system with time-variant
moment of inertia J(¢), as shown in (22). In order to model time-
variant dynamic systems, it is necessary to use the so-called extended
Lagrangian equations (Pesce, 2003; Pesce et al., 2006):

()7 o g
94g; dg;  Og;

where N is the number of the system degrees of freedom, g; are the

generalized Lagrangian coordinates, Q; are the generalized forces, T

and U are the system kinetic and potential energies. For the considered

system, one obtains:

d

o (24

1. . .
EJ(t)q,-, i=1,...,N,

1
T=3J0w;, U=0, Q=(1y~byRso)Rs+

(25)
+(7e = b Reywyg)Reg + (7 — byRyw )Ry + (7, — bR yg@) R,

q, = 04, namely the angular position of the time-variant inertia J(z)
in (22). Note that having a moment of inertia J(¢) dependent on time
through a function 0(r) implies that an additional term needs to be
added to the generalized force Q,, as shown in (24). By applying
(24), and using T, U and Q, defined in (25), the reader can verify
that the same time-variant differential equation as in (22) is obtained.
The systematic modeling approach proposed in this paper offers the
following benefits compared to the generalized Lagrangian approach:
(a) the systematic rules to follow are always the same both for systems
with constant inertia and for systems with time-variant inertia. This
means that the modeling process can be automatized applying the rules
and algorithms presented in this paper without worrying about distin-
guishing different cases; (b) the Lagrangian approach requires the exact
manual computation of the kinetic energy T and of the generalized
forces terms Q; in (24), including coefficients Ry, R,, R.y, R;, which

11

may become quite complex expressions especially if the number and the
types of frictions (e.g. relative frictions) affecting the system increase.
Using the systematic approach proposed in this paper, coefficients R,
Ry, Ry, R, are determined automatically, see (21). Furthermore, it can
also become quite complex to determine the correct sign of the different
terms within the generalized forces Q;, which is important in order
to distinguish motive torques from friction torques. On the contrary,
the proposed approach allows to systematically obtain the terms A, (¢)
and B, (7) in (9) (which compose the generalized forces Q; in (24)), and
is therefore less prone to calculation mistakes. Additionally, note that
the computation of the dissipated power and of the stored energy is
straightforward with the proposed approach, see (3); (c) the proposed
approach allows to automatically and systematically obtain two models
of the system at the same time: a full one, giving a more detailed
description of the system including the gears elastic interaction, and
a reduced order one assuming rigid connections. The reduced model
automatically gives the kinematic relations between the gears angular
speeds and input torques. Furthermore, it is more suitable for fixed-
step size simulations for real-time executions, as it does not contain
the stiffnesses faster dynamics; (d) the time behavior of the forces
exchanged between the gears can still be computed in the reduced
model using (11).

8. Conclusion

In this paper, a systematic methodology for modeling complex time-
variant gear systems has been proposed. This approach enables the
systematic and automatic modeling of a large variety of gear systems,
including planetary gear sets, bevel gearing system having perpen-
dicular or non-perpendicular rotation axes (used to model vehicle
differentials and many other systems), as well as time-variant systems,
such as half or full toroidal variators, etc. The proposed methodology
gives two system models with different degrees of detail: a full model
including the gears elastic interaction and a reduced rigid model. Both
models can be derived using a fully systematic procedure and can be
directly implemented in the Matlab/Simulink environment employing
the same unified structure. The reduced model is suitable for fixed-
step simulations in real-time execution, since no fast dynamics due to
the tangential springs is present. Furthermore, the kinematic equations
of the considered gear system are automatically highlighted in the
reduced model, and the time behavior of the tangential forces can still
be computed. The system matrices and vectors can be automatically
computed; in particular, two algorithms have been proposed for the
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automatic computation of matrices R(¢) and By,. The user can freely
decide whether to account for relative frictions between couples of
system gears. In order to show the wide range of gear systems which
this methodology can be applied to, the modeling of three different
gear systems has been addressed in this paper: a fictitious differential
structure including a bevel gearing system with non-perpendicular gear
shafts, a vehicle differential and a time-variant system such as a full
toroidal variator. The simulations of these systems highlight the good
matching between the results given by the full and reduced system
models. As far as the full toroidal variator is concerned, its control
when employed as a KERS has also been addressed with reference
to an automotive case study. Finally, the comparison of the proposed
modeling methodology with two other approaches has been addressed.
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Appendix A. Algorithm 2 for the calculation of matrix B,

The generic coefficient B;; of matrix B, =[B;;], with i,j € N; and
set N, defined in (1), can be computed as:

Y by, if =,

PIEN;
Syby if i),

B (A1)

ij =
where WV, is a set of subscripts “pg” defined as follows:

N; = {all the subscripts pg € N'g such that p =i or g = i}

Np is defined in (1), b;; and S;; are the relative friction coefficient
and a sign function defined as, respectively:

-1 ifw;, w; have the same
positive direction,
1 ifw;, w; have different
positive direction,
0 ifb; = 0.

b;; if ij € N,
b;=qb;; if ji € N,
0 if otherwise,

;=

Appendix B. Proof of Property 2

The notation “(¢)” showing the time dependence of the time-variant
terms will be omitted in this proof for the sake of brevity. The first

equation of (2) can be rewritten as follows:
RIF=7-Jo-B,+RIBR)o. (B.1)

When K — o, from (7) and (8) it follows: @ = Q,x;, which implies
@=Q,;x,+Q, X,. By replacing » and & in (B.1), it is:
RTF=7-JQ,%,-B,Q,x,~RTB; RQ, x,-JQ,x,. (B.2)
——
0
By substituting the time derivative x; = L; 'lA, x; + L '1B] T -
L, '1N1 x, obtained from (9) in (B.2), one obtains:
RTF=(1-JQ,L;'B)r+

) (B.3)
—(B;Q+JQ, LA -JQ,LT'N;+J Q)x;.
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By substituting matrices L;, N;, A; and B, given in (10) within (B.3)
and doing some algebra, one obtains:

RTF:(I—JQ1(QTJQ1) —1Q1T)(T—BJQ1X1 —JQ1X1)~ (B.4)

M,

Matrix M, in (B.4) is a projection matrix on ker(Q]T) along ImJQy.
Matrix M, can also be rewritten as follows:

M, =PsTP) IsT, (B.5)
where matrices P and S can be determined by solving:

ker(Q) = Im(P). (B.6)
ImJQ,) = ker(ST). (B.7)

Eq. (B.6) can be solved as in the following. From (7), it follows:
Ro =0 < RQx;=0 < RQ, =0 < Q'RT =0,

which implies ker(QT) = Im(RT). Replacing ker(QT) = Im(RT) in (B.6)
results in P = RT.

Eq. (B.7) can be solved as in the following. From the equality
QITRT=0 introduced in the solution of Eq. (B.6), it follows:

Qs 1RT=0 (J -lRT>T Q) =00 (J -lRT)T (3Q,) =0,

which implies ker [(J '1RT) T] =Im(JQ,). Replacing ker [<J -1 RT) T] _
ImJQ,) in (B.7) results in S = J "IRT.

Replacing P = RT and § = J -1RT in M, in (B.5), it results M, =
RT [(J IRDTRT| g 1RTT = RTRy 1RT) 1Ry 1. substituting
the latter in (B.4), one obtains:

RTF=RT®J 'RT) TRI 1 (=B, Q% -JQux)),

MP
directly giving F=(RJ "1RT) “1RJ -1 [z (B,Q,+JQ,) x| because RT
is a full rank matrix, see Remark 2. [J

Appendix C. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.conengprac.2022.105420.
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