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Abstract—This letter addresses the systematic modeling of vehicle architectures and is composed of different physi-
complex physical systems involving constant and time-vaigg  cal elements depending on the considered CVT type. The
interactions of physical elements in different energetic dmains. Electro CVT (ECVT) [11]-[12] includes interactions betwee

ZP fhgrggﬁ:%iggiig%%??ﬁﬁ (s)rtdvg gg]feerae:é iype%mlcceg_%({s physical elements in the mechanical rotational and the- elec

one, where the latter is obtained when some of the system trical energetic domains, whereas the hydraulic CVT [11]-
dynamical elements are properly disregarded. The matriceand  [12] includes interactions between physical elements & th
vectors of the two dynamic models are automatically compu®  mechanical rotational and the hydraulic energetic domains
following the proposed rules and algorithms, thus reducing - Apgther instance of systems involving interactions betwee

the chances of making computation mistakes. The proposed diff ¢ tic d L ted b ds bel
procedure is applied to two different case studies: an hydralic ierent energetc domains IS represented by conveyas be

continuous variable transmission for powertrain dynamicsand ~ [13]-[14] and mechanical CVTs [11], [15], both involving

a crank-connecting rod system in the mechatronic field. the interaction between physical elements in the mechkanica

Index terms— Modeling, Mechatronics, Time-varying translational and rotational energetic domains. Many rothe
systems, Model/Controller reduction. instances of physical elements interactions betweenrdifte
| INTRODUCTION energetic domains can be found in all engineering fields.

In [7]-[10], we proposed a systematic procedure for the
élly automated modeling of many different devices which
n be found in the transportation, mechatronic, robotics
elds and many others. The considered devices include
anetary gear sets [16]-[17], bevel gears [18]-[19], idab
riators [20]-[21] which can be employed for applications
uch as Kinetic Energy Recovery System (KERS) and In-
The modeling of physical systems can be performef'nitely Variable Trasmission (IVT), and vehicle differéads
2]-[23]. The procedure proposed in [7]-[10] offers the

using many different approaches proposed in the literatu Sllowing important benefits with respect to other apprasch

gt d_|ffe;=jrel:3nt(lje_veli of a_lta_stra:;:tlon.tlhn [i] the \t/_eh|clg (rjnbd;e . in the literature: a) two state-space models of the system
erived by directly writing down the kinematic and dynamic, o automatically written using the proposed modelingsule
equations, whereas the power consumed by the vehicle

S, . . .
. ' . ; full model accounting for the gears elastic coupling and
modeled in [2] as a function of vehicle velocity and controF{ 9 g Pling

f In 131 th trai del f db deli a reduced model assuming rigid gears connection; b) the
orce. In [3], the powertrain model is performed by modelin rocedure to obtain the full and reduced modslalways
the overall power demand to the fuel cell and to the batter

L T ) . the sameeven in time-varying case; c) the matrices and
Astrong_5|mpl|f|cat|on |s_|nsteaq made in [4] when mOde“n%ectors of the two system models can be systematically
the vehicle gearbox: f|.nal dr.|ve and Whe?' radius aS Bptained using the proposed rules and algorithms; d) the
single overall transmission ratio. The modeling of phyksic

| i Iso b p d using the diff ¢ h.areduced model is computationally efficient and can thegefor
elements can a’so be periormed using the ditieren graphi implemented in real-time; e) the reduced model can also
formalisms available in the literature, that are Bond Gap)'t

Modeling physical systems is a fundamental skill in any,
engineering field. With specific reference to the systems a
control engineering field, a detailed and correct model q
the physical systems under consideration allows to gain
deep understanding of their dynamic behavior, which is
very useful knowledge in order to develop new and effectivg
control strategies to achieve the desired objectives.

X . i rovide the time behavior of the tangential forces that have
(BG) [5], Energetic Macroscopic Representation (EMR) [6 een disregarded at the gears contact points.

and Power-Oriented Graphs (POG) [7]-{10], offering differ™, "y letter, we would like to extend the procedure

pros and cons with respect to each other. An important aSpj)%posed in [7]-[10] by introducing the following new con-

when modelmg complex physical systems IS the interacti Wibutions: 1) the generalization of the proposed procedur
between physical elements belonging to different energeqn order to account for: 1.1) the presence of mechanical

doma!ns, mcludm_g mechanlcgl translau_onal ar_ld rmeontranslational elements together with rotational elemeh®)
domains, hydraulic and electrical domains. A first mstan('fg

is represented by a device called Continuous Variable Tra ears (or masses, in this extended version) coupled not only
ok ST i . t tial springs, but also by other d ical el t
mission (CVT), which is widely employed in power-split . y tangential Springs, but aiso by other dyhamical elements

in other energetic domains (such as hydraulic accumulators
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davide.tebaldi@unimore.it; roberto.zanasi@unimdre.it proposed in this letter allows to automatically compute a



generalizedradii matrix accounting for systems including I Hydro- !
translational elements too, and to the fact that the system :Me%ha?r?ica
inertias and massesan interact with each other through I a
different dynamical elements belonging to different eatieg ! "f
domains The term simplification in 2) refers to the fact '
that the elements in the new generalized radii matrix are

|
|
computed using a single sign functiéf; ;, resulting from a [* %—I hp(:(a)
Td |
|
|
|
|

standard vectorial product, instead of two sign functioss a
it was in the previous work. This makes the procedure less Td
prone to mistakes and lighter from a computational point ol
of view. The new generalizations introduced in this letter
allow to significantly extend the class of application of our | &;
systematic modeling procedure to many complex physical | 7s
systems involving different physical elements interatdio

In order to show the versatility of the proposed procedure, —
two new different case studies have been modeled using the
proposed procedure: an hydraulic CVT, which includes gears
coupled by elastic elements and by an hydraulic accumulator
and a Crank-Connecting Rod (CCR) system, which includes
interactions between rotational and translational plajsic
elements. With reference to the second case study, the Hydraulic Accumulator
comparison of our procedure with the typically employed Hydraulic Pump === Hydraulic Motor
Lagrangian approach is also addressed.

=
=
=
—
E TT‘E

2| &

Fig. 1. Structure of the considered hydraulic CVT.

Pde P
This letter is organized as follows. The systematic mod- @
eling and simulation of the hydraulic CVT case study are — = De
addressed in Sec. Il and Sec. 1I-B, respectively. The new ) Te
. o ) @p(0) Qm
Algorithm 1 is in turn presented in Sec. llI-A. The system-
atic modeling and simulation of the CCR case study are - _
addressed in Sec. Il and Sec. IlI-A, respectively, whereas Fig. 2. Structure of the CVT hydraulic part.
the comparison with the Lagrangian approach is addresse?] o' FT andu — h
in Sec. llI-B. Finally, the conclusions are reported in S¥C. wherex = [w J” an u =7 are the system state
and input vectors, respectively, aid A(t) and B are the
Il. CONTINUOUS VARIABLE TRANSMISSION energy, power and input matrices, respectively. System (1)

exhibits a one-to-one correspondence with the POG block

Let us consider the hydraulic Continuous Variable Transs—Cheme in Fig. 3, which can be directly implemented in

mission system shown in F'g'_ 1. The CV_T IS a W'_dely ®Mihe Simulink environment using very standard components.
ployed system in the automotive and agricultural fields; on

. d : . i ) Eor the hydraulic CVT in Fig. 1, the seX; containing
of its main advantages is the introduction 01‘acont|nuc>uslythe inertia and mass elements, the &t containing the

varying ratio decoupling the endothermic engine from th%oupling elements, and the safy containing the relative

vehicle trar_13m|ss_|on system, thus <_’;1IIOW|ng to optlm_lze th ictions acting between the system inertias [10] are ddfine
endothermic engine fuel consumption. The hydraulic CV Ls follows:

system is composed of a planetary gear set and of a

hydro-mechanical part, as highlighted in Fig. 1. The hydro- Ny={e,p, s, 1 d, e}, ny = dim\;) =6,
mechanical part is in turn composed of an hydraulic pumpy Nx = {sp, pr, sd, re, de}, nx =dimNk) =5, (2)
and an hydraulic motor charging and discharging an hy- Ne = {}, np = dim(Ng) = 0.
draulic accumulator, as shown_in Fig. 2._ The ou_tput VolUMR|ote that the last coupling elemende” in set N in (2)
flow rate @,(¢) of the hydraulic pump is function of the ig not elastic, but hydraulic insteacand it describes the
angular positio of the pump plate. The pressufe within -y graylic capacitance€. of the hydraulic accumulator in
the hydraulic accumulataf’y. is function of the hydraulic Fig. 2. FromA\'; in (2), the output speed vectgr= B'x =
pump volume flow rate,(¢) and of the hydraulic motor , e input torque vecton = +, the inertia matrixJ and

volume flow rateQ,, as follows: Ce Pe = Qp(0) — Qm-  the gears friction matrisB,, are defined as:
The hydraulic CVT can be modeled using the following

dynamic model [10]: We e Je00000 b:00000
o 0J,0000 00,0000

[J 0}5(:{_BJ—RT(”BKR(” ‘RT“)}H[I} u ws| _|n 00,000 00b,000
0 K R() 0 0]~ “=l, 7= loo0s00[B|0o00b00|
L A(t) B wq Td 0000J430 0000bg0
@) We 7o 00000., 00000b,
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Fig. 3. POG scheme of time-varying physical systems.

From Nk in (2), the generalized force vectd, stiffness
matrix K, and stiffness friction matriB x are defined as:

Fp Kyp0 0 0 0 depy 0 0 0 0
jols 0K,y 0 0 0 0dpr 0 0 0
F=|Fq|,K=|0 0Kuq0 0 |[,Bg=|0 0de0 0
Fre 00 0K 0 00 Odyp 0
Py. 000 0Cs 00 0 0Rg

The above vector and matrices are said togeaeralized

because they also contain the parameters of a coupli
element which does not belong to the mechanical energeti

domain: the hydraulic capacitana@,;. of the hydraulic
accumulator, the associated hydraulic resistaRge and the

pressurel,;. within the hydraulic accumulator. The relative

friction matrix is Ba,, =0 according to sefVp in (2) and
using Algorithm 2 in [10]. The inertia friction matrix is
B, = B, + Ba, = B.. The generalized radii matriR.(¢)
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Fig. 4. Interaction between a rotational element ‘and a translational
element %" through an elastic coupling elemeif,,;,.
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wherex = T4 (¢)x; Is a time-varying congruent transforma-
tion relating the original state vector of the full system
? to the chosen new state vector = w, of the reduced
system. By applyinge = T (¢)x; to system (1), one obtains
the following reduced state space time-varying model:

L, (t) X1 + Nl(t) X1 = Al(t) X1 + Bl(t)T (4)

where Li(t) = Qi(t)"JQu(t), Ni(t) = Qi(t)"T Qi (1),
A (t)=—-Qi(t)"B,;Qu(t) and By (1) =Qi(t).

can be automatically computed using the new Algorithm X Algorithm 1: the Generalized Radii MatriR ()

described in Sec. II-A:

r c p s T d e B
sp —Tc Tp Ts O O O
pr Te Tp O —Ty O O
(3)
sd R(t) = 0 0 r, O Td 0
re 0 0 Tre 0 Te
de 0 0 0 0 hp(8) —hy
where r. = 7, + 15, 7 = 21, + 17, and parameter

hp(8) = K,0 is function of the time-varying anglé of the
hydraulic pump plate, see Fig. 2. Mat&(t) in (3) is said

to begeneralizedbecause it also contains the two parameters

hy(8) andh, which are not gears radiiand whose physical
meaning is given in Remark 1 in Sec. II-A. Wh&h — oo
and when the hydraulic capacitanc¢g., — 0, from the
second equation in (1) one obtaiRy¢t)w = 0. Using this

Let r;;,(¢t) denote the generic coefficient of matrix
R(t) = [rij,n(t)], whereij € N andh € N, see (2).

Property 1: The generic coefficient;; » (¢) of the gener-
alized radii matrixR(¢) can be computed as follows:

T'ij.h (t) = Sij,h Th (t) (5)

The definition of parametersS;; ;, andr, differs depending
on the type of the considered physical element

¢ Inertia (rotational) elementin this case, the effective
radiusr, is the distance between the rotation axis of the
inertia element and the coupling elemenj, whereasS;;

is a sign term computed as follows:

Sijn= {

where &, and Fw are vectors identifying the positive di-
rections of the angular speed, and of the generalized
force Fj; of the coupling elemenij. Fig. 4a shows an

1 if dh_whwa is exiting the page
-1 if dh whxF” is entering the page

last vectorial constraints, the; components of the speed example involving a rotational element interacting with

vector w can be expressed as a functionnof — ng = 1
angular speeds composing the new state veetoof the
reduced systemv = Q;(¢)x;. Choosingx; = wg, one can

a translational element through an elastic elemerit,;.
Eqg. 5 can be used with reference to Fig. 4b, showing the
same physical system as Fig. 4a with a view rotated by
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dy=@a x Foyp is exiting the pagéy applying the right-hand

rule, see Fig. 4c. o | /
Note: in the CVT of Fig 1, element affects the coupling  sof S

elementspr and sp through an intermediate gear In this M

case, the effective radius is the distance between théaotag  ° \

axes of the two angular speeds andd, [10], namelyr.. = _|\ / \

/2. In this example, it isr, = r, and Se,, = 1 since 10
100 AN o 1800:%

1000

500

50 { ©,
e Mass (translational) elementn this case, the effective /U 600 0
radiusry, is always equal to 1, whereds; ;, is a sign term 1w 400
computed as follows: R 0
o . . . ) 1 2 3 % 1 2 3 o 1 2 3
1 if dy, =UpxF;; points toward the left OFij, Time [s] Time [s] Time [s]
Sih =Y 1 if 4, — 5% F.; points toward the right of?
—L It ap =vpXtq; poInts towar e rnght or,;, Fig. 5. Simulation of the Hydraulic CVT: full model (colorecharacter-
L. . L . . . istics) and reduced model (dashed characteristics).
whered), is a vector identifying the positive direction of the TABLE |
translational speed;, and where the left and right sides of HYDRAULIC CVT: SIMULATION PARAMETERS.

F;; are determined moving along the positive direction of ., =248 cm, J, =2.18 kgn?, r.=17.5 cm, J.=0.929 kg
vector 5, see the red arrows in Fig. 4. With reference to| __rp=7.3 cm, J,=0.081 kg, ry =10 cm, J4=0.05 kg

. . e o _ re=10 cm, Jo=0.05 kgm?, rs =10.2 cm, Js =0.049 kg n?
the example in Fig. 4b, it is), = r, =1 and Sy = 1, Tre =230 CM, 7o =10 cm, K, =10 I/rpm, 0=230sin (3t), kg =K,

sincedy, =7, x Fy;, points towards the left of,;, by applying bo=b, =bs =b, =20 Nm seclradpy =b. = 10 Nm sec/rad
the right-hand rule, see Fig. 4d. Kop=Kpr=Ksq=Kre=10° NIm, Cg, = LuPg/m?>
Therefore, the generalized radii mati of the example dsp =dpr =dsq=dre =10 N sec/m, Rqe =0

shown in Fig. 4 is: 7=[00500000]"Nm, wo=[000000]", Fo=[00000]["

a b

WwR = [ I } model (i.e.,_not only the tangential forces, as i_t was irstea
@ in the previous work, but also the power variables of the
Remark 1: When the rotational elemerit is connected other coupling elements too, e.g. the pressByewithin the
to a physical element from a different energetic domain, thieydraulic accumulatoCy. in the considered case study.).
generalizeckffective radius-;, handles the energy conversionFig. 5 shows the very good matching between the simulation
between the two different energetic domains. results obtained using the full and reduced models. The
Example: in the CVT of Fig. 1 and Fig. 2, the rotationalmiddle subplot of the figure shows the fast oscillations that
elementsd and e interact with the hydraulic pump and the some tangential forces;; exhibit, that are due to the high
hydraulic motor through the generalized affective ragijd) value of the stiffness coefficients’;; in Table I. The full
and h,, respectivelyh, () and h, are the coefficients that, model is indeed more suitable for accurate simulations, in
multiplied by the angular speeds andw., give the volume order to know the exact behavior of the coupling dynamic
flow rates@, () and@,, entering and exiting the hydraulic elements present in matriK. The reduced model is instead

accumulatorCy,, respectively. very suitable for developing real-time control stratedies
. . the considered system. This is thanks to the fact that fixed-
B. Simulations step simulations can be better performed with the reduced

The full and reduced models (1) and (4) of the considerefodel, because the fast dynamics of the coupling elements
hydraulic CVT shown in Fig. 1 have been simulated using thi& matrix K is not present any longer.
inputs, initial conditions and parameters reported in &dbl

The obtained simulation results are shown in Fig. 5. In ) ]
particular, the time behaviors of the angular speegsfor Let us consider the Crank-Connecting Rod (CCR) system

i € Ny in (2), are shown in the left subplot of Fig. 5’shown in Fig. 6a. From the modeling point of view, this

whereas the time behaviors of the tangential forEgsand ~ SYStem can be considered as a special case of the system
of the pressureP., for ij € Nk in (2), are shown in the €omposed of a translational element and a rotational efemen

middle and in the right subplot, respectively. The continsio INteracting with each other shown in Fig. 4, in which radius
colored plots refer to the simulation results given by thié fu« 1S Now function of the time-varying angle r, = 7.(0),
model (1). The red dashed plots of the angular speeds S€€ Fig. 6a. In order to apply the proposed systematic

on the left subplot of Fig. 5 are obtained using the reduce@®deling procedure as described in Property 1 in Sec. |-
model (4), whereas the red dashed plots of the tangentﬁl reference has to be made to the schematic representation

forces F;; in the middle subplot of Fig. 5 and the reqOf the CCR_system shown in Fig. 6p. This system can be
dashed plot of the pressui@,. in the right subplot have modeled using the same full dynamic model (1). The sets
been obtained using [10]-Eq. (11). This proves that thedatt/V7: Vi andNp are:

equation, which is one of the contributions of our previous Ny ={a, b}, n;=dimWN;) = 2,

work, works to provide the power variables of all coupling Nk ={ab}, nkg =dimNk) =1, (6)
dynamic elements that are no longer present in the reduced N ={}, np = dim(Ng) = 0.

IIl. CRANK-CONNECTING ROD
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Fig. 6. Structure of the considered Crack-Connecting Rcdesy.
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FromA/; and Nk in (6), the output speed vectgr= B'x = Time [s] Time [s] Time [s]

, the input torque vecton = 7, the inertia matrixJ, the ) . . ) "
w . p. 4 . T XJ Fig. 7. Simulation of the CCR: full model (light blue chamgstics) and
gears friction matrixB,,, the force vectol¥, the stiffness eq,ced model (dashed characteristics).

matrix K and the stiffness friction matriB i result to be: TABLE Il
F=F CCR:SIMULATION PARAMETERS.
ab
wel¥e s—|Ta| j_la 0| g _[pa O] o F R=10 cm, L=40 cm, d=5 cm, J, =0.0013 kgn?, M, —=0.8 Kg
vp|’ Bl 0 My’ ™% |0 by| B 7d“b’ K., =10% N/m, b, =0.191 Nm sec/radp, =0.5 Nm sec/m
K= %ab- dgp = 10 Nm sec/m,7=[1 0]'Nm, wo=[0 0]", Fo=0

Even in this case, the relative friction matrixis., =0 and , ) . "
the inertia friction matrix isB, = B,,. Note that vectors have been performed using the inputs, initial conditiond an

w, 7 and matricesJ, B, assume a generalized meaningoarameters reported in Table Il. The results in terms of
in this case, since they also include the parameters of tR@9ular speeds,, translational speed, and tangential force
translational elemertt: the translational speed,, the input F,;, are shown in Fig. 7: the light blue characteristics refer to
force F,, the massM, and the friction coefficient,. The the simulation performed using the full model (1) and the red
generalized radii matriR () can be directly computed using dashed characteristics refer to the simulation perfornsetu

the Algorithm 1 presented in Sec. II-A: the reduced model (4). The time behavior of the tangential
. ) force F,;, in the reduced model case has been obtained using
b R(t) = [ ro(6) 1 } (7)  [10]-Eq. (11). Similar comments as those made in Sec. II-B

on Fig. 5 regarding the simulation of the hydraulic CVT can
In this case, the generalized raditug¢) is the coefficient be made in this case as well. In particular, from Fig. 7 it
that, multiplied by the angular speed,, provides the tan- is possible to observe the very good matching between the
gential speed, = r,(f)w, at first terminal of the elastic results given by the full model, which is suitable for degélil
element K. Coefficient r,(6) is function of the time- simulations, and the reduced model, which is suitable for
varying angle¢ representing the angular position of thedeveloping real-time control strategies.
rotational elements in Fig. 6, and can be expressed as . ) )
follows: B. Comparison with the Lagrangian Approach

~ oui(6) (sinf — B) cosf ] The CCR could have been modeled using other approaches

Va2 — (sinf — B)?

- +
wherea = L/R > 1, 8 = d/R < 1 andw, = 2. When dd;

- 9q;  Ogqi
K = Koy — oo, from the second equation in (1) one ObtamswhereN is the number of degrees of freedom in the system,

R(t)w = 0, which can be used to express the original state . : .
) ; and Q; are the generalized Lagrangian coordinates and
vector x as a function of the chosen reduced state vectgf N ) L
i orces,T andU are the kinetic and potential energies in the
X] = w, as follows:

system. By applying (9) to the CCR system, it results:

=R

—sinf —

H(9)= ~50 too, such as the following Lagrange Equations:
d (or oTr  oU
dt

t 1
[;’]= Q;( )] xi  where Ql(t)=[ 91 ®) T =gl t gy U=0. @=0 0
N el () Q1 = 7o — bata — by ra(6)2wa + a(0) Fy.
T () One can verify that the model obtained applying (9)-(10)

and where the time-varying congruent transformation= ~ coincides with the reduced model (4) of the CCR system.
T (t)x, applied to system (1) givabe sameeduced model However, the procedure we propose in this letter exhibis th

(4) obtained for the CVT case study. following important features over the Lagrangian approach
_ ) a) The procedure is always the sameday physical system
A. Simulations including inertia and mass elements, which can be coupled

This section deals with the simulation of the full andby elements thamay also not belong to the mechanical
reduced models (1) and (4) of the considered Cranldomain e.g. hydraulic accumulators etc. This means that our
Connecting Rod system shown in Fig. 6. The two simulationgrocedure allows to model larger class of systemand in



an automatic way and is therefore less subject to mistakes|2]
with respect to the Lagrangian approach. b) The Lagrangian
approach requires the exact manual computation ofth%
kinetic energyT’, the potential energyy and the generalized
force terms); in (9). These terms can become very complex
to compute especially if the number and the types of friction 4]
(e.g. relative frictions) and the number of inertia and mass
elements in the system increase. The level of complexit)fs]
further increases if one wants to compute the full model
(1) including the elastic interactions using the Lagrangia
approach. Using our systematic procedure, all these con®l
putations are automatically given, see (8). Furthermdre, t
distinction between motive and friction torques and forises
automatic using the proposed systematic procedure, as thé
signs of the termsg); in (9) are automatically determined in
the matricesA; (¢t) andB; (¢) of the reduced model (4). c) If [g]
one wanted to find both the full model and the reduced model
using the Lagrangian approach, the Lagrangian equatigns (?9]
should be applied twice. On the other hand, the proposed
systematic modeling procedure directly gives the two mede|
at the same time: the full model describing the eﬁecto?m
the coupling elements (elasticities, hydraulic accunmuat
etc) on the system inertias and masses in details, and A&l
reduced model being suitable for developing real-time con-
trol strategies for the considered system. Furthermoiagus [12]
the proposed procedure, the output power variables of the
coupling elements can still be computed in the reduced model
using [10]-Eq. 10. d) On the contrary with respect to the
Lagrangian approach, the procedure proposed in this letté?!
allows to significantly extend the class of physical systems
that can be modeled using it, including many complex
physical systems involving physical interactiansdifferent  [14]
energetic domainsther than the mechanical one.
IV. CONCLUSIONS 0]

This letter has addressed the systematic modeling of
complex physical systems involving different energetiec do
mains. The proposed procedure directly provides the full an
reduced models of the system; furthermore, the propos
rules and algorithms automatically provide all the system
matrices and vectors. The two obtained models are deriv&d]
automatically, thus reducing the risk of making computa-
tional mistakes for the user. The two provided system modejs)
have a different degree of detail: the full model is suitdbte
detailed simulations, whereas the reduced model is saitat&o]
for developing real-time control strategies. The proposed
modeling procedure has been applied to two different caséll
studies: an hydraulic continuous variable transmissian fo
powertrain dynamics and a crank-connecting rod system in
the mechatronic field. The considered case studies and t&@l
description of the proposed modeling procedure show the
versatility of the procedure itself. [23]
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