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Abstract—Model-based simulations are important in the au-
tomotive industry to study and evaluate the vehicle behavior.
In this paper, the Power-Oriented Graphs (POG) technique is
used as a tool for modeling epicyclic gear trains. A full elastic
dynamic model of the system is first derived, which can then
be reduced by neglecting the elastic contact points between the
gears while still being able to recover the time behaviors of the
spring tangential forces. The proposed modeling method is then
applied to two epicyclic gear trains, and the design of a suitable
control allowing to minimize the system dissipations is presented
and applied to the second case study.

Index Terms—Power-Oriented Graphs (POG), Epicyclic Gear
Trains, Automotive, Control Design, Simulation

I. INTRODUCTION

Epicyclic gear trains, also called planetary gear sets, are one
of the most important devices employed in Power-Split Hybrid
Electric Vehicles (HEVs). In the latter class of HEVs, see [1]-
[2], epicyclic gear trains are typically used to enable the
presence of contemporary power paths in the vehicle driveline.
Depending on the Power-Split type, the epicyclic gear train can
be located in different parts of the architecture [3], enabling
different characteristics for the resulting vehicle topology.

One of the most challenging tasks with HEVs is the devel-
opment of effective control strategies allowing to satisfy the
power requirements of the vehicle while trying to minimize the
engine fuel consumption; such issue is typically known in the
literature as the “Energy Management Problem”. Sufficiently
accurate model-based simulations need to be performed to
evaluate the effectiveness of a control strategy solution, which
need to rely upon an accurate modeling of all the elements
being present in the vehicle architecture. The modeling of
epicyclic gear trains has been addressed in the literature using
different approaches [4] - [6]. One of the most well-known and
widespread modeling solutions is the lever analogy [7], from
which the static and dynamic relations of epicyclic gear trains
can be obtained. The modeling can also be performed using
suitable graphical modeling techniques [8]. In this paper, the
systematic approach for modeling planetary gears introduced
in [9], which is based on the Power-Oriented Graphs (POG)
modeling technique [10], is applied to two case studies: a
Compound epicyclic gear train and a Coupled epicyclic gear
train. The proposed approach allows to obtain the dynamic
model of different epicyclic gear trains, which can be used
for hybrid propulsion systems simulations together with the
other physical elements models. Furthermore, the design of
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Fig. 1. POG elementary blocks: elaboration block and connection block.

TABLE I
ENERGETIC DOMAINS: PHYSICAL ELEMENTS AND POWER VARIABLES.

Electrical Mech. Tras. Mech. Rot. Hydraulic
De Capacitor C Mass M Inertia J Hyrd. Cap. CI

ve Voltage V Velocity ẋ Ang. Velocity ω Pressure P

Df Inductor L Spring E Rot. Spring E Hydr. Ind. LI

vf Current I Force F Torque τ Vol. Flow Rate Q

R Resistor R Friction b Ang. Friction b Hydr. Res. RI

a suitable control to be applied to the epicyclic gear train
is presented in this paper and tested in simulation, allowing
to determine the optimal direction in the reduced model state
space that gives the desired angular velocity while minimizing
the dissipated power due to the internal dissipations.

This paper is structured as follows. Sec. II deals with the
description of characteristics and basic properties of the POG
modeling technique. In Sec. III, the notations of the presented
modeling approach are given, the computation of the radius
matrix uniquely defining the system is addressed, and the
modeling of a Compound epicyclic gear train is performed.
Sec. IV shows the modeling of the second case study, that
is a Coupled epicyclic gear train, giving particular emphasis
to the design of a suitable control allowing to minimize the
internal dissipations. Finally, Sec. V gives the conclusions of
this paper.

II. THE POG MODELING TECHNIQUE

The Power-Oriented Graphs (POG) technique is a graphical
modeling technique based on the same energetic approach
employed by the Bond Graph (BG) technique, but refers to a
different graphical notation. Power-Oriented Graphs are based
on the usage of two elementary blocks, namely the elaboration
block and the connection block, as shown in Fig. 1. The first
one is used to model all the physical elements storing and/or



dissipating energy, whereas the second one is used to model all
the physical elements performing lossless energy conversion.

The elaboration block can be static or dynamic, and is
described by the transfer function G(s) (or the transfer matrix
G(s)) of the considered physical element. A static element is
characterized by a constant transfer function G(s) = R and
describes a static relation between the input variable vf and
the output variable ve or viceversa. The dynamic elements can
be classified into across elements De, having a flow variable
vf as input and an across variable ve as output, and flow
elements Df , having an across variable ve as input and a flow
variable vf as output. An across power variable ve is always
defined between two points, whereas a flow power variable
vf is defined in each point of the space. Table I provides a
compact description of the dynamic and static elements, as
well as the across and flow variables, in the four typically
considered energetic domains. The crossed circle in the upper
part of the elaboration block in Fig. 1 is a summation node,
where the black spot present on the right means that the power
variable entering from that side of the summation node has to
be subtracted.

The connection block is characterized by a coefficient K (or
a matrix K) which completely describes the energy conversion
between two different energetic domains.

One of the main characteristics of the POG modeling
technique is to maintain a direct correspondence between the
power sections in the model, highlighted by the red ellipses
in Fig. 1, and the power sections of the actual system. The
scalar product xTy of the two power variables x and y has
the physical meaning of power flowing through the considered
section. The black oriented arrows located at the top of each
power section in Fig. 1 indicate the positive direction of the
power flows through the corresponding power section.

Any physical system modeled using the POG technique can
be written in a POG state-space representation as follows:{

L ẋ = Ax+Bu

y = Cx+Du
,

where L is the energy matrix, A is the power matrix, B is
the input matrix, C is the output matrix and D is the input-
output matrix. The energy matrix L and the power matrix A

describe the energy Es stored in the system and the power Pd

dissipated in the system, respectively:

Es =
1

2
xT Lx, Pd = xT As x,

where As is the symmetric part of matrix A.
When an eigenvalue of the energy matrix L tends to zero or

to infinite, the system model degenerates to a lower dimension,
and the reduced model can be obtained by applying a proper
congruent transformation x = T1 x1, where x is the original
full model state vector and x1 is the state vector of the new
reduced model. The new matrices of the reduced model can be
directly obtained as follows: L1 = TT

1 LT1, A1 = TT
1 AT1,

B1 = TT
1 B, C1 = CT1 and D1 = D.
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Fig. 2. Structure of the considered Compound epicyclic gear train.

III. MODELING A COMPOUND EPICYCLIC GEAR TRAIN

The modeling of the Compound epicyclic gear train of
Fig. 2 is performed in this section. Within the figure, a specific
color and a one-digit subscript “i” have been assigned to
each inertial element, that is to each rotating gear. Subscript
“i” also denotes all the parameters associated with the i-th
gear: its moment of inertia Ji, its linear friction coefficient
bi, its angular velocity ωi and its input torque τi. Similarly, a
two-digit subscript “ij” has been assigned to each tangential
spring representing the gears elastic contact points, which are
denoted in Fig. 2 by red lines (i.e. “ ” ). Subscript “ij” also
denotes all the parameters associated with the ij-th tangential
spring: its stiffness Kij , its linear friction coefficient bij and
the tangential force Fij it generates.

Two types of color oriented arrows are present within Fig. 2:

• horizontal arrows (e.g. “ ” ) highlighting the rotation
axes and the positive directions of angular velocities ωi

and of input torques τi, for i ∈ {c, p, s, r}.
• vertical arrows (e.g. “ ) highlighting the positive

directions of the tangential forces Fij , for ij ∈ {sp, pr}.

The dynamic equations of the considered system are de-
scribed by the following POG state-space form, see [9]- [10]:

{
L ẋ = Ax+Bu

y = BT x
, x =

[
ω

F

]
, B =

[
I

0

]
. (1)

whose graphical representation is given by the POG scheme
in Fig. 3. Within system (1), x, u = τ , y = ω are the state,
input and output vectors of the system, respectively, B is the
input matrix and I is an identity matrix of proper dimension.
The energy and power matrices L and A have the following
structure:

L =

[
J 0

0 K-1

]
, A =

[
−BJ−RTBkR −RT

R 0

]
. (2)



τ

ω

Pi

Inertias

� �
�
1

s

�

J-1

�
ω

� �

� �

BJ

�

�
� �

Gears
radii

� R �

� �RT

Elastic teeth

� �

�

1

s

�

K

�F

� �

�

Bk

�

Fig. 3. POG scheme of epicyclic gear trains.

The velocity vector ω, the input vector u = τ , the inertial
matrix J and the inertial friction matrix BJ are defined as:

ω=

⎡
⎢⎢⎣
ωc

ωp

ωs

ωr

⎤
⎥⎥⎦, τ =

⎡
⎢⎢⎣
τc
τp
τs
τr

⎤
⎥⎥⎦, J=

⎡
⎢⎢⎣
Jc 0 0 0
0 Jp 0 0
0 0 Js 0
0 0 0 Jr

⎤
⎥⎥⎦, BJ =

⎡
⎢⎢⎣
bc 0 0 0
0 bp 0 0
0 0 bs 0
0 0 0 br

⎤
⎥⎥⎦. (3)

The force vector F, the stiffness matrix K and stiffness friction
matrix BK are defined as:

F=
[
Fsp Fpr

]T
, K=

[
Ksp 0
0 Kpr

]
, BK=

[
bsp 0
0 bpr

]
. (4)

From (3), it can be noticed that the position of angular
velocities ωi within vector ω completely defines the position
of input torques τi within vector τ and of parameters Ji and
bi within matrices J and BJ , respectively. From (4), it can
be noticed that the position of tangential forces Fij within
vector F completely defines the position of parameters Kij

and bij within matrices K and BK , respectively. The only
matrix uniquely defining system (1) is the radius matrix
R. With reference to the Compound epicyclic gear train of
Fig. 2, and applying the procedure described in Sec. III-A,
matrix R assumes the following form:

sp

pr
R =

[ c p s r

−rc rp1 rs 0

rc rp2 0 −rr

]
(5)

The green coefficients along the rows and the columns of
matrix R in (5) denote the subscripts of the state space
variables ωi and Fij , respectively.

A. Computation of the radius matrix R.

Let rij,i denote the generic coefficient of matrix R = [rij,i]

in (5), linking the tangential force �Fij to the angular velocity
�ωi. Coefficient rij,i can be expressed as:

rij,i = SFij
Sωi

ri

where ri, SFij
and Sωi

are:
1) ri is the effective radius of angular velocity �ωi. Two

different cases can occur: a) velocity �ωi directly affecting
the force vector �Fij , see Fig. 4.a, in which case the
effective radius ri coincides with the radius of the gear
associated with velocity �ωi; b) velocity �ωi affecting the
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Fig. 4. Effective radius ri: a) Direct contact; b) Indirect contact.

force vector �Fij through an intermediate gear “j”, see
Fig. 4.b, in which case the effective radius ri coincides
with the distance between the rotation axes of the two
angular velocities �ωi and �ωj .

2) SFij
is the sign of the positive orientation of vector �Fij :

SFij
=

{
1 if �Fij is oriented from gear i to gear j
−1 if �Fji is oriented from gear j to gear i

3) Sωi
is related to the sign of the velocity vector �ωi:

Sωi
=

{
1 if �Fij is on the left of vector �ωi

−1 if �Fij is on the right of vector �ωi

The left and right sides of vector �ωi are determined by
moving in the positive direction along vector �ωi.

B. Calculation of the reduced rigid model.

When all Kij → ∞ in matrix K, from model (1) it results:

Rω = 0 ⇔

{
rp1 ωp − rc ωc + rs ωs = 0

rc ωc + rp2 ωp − rr ωr = 0
, (6)

meaning that vector ω can be expressed as a function of two
angular velocities. Choosing x1 =

[
ωs ωc

]T
, it results:

[
ω

F

]
︸︷︷︸
x

=

[
Q1

0

]
︸ ︷︷ ︸
T1

[
ωs

ωc

]
︸ ︷︷ ︸
x1

,

⎡
⎢⎢⎢⎣
ωc

ωp

ωs

ωr

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
ω

=

⎡
⎢⎢⎢⎢⎣

0 1

− rs
rp1

rc
rp1

1 0

−
rp2rs
rp1rr

rcrp1+rcrp2
rp1rr

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Q1

[
ωs

ωc

]
︸ ︷︷ ︸
x1

By applying the congruent transformation x = T1 x1 to
system (1), see [10], one obtains the following reduced rigid
state-space model:

L1ẋ1 = A1x1 +B1u, (7)

where matrices L1, A1 and B1 have the following structure:⎧⎨
⎩
L1 = TT

1LT1 = QT
1JQ1

A1 = TT
1AT1 = −QT

1BJQ1

B1 = TT
1B = QT

1

(8)

For the considered Compound epicyclic gear train system it
is: L1 ∈ R2×2, A1 ∈ R2×2 and B1 = QT

1 ∈ R2×4.



TABLE II
COMPOUND EPICYCLIC GEAR TRAIN: SIMULATION PARAMETERS.

rp1 = 9 cm rp2 = 6 cm
rs = 12 cm rc = 21 cm
rr = 27 cm Jc = 357423.3 kg mm2

Jp = 156754.2 kg mm2 Js = 91462.3 kg mm2

Jr = 2344077.9 kg mm2 bc = 0.4 Nm/rpm
bp = 0.4 Nm/rpm bs = 0.4 Nm/rpm
br = 0.4 Nm/rpm Ksp = 5 · 105 N/mm
Kpr = 5 · 105 N/mm dsp = 0.8 N s/cm
dpr = 0.8 N s/cm ω0 = [ 0 0 0 0 ] rpm
F0 = [ 0 0 ] N τ = [ 100 0 0 0 ] Nm

C. Calculation of the vector force F.

It can be proven, see [9], that vector F can be obtained from
the reduced rigid system (7) as follows:

F = (RRT)-1R(τ − JQ1ẋ1 −BJQ1x1). (9)

Eq. (9) gives the tangential forces Fij at the gears contact
points as a function of the input vector τ , the state vector x1

of the reduced rigid model (7) and its first derivative ẋ1.

D. Compound epicyclic gear train: simulation results.

The full model (1) and the reduced model (7) of the
Compound epicyclic gear train have been simulated using the
parameters and initial conditions given in Tab. II. Note that
any power section (ωi, τi), for i ∈ {c, p, s, r}, can potentially
be either an input or an output, depending on the powertrain
configuration on which the considered epicyclic gear train is
mounted. In the considered case, since the objective of the
simulation is simply to show the effectiveness of the reduced
model compared to the full one, an input motive torque is
applied to the power section characterized by subscript “c”,
see vector τ in Tab. II, whereas the inertial elements corre-
sponding to the remaining power sections are disconnected.
The obtained simulation results are shown in Fig. 5. The

left subplot of Fig. 5 shows the angular velocities ωi, for
i ∈ {c, p, s, r}, whereas the right subplot of Fig. 5 shows the
time behavior of the tangential forces Fij , for ij ∈ {sp, pr}.
For both subplots, the colored characteristics refer to the
simulation performed on the full elastic model (1), whereas the
red dashed characteristics refer to the simulation performed
on the reduced model (7). As for the latter, the red dashed
characteristics of tangential forces Fij have been computed
using Eq. (9). From Fig. 5, it is possible to appreciate the
good matching of the results given by the full and reduced
models. Furthermore, a comparison in terms of simulation
time has been made, by performing ten simulations of the
full and reduced models of the Compound epicyclic gear
train with the same ode45 variable-step size solver, using the
parameters and initial conditions given in Tab. II. The resulting
average simulation time for the full and reduced models are
0.161 s and 0.140 s, respectively, leading to a reduction in
terms of simulation time of the reduced model with respect
to the full model of 12.5%. This reduction is mainly due
to two factors: 1) Eq. (9) can be implemented offline; 2)

0 0.2 0.4 0.6 0.8 1
-10

0

10

20

30

40

50

60

70

80

0 0.2 0.4 0.6 0.8 1
-400

-300

-200

-100

0

100

200

300

400

500

600
Angular velocities ωi Tangential Forces Fij

[r
pm

]

[N
]

Time [s]Time [s]

ωc

ωp

ωs

ωr

Fpr

Fsp

Fig. 5. Simulation of the Compound epicyclic gear train: angular velocities
ωi (left subplot) and tangential forces Fij (right subplot).

The reduced rigid model (7) does not contain any tangential
spring. Note that as the number of gears contact points, and
thus of tangential springs, present within the system increases,
i.e. when considering more complex epicyclic gear trains, the
simulation time of the full model is expected to increase.
Similarly, if the springs stiffness coefficients increase, that is
if the full model becomes more rigid, the simulation time of
the full model is expected to increase as well, as shorter step
sizes are required to accurately simulate fast dynamics.

IV. MODELING A COUPLED EPICYCLIC GEAR TRAIN

The modeling of the Coupled epicyclic gear train of Fig. 6
is performed in this section. The full and reduced models of
the system can still be described by (1) and (7), and the new
system matrices and vectors are defined in the following.

The velocity vector ω, the input vector u = τ , the inertial
matrix J and the inertial friction matrix BJ are defined as:

ω=

⎡
⎢⎢⎢⎢⎢⎢⎣

ωa

ωc

ωp

ωs

ωb

ωr

⎤
⎥⎥⎥⎥⎥⎥⎦, τ =

⎡
⎢⎢⎢⎢⎢⎢⎣

τa
τc
τp
τs
τb
τr

⎤
⎥⎥⎥⎥⎥⎥⎦,J=

⎡
⎢⎢⎢⎢⎢⎢⎣

Ja 0 0 0 0 0
0 Jc 0 0 0 0
0 0 Jp 0 0 0
0 0 0 Js 0 0
0 0 0 0 Jb 0
0 0 0 0 0 Jr

⎤
⎥⎥⎥⎥⎥⎥⎦,BJ =

⎡
⎢⎢⎢⎢⎢⎢⎣

ba 0 0 0 0 0
0 bc 0 0 0 0
0 0 bp 0 0 0
0 0 0 bs 0 0
0 0 0 0 bb 0
0 0 0 0 0 br

⎤
⎥⎥⎥⎥⎥⎥⎦

The force vector F, the stiffness matrix K and stiffness friction
matrix BK are defined as:

F=

⎡
⎢⎢⎣
Fps

Fpr

Fbr

Fba

⎤
⎥⎥⎦ , K=

⎡
⎢⎢⎣
Kps 0 0 0
0 Kpr 0 0
0 0 Kbr 0
0 0 0 Kba

⎤
⎥⎥⎦, BK=

⎡
⎢⎢⎣
bps 0 0 0
0 bpr 0 0
0 0 bbr 0
0 0 0 bba

⎤
⎥⎥⎦

Applying the rules given in Sec. III-A, matrix R results:

ps

pr

br

ba

R =

⎡
⎢⎢⎢⎢⎢⎢⎣

a c p s b r

0 rc −rp −rs1 0 0

0 rc rp 0 0 −rr1

0 0 0 rs2 rb −rr2

−ra 0 0 rs2 −rb 0

⎤
⎥⎥⎥⎥⎥⎥⎦

(10)
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Fig. 6. Structure of the considered Coupled epicyclic gear train.

When all Kij → ∞ in matrix K, from model (1) it results:

Rω = 0 ⇔

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

rc ωc − rp ωp − rs1 ωs = 0

rc ωc + rp ωp − rr1 ωr = 0

rb ωb − rr2 ωr + rs2 ωs = 0

rs2 ωs − rb ωb − ra ωa = 0

(11)

Choosing x1 =
[
ωa ωr

]T
as reduced state vector, one obtains:

[
ω

F

]
︸︷︷︸
x

=

[
Q1

0

]
︸ ︷︷ ︸
T1

[
ωa

ωr

]
︸ ︷︷ ︸
x1

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ωa

ωc

ωp

ωs

ωb

ωr

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
ω

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0
rars1
4rcrs2

2rr1rs2+rr2rs1
4rcrs2

− rars1
4rprs2

2rr1rs2−rr2rs1
4rprs2

ra
2rs2

rr2
2rs2

− ra
2rb

rr2
2rb

0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Q1

[
ωa

ωr

]
︸︷︷︸
x1

(12)
where the structure of the reduced rigid model is the same as
the one given in (7) and (8).

A. Coupled epicyclic gear train: control design

Let us refer to the reduced rigid model (7) obtained using
(12). Let us use the two velocities ωa and ωr in order to obtain
a desired value ω̄c for the angular velocity ωc. From (12), it
follows that:

ω̄c = q1 ωa + q2 ωr =
[
q1 q2

]︸ ︷︷ ︸
qT
1

[
ωa

ωr

]
︸ ︷︷ ︸
x1

= qT
1 x1 (13)

where:

q1 =
rars1

4rcrs2
, q2 =

2rr1rs2 + rr2rs1

4rcrs2
. (14)

All the solutions x1 of the linear system (13) can be expressed
as follows:

x1 = ω̄c v1 + α v2, (15)
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Fig. 7. Optimal condition x1 minimizing the dissipated power Pd.

where v1 is any particular solution of equation 1 = qT
1 v1, v2

is any particular vector such that v2 ∈ ker(qT
1), and α ∈ R.

Possible values for vectors v1 and v2 are:

v1 =

[
1

q1

0

]
, v1 =

[
0
1

q2

]
, v2 =

[
q2

−q1

]
.

The dissipated power Pd of the POG reduced rigid model (7)
along the solutions (15) can be expressed as follows:

Pd = xT
1A1x1 = (ω̄cv1 + αv2)

TA1(ω̄cv1 + αv2) (16)

Since matrix A1 in (7) is symmetric, the partial derivative of
the dissipated power Pd with respect to α is:

∂Pd

∂α
= 2vT

2A1(ω̄cv1 + αv2) (17)

The optimal solution in (15) minimizing the dissipated power
Pd can be obtained from (17) as follows:

∂Pd

∂α
= 0 ⇒ α∗ = −ω̄c

vT
2A1v1

vT
2A1v2

. (18)

Substituting α∗ in (15) one obtains:

x1 =

[
ω̄a

ω̄r

]
= ω̄c

(
v1 −

vT
2A1v1

vT
2A1v2

v2

)
︸ ︷︷ ︸

�x1c

= ω̄c �x1c. (19)

One can easily prove that vector �x1c does not depend on the
particular choice of parameter ω̄c and of vectors v1 and v2.
Vector x1 = x1 is the solution of equation (13) for which
the power Pd dissipated in the system is minimum. This
optimal condition is shown in Fig. 7: the blue lines are the
contour ellipses associated with the dissipated power Pd in
(16) when the parameters reported in Tab. III are used, the
magenta straight line x1 is the set (15) of all the solutions of
equation (13), vector x1 is the optimal solution minimizing the
dissipated power Pd, the red ellipse is the contour line where
the dissipated power Pd is minimum with respect to the all
possible solutions x1.



TABLE III
COUPLED EPICYCLIC GEAR TRAIN: SIMULATION PARAMETERS.

ra = 10.5 cm rb = 7.5 cm
rp = 9 cm rs1 = 9.6 cm
rc = 18.6 cm rr1 = 27.6 cm
rs2 = 18 cm rr2 = 25.5 cm
Ja = 58081.3 kg mm2 Jc = 2199669.9 kg mm2

Jp = 26527.6 kg mm2 Js = 501613.4 kg mm2

Jb = 11630 kg mm2 Jr = 3199361.6 kg mm2

ba = 0.3 Nm/rpm bc = 0.18 Nm/rpm
bp = 0.28 Nm/rpm bs = 0.14 Nm/rpm
bb = 0.51 Nm/rpm br = 0.12 Nm/rpm
Kba = 20 N/mm Kps = 20 N/mm
Kpr = 20 N/mm Kbr = 20 N/mm
dba = 1.8 N s/cm dps = 1.8 N s/cm
dpr = 1.8 N s/cm dbr = 1.8 N s/cm

The reduced system L1ẋ1 = A1x1+B1u in (7) controlled
using the input vector u =

[
τa 0 0 0 0 τr

]T
simplifies as

follows:

L1ẋ1 = A1x1 + τ 1, τ 1 =

[
τa

τr

]
. (20)

One can easily verify that using the following control law:

τ 1 = −A1x1 + L1[ẋ1 −K (x1 − x1)] (21)

system (20) simplifies as follows:

ẋ1 − ẋ1 = K (x1 − x1) (22)

where K = diag([k1 k2]) is a proper constant matrix to be
designed. From (22), it is easy to see that the two parameters
kl and k2 of matrix K are equal to the two eigenvalues λ1

and λ2 of system (22): k1 = λ1, k2 = λ2.

B. Coupled epicyclic gear train: simulation results

The Coupled epicyclic gear train shown in Fig. 6 has
been simulated using the reduced rigid system (7), the pa-
rameters shown in Tab. III, the initial conditions ω0 =
[ 0 0 0 0 0 0 ]rpm, F0 = [ 0 0 0 0 ]N, the control law given in
(21), the design parameters k1 = λ1 = −10, k2 = λ2 = −10
and the desired angular velocity ω̄c = 300 rpm. According to
the definition of vector τ in (20), which is employed in the
control law in (21), one can notice that the two torques applied
to the power sections characterized by subscripts “a” and
“r” are those employed as control inputs for the considered
case study, whereas the inertial elements corresponding to
the remaining power sections are disconnected. The numeric
values of matrices L1 are A1 are the following:

L1 =

[
0.119 0.238

0.238 5.401

]
, A1 =

[
−5.42 5.85

5.85 −20.84

]
.

Vector q1 in (13) is characterized by the following parameters:
q1 = 0.0753 and q2 = 0.9247. The obtained simulations
results are shown in Fig. 8: the angular velocities ωi are
reported on the left subplot and the tangential forces Fij are
reported on the right subplot. The tangential forces Fij have
been computed using Eq. (9). From Fig. 8, one can appreciate
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Fig. 8. Simulation of the Coupled epicyclic gear train: angular velocities ωi

(left subplot) and tangential forces Fij (right subplot).

the good control of the desired angular velocity ω̄c = 300 rpm
obtained using the control law (21). Note that the transient is
aperiodic and the settling time Ts � 3

λ
� 0.34 is congruent

with the choice of the two coincident real eigenvalues in
λ1 = λ2 = −10.

V. CONCLUSION

In this paper, the Power-Oriented Graphs modeling tech-
nique has been exploited as a tool for modeling epicyclic gear
trains. Thanks to the proposed approach, a full dynamic model
including the gears interaction and a reduced dynamic model
could be obtained. When deriving the reduced model, the user
can choose which angular velocities are going to compose the
reduced state vector, and the time behavior of the tangential
forces can still be obtained. The modeling and simulation
of two epicyclic gear trains of interest in the automotive
industry have been addressed, showing the effectiveness of
the procedure. Finally, the design of a suitable control law
allowing to achieve the desired velocity while minimizing the
system dissipations has been presented.
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