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Abstract—In this paper, the Power-Oriented Graphs (POG) a) b) c)
technique is used to model Planetary Gear transmission sys- 2 T 2 TN T2 T
tems. The full elastic dynamic model of the system is obtained e \wQ/‘ 92
using a fast and direct method which can be easily applied to - a
any type of planetary gear. The rigid and reduced dynamic Fiz} Fi2) (Fra)
model of the system when the stiffness coefficients go to 71 1 n ™ 7_1\— 1
infinity is then obtained using a POG congruent state space o o o

transformation allowing the user to select which angular speeds
are to be maintained in the reduced model. Another interesting
aspect of the presented method is that the obtained reduced
model is still able to provide the time behaviors of the tangential
forces present between each couple of gears of the considered
planetary gear system. The presented fast and direct method is
then applied to two practical case studies, and simulative results State-space approach brings several advantages, amaorty whi
in Matlab/Simulink showing the effectiveness of the method are  we can mention the potentiality of applying a congruent
finally reported and commented. state-space transformation allowing to reduce the order of
|. INTRODUCTION the system. Indeed, the study presented in this paper shows

_— that, when the stiffness coefficients go to infinity, the et
Planetary gear transmission systems are amply used In.

several applications, including the design of new hybri<§Igld model can be obtained by using a POG congruent state

architectures in the automotive and agricultural fieldsergh space transformation. From the reduced rigid model, it is

. . _also possible to obtain the tangential forces associaté wi
such elements play a fundamental role as power-split dawc%he elastic elements of the full elastic model

The need of providing direct and accurate dynamic planetary : : i
) . . The paper is organized as follows: In Sec. I, we focus
gear models is therefore becoming more and more important

. . . I : on the modeling of a gear transmission. In Sec. lll, we
in order to investigate the system behavior in all its aspect . : . .

: X eneralize the rules presented in Sec. Il in order to desscrib
In [1], the authors mainly focus on the design part o

he systematic approach for modeling planetary gears allow
planetary gear systems. In [2], the authors propose ﬂ?r?g to compute the radius matrix, which fully defines the

usage of the lumped parameter dynamic model for mOde“n{a‘anetary gear under consideration. Additionally, we gppl

planetary gears; whereas in [3], the authors model the rig ; .
e presented systematic modeling approach to a one-stage
gear subsystem, composed of a sun gear, the planet gears

: . 8 anetary gear. In Sec. IV, we focus on a more complex case
and a planet carrier, by using a lumped parameter mod ) . :
st’ydy. the modeling of a two-stages planetary gear. Finally

and the elastic ring gear subsystem by using a finite elemegec. V illustrates the conclusions of the work presented in

model. The problem of the dynamic modeling of a planeta%is aper
gear system is also addressed by the authors in [4]. In this paper.

latter paper, the authors focus on the modeling of a specific I[I. MODELING A GEAR TRANSMISSION
type of planetary gear by using the classical state-space| g 5 consider the gear transmission shown in Fig. 1 case

approach. An automated approach for modeling planetagy The figure highlights the positive directions of the epst
gears is proposed by the authors in [5]. In this study, thg;iaples: the angular velocities of the two gearsandws,
classical state-space approach is once again adopted.  ogether with the tangential forcgr, that gear 1 transmits

In this paper, we propose a direct and systematic methqg gear 2. The POG block scheme of the gear transmission

to model plan_etary gear systems using the Power-OrientﬁEj Fig. 1 case a) is shown in Fig. 2 and the corresponding
Graphs technique, see [6]. The proposed method makespihs gtate space equations are reported in (1).
possible to model any type of planetary gear system by also

Fig. 1. Gear transmission: positive directions of the systanmbles.

considering the translational springs being present artromg ( [/1 0 | 0 . =b1 0 [=ri][wn] 1o T1
gears. In addition, the user-friendly graphical represiom 0J2| 0 |%x=| 0 —bo|—ra| w2 |+ |01 [TJ
of the POG modeling technique provides the user withfal 0 0 [ K™ riore | 0 ||[Fi2| [00] &2
quick understanding of the system dynamic equations. The M A M PO ()
use of the POG state-space model rather than the classjcal w1 10]0 00]
= + u
wa 01]0 00|

—
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Fig. 2. POG block scheme of a considered gear transmission.
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following: Ji, by and r; are the moment of inertia, the
linear friction coefficient and the radius of the first gear.
Equivalently, parameterd,, b, and r, are the moment of

inertia, the linear friction coefficient and the radius oéth
second gear, whereas parametéris the stiffness of the

contact spring between the first and the second gear. The
signs of the parameters within system (1) and Fig. 2 are a

| Tl
direct consequence of the choices about the positive direct T } R } %F
of the system state variableg, w. and F,. PowerspP; = |

|

Fig. 3. Basic structure of the considered one-stage plangear.

-y |
TN |
wy 11 and P, = wy 1 flowing through the input and output ; | ——! | K|
power sections are positive, see Fig. 2, if they are entering } } B, } } 7y } Bi
the system, meaning that the positive directions of thetinpu [ I s el | 1 I &
torquesr; andr, have been chosen to be equal to the positive | . | | | : |
directions of the angular velocities andws. One can easily Wre— T R p—>—
prove that, if the positive direction of variables andr, is } Inertias | Gears| Elastic teeth

reversed, see Fig. 1 case b), the state space equationsiremai rig 4. pOG scheme of the considered planetary gear system.
the same except for matriA, which turns into:
—b; 0 [—r; . . .

Ar=1] 0 —by| m|. subscript 7", wherei € {c, p, s, 1, g, m}, and a ;pemﬁc
color. Each gear rotates around a horizontal axis, denoted
in the figure by a short arrow (i.e—"), having the same
In this case, only the sign of parametey is changed. color of the considered gear. The direction of the shortvarro
Moreover, by starting from case b) and reversing the p@sitiindicates the positive direction of the associated angular
direction of variableFy,, see Fig. 1 case c), the state spac@elocity &; of gear 4”. The one-digit string " also denotes
equations (1) remain unchanged once again except for matglf the parameters and variables associated with g&ar/s

T1 —T2| 0

A, which now turns into: is the moment of inertiab; is the linear friction coefficient
—by 0 | 7 and 7; is the input torque applied to the gear.
Ay=| 0 —by|—rs The gears interact each other by means of their teeth. The
“rira | O contact points of the gears are denoted in Fig. 3 by short

) . o red lines (i.e. =" representing the stiffness of the teeth
In this case, the signs of both parametersandr, within  \here the gears interact each other. The tangential forces
matrix A, are changed with respect to matrik;. By F;; transmitted by the contact points are denoted in Fig. 3

rewriting matrix A in the following form: by short red vertical arrows (i.e.¥ ") representing the
-B, R’ by 0 positive directions of the contact forces themselves. We t
A= R 0} B,= 0by |’ R=[r17o] digits subscript #;” of the tangential forceF;; indicates

. ) that such force is positive if oriented from geaf to gear
and focusing on the previous two cases, one can state that;‘%,) and that the spring connecting the two gears has its

matrix B, does not change even if the system variables st terminal connected to geai”“and its second terminal

wy and F change the signs of their positive directions; 2).0 0o ted to gear;j". Such two-digits string also denotes

if the angular velocityw; changes the sign of its positive 5 e narameters and variables associated with the spring
direction, then all the coefficients of theth column of «. ... K, is the spring stiffness anti; is the spring linear

17 .
matrix R change their signs; 3) if the tangential forcefriition coefficient

Flgﬁqh.anges fthe sign 01;] its poT:tlye direction, then all the o dynamic equations of the considered system are
coefficients of matrixR, change thelr signs. graphically represented by the POG scheme shown in Fig. 4.
[1l. M ODELING A ONE-STAGE PLANETARY GEAR The corresponding state space equations are:

Reference is made to the planetary gear shown in Fig. 3. [Lx=Ax+Bu w B_ I
Within the figure, each gear is characterized by a one-digit y=B"x X ’ o



wherex, u = 7, y = w are the state, input and output a) Direct contact b) Indirect contact

vectors of the system, respectivel, is the input matrix - &; F T T My
andI is an identity matrix of proper dimension. The energy Fjil TP
and power matrice, and A have the following structure: i thl r
_|J o _ | -B;,—R'BR —-RT Wy Ui pemmm |
L=y ] A= PR Bl & ==
The velocity vectorw, the input torque vectotr and the
force vectorF are defined as follows: I
We Te Fig. 5. Effective radius r;: a) Direct contact; b) Indirect contact.
wp Tp Fy
w = Ws N T = Ts s F = Fpr (4) ) — )
Wy Tr Fyg directly affects the force vectaF;;, see Fig. 5.a, then
Wg Tg Erm the effective radius r; coincides with the radius of the
Win, Tm gear associated with velocity;; b) if angular velocity
The inertia matrixJ and the inertia friction matri®B ; are: &; affects the force vectoF;; through an intermediate
gear %", see Fig. 5.b, then theffective radius r;
Jo0 0000 b. 0000 0 coincides with the distance between the rotation axes
8 ‘{)P? 8 8 8 8 b()pl? 8 8 8 of the two angular velocitiesi; and ;.
= s = s 2) Sr.. is the sign of the positive direction of vectdi ;:
T=loo0o0s00| B~ |looo0bo0o0 ) Sk, g P ot
00004J,0 0000b, 0 g, _J 1 df Fy; is oriented from geat to gear;
00000 Jn 00000 bn Fa = -1 f Fj; is oriented from geay to geari
The stiffness matriceK and Bx are defined as follows: 3) S, is related to the sign of the velocity vectdy:
Ky 0 0 0 bps 0 0 0 l L
K_| 0 Ky 0 0 Be— | 0bmr0 0 S, = L if Fy; is on the left of vectord;
10 0 K, 0 |7 7K 0 0 by O ' —1 if F; is on the right of vectots;
0 0 0 K 0 0 0 brp

The left and right sides of vectas; are determined by
The position of the angular velocities; within vector w moving in the positive direction along vecta.

and of the tangential forces;; within vector F, see (4), applying the previous rules to the gears shown in Fig. 5, it
completely and uniquely defines the position of parametefasults: a) coefficient;;; associated with the direct contact
Ji, b;, Ki; andb;; within diagonal matriced, B, K and  of case a) s = 7 becauseSy,, = —1 and S,,, = 1;
By respectively. The only matrix in Fig. 3 and in the statey) coefficientsr;,; and r;,; associated with the indirect
space equations (2) that fully defines the internal strectuontacts of case b) aney,; = r;n,; = r; becauseSg,, =

of the given planetary gear is the radius malRix As far as Sg, =1andS,, = 1.

the considered system is concerned, maRixs defined as: From (2), it follows thati;; = r;.;w; is the tangential

Fe =ty =1 0 0 0 velocity of one of the two terminals of spriny;; when the

re T, 0 =1 0 0 angular velocity; moves along its positive direction. Since
R = 0 0 —re 0 —r, 0 | ®)  the sign of velocity:;; directly affects the sign of the force

0 0 0 —rm 0 —rp vector F;, it is evident thati;; must change sigg both when

the velocity vectors; and when the force vectdr;; change

their positive directions. Finally, Fig. 6 graphically st®

why the effective radius of an angular velocitys; is equal

A. Direct derivation of the radius matrix R. to r; for both case a) and b) of direct and indirect contact.
Let r;,; denote the generic coefficient of matrRt = In pa'rticglar, in thg indirect contact case b) th'e tangéntia

[rij.i] in (5). Subscriptsij € {ps, pr, sg, rm} and i € velocity &;; = r; w; is the sam§ for the two elas_tlc eler_n_ents

{c, p, s, 7, g, m} indicate thatr;;; is the coefficient that Z» and Kji because, whew; moves along its positive

links the tangential force; to the angular velocitys; ~ direction, the angular velocity; is kept equal to zero.

Generali_zing the rules proyided at the end of Sec. II, ong Rigid and reduced model when K — oo.

can easily prove that coefficien; ; can be expressed as:

The radii present in matriR are defined in Fig. 3 and are
constrained as follows:. = r, +rs1 andr,; = 2r, + rg.

WhenK — oo, from state space model (2) one obtains:
Tiji = SE;; Sw,; Ti
) . TeWe — Tpwp — Ts1ws =0
wherer;, Sr,; and S, have the following meaning: R TeWe +Tpwy — Ty wp =0 5
1) r; is the effective radius of angular velocityd;. Two w=0 < —rgwg —Trsaws =0 (©6)
different cases must be considered: a) if velocity T Wm — Trowy = 0



b) Indirect contact

a) Direct contact

=
Wi

Fig. 6. Angular velocitiess; and tangential velocities; ;.

Fig. 7. Modified POG block scheme of the considered planetesy.g

System (6) provides four static constraints between the six

componentsy; of the angular velocity vectow, meaning

that vectorw can be expressed as a function of “two” ofProperty 1. The force vector F is not present in the reduced
the six composing angular velocities: = Q;x;, where System (7), but its time behavior can still be obtained using

X] = [wi wj]T. By choosingx; = [wc wT]T,
the following congruent state space transformation:

r 7 1 0
We e Te
“p ol P
“lc —TIr1
Ws Tsi Ts1
Wy 0 1
__2rerso TriTs2
w = Wy = Tgrs1  TgTsl We = Ql X1.
F Wi 0 —Ir2 Wy 0
~——— F — |~ N —
X ps 0 0 X1 T1
Fipr 0 0
Foq 0 0
L Erm ] 0 0

T,

By applying transformatiorx = T'x; to system (2), one

one obtains the following relation:

F = (RR")'R(7 - JQi1x1 - B,Qix1) 8
Proof. From (2) and (7), one obtains:
RF=7-Jw-— (BJ+RTBkR) w

When K — oo, it is w = Qix;. By substituting in the

previous relation, it results:

RF=7-J lel — BJQ1X1 —RTBk RQI X (9)
——
0

Relation (8) can be directly obtained from (9) by applying

the pseudoinverse of matrR, that is(RR")*R, on the left

of relation (9) and recalling thd®Q; = 0. |
The modified POG block scheme of Fig. 7 combines in

the same figure the computation of the force ve®a(blue

blockg with the POG reduced system (7) (black blocks).

obtains the following reduced s

Ji I3
Jz  Jo

L, X1 Ay

where marticed.;, A; andB; have the following structure:

L =TILT; =Q]JQ,
A, =T]AT, = -QlR’

B, =TB=Q!
TermQIR'BxRQ); is equal to
Rw=0 & RQx=

The structure of elementg;, Js

yStdﬁXl =A1x;1+Bu

e o

we]l [ b1 bs
wr | | b be
~—— S~——

Wy

B:
X1

BxRQ; -Q1B;Q,
0

zero becaus®, € Ker(R):

and J, in matrix Ly is:

4Jg7’02r522

_ Jpre® | 4J, 70
Ji=Je+ r + rs12 + T¢%1r512
Ja = _ Jorerr  2Jererm 2Jgrerrirss’
3 rp2 To1 7‘g27312
Jpre1? J 2 JgTr1 27602
m."‘rZ prl sTrl gTrl Ts2
J2 J + + sz + 7"512 + T92T512

The structure of elements, b3 andby in matrix A is:

b= —b = balg — dharg?
- Tp Ts1 Tg%Ts1
by = bpr“;” + 2bs Telrl 4 2bg7"c27"r17‘2522
p rs12 Tg2Ts1
b2 = _b’r — b7n77‘22 — bl”"zl _ bs”'réz _ bg7'T212”'5222
Tm Tp Ts1 Tg“Ts1

C. Smulation results

Both the block scheme reported in Fig. 4, describing the
full elastic model, and the one reported in Fig. 7, descgbin
the reduced model, have been simulated in Matlab/Simulink
using the following parameters and initial conditions:

r_ sl = 10 *cm; % Sun_1: radius

r_s2 = 16 *cm; % Sun_2: radius

rp =48 *cm; % Planetary: radius

rg = 16 *cm; % Generator ring: radius
rm = 12*cm; % Motor ring 1: radius

r_r2 = 22 xcm; % Motor ring 2: radius

rc = 148 xcm; % Carrier: radius

r_rl = 19.6 =*cm; % Ring: radius

J_c = 0.17648 =xkg*meters™2; % Carrier: inertia

J_p = 0.009756 =*kg=*meters’2; % Planetary: inertia

J_r = 0.54251 =*kg*meters'2; % Ring: inertia

J_s = 0.038617 =*kg*meters’2; % Sun: inertia

J_g = 0.48197 =+kg=*meters'2; % Generator: inertia

J_m = 0.15263 *kg*meters™2; % Motor ring: inertia

b_c = 0.08 *Nm/rpm; % Carrier: friction coeff.

b_p =bc br=>bc bs=bc bg=Dbc bm==bc
K_ps = 30*Newton/mm; % Planetary-Sun: stiffness
K_pr = K_ps; K_sg = K_ps; K_rm = K_ps;

b_ps = 0.4 »Newton *s/cm; % Planetary-Sun: fric. coeff.
b_pr = b_ps; b_sg = b_ps; b_rm = b_ps;

Tau = [100 0 0 0 0 O] *Nm; % Input Torques

W_0 =[0000 0 0] rpm; % Angular velocities: In.Cond.
F_0 =1[0 0 0 0] *Newton; % Tangential forces: In.Cond.

The obtained simulation results are the following: the daigu
velocitiesw;, for i € {¢, p, s, r, g, m}, are shown in Fig. 8,
and the tangential forces;;, for ij € {ps, pr, sg, rm}, are
shown in Fig. 9. The time behaviors plotted by using dashed




Angular Velocitiesw;

w; [rpm]

" Time [s]
Fig. 8. Angular velocitiesv;, for ¢ € {c, p, s, r, g, m}.

Tangential Forced;

Fig. 10. Basic structure of the considered two-stages maygear.

==
Lg In this case, the inertia and friction matricésand B ; are
[J,0 0 000 0] bs000000]
0J.0 0000 0600000
T 00J,0000 00b,0000
Time [s] D J=]000J,000]|, B;=[000b,000
Fig. 9. Tangential forces?;, for ij € {ps, pr, sg, rm}. 0000J.00 0000b-00
0000O0JO0 0000O0b,O0
(00000 0J,) 100000 0b,
red Ii.nt_—:‘s refer to the simulation resqlts obtaingd by usinghe stiffness and friction matricds andBj are:
the rigid reduced system (7). The time behaviors plotted )
using colored lines refer to the simulation results obtgine Ky 0 0 0 0 bsp 0 0 0 O
by using the extended POG system (2) taking the elasticities 0 Kso 0 0 O 0 b 0 0 0
into account. From Fig. 8 and 9 it is evident that, after the K=| 0 0 K, 0 0 |, Bxk=|0 0b, 0 0
transient, the time behaviors obtained by using the elastic 0 0 0 Ka O 0 0 0 ba O
model (2) asymptotically tend to those obtained by using 0 0 0 0 Ky 10 0 0 0 by

the reduced model (7). Moreover, the time behaviors of thg
tangential forced’;; corresponding to the reduced model (7)
reported in Fig. 9 have been obtained by means of relat|0n
(8), giving a proof of the effectiveness of such relation.

s far as the considered two-stages planetary gear is con-
erned, the radius matriR is defined in the following way:

—Tep Tp 0 0 0 0

—Tea 0 7, 0 0 0

Tep r, 0 —r. 0 0 |. (10)
Tea —Teh 0 7g 0 T 0

Teb 0 O 0 7 —rg

IV. M ODELING A TWO-STAGES PLANETARY GEAR R=

N =

Reference is made to the two-stages planetary gear shown
in Fig. 10. The extended elastic model of the considered
system can be graphically represented by using the PCRadii ; or r;; present in matrixR are graphically defined
scheme shown in Fig. 4 once again. The corresponding PQ&Fig. 10 and are constrained as follows:
state space model can be obtained by means of the same
equations and the same symbols used in (2) and in (3) forthe "e» = Tp T Ts1 Teb = 2t T+ Ta
previously considered one-stage planetary gear. As regard 'co = Ta Tt Ts2; Tq = 2rat2rp+ 7.
the two-stages planetary gear, the velocity veatpthe input  The radii within matrixR defined in (10) have been com-
torque vectorr the force vecto" and the state vector are  pyted by means of the rules defined in Sec. Ill-A. As an
defined as follows: example, let us refer to element; . which falls within the
Mg | (7] indirec_t contact case (see Fig. 5.b and 6.b). This represent

W, T F a particular case, as the angular velocity affects the
w}; TI; F,, force vec_torFab through two d_iffere_:nt intermediate gears,
F=|FE, |, x= {w] characterized by moments of inertig and J,. It follows
F,

w = w, R T = T, . . . . . . H
wa Ta F thatr, . iS given by the linear combination of two radii:
T T

wWh Th Fyq . &, affectsFy, throughJ,, therefore it isSy,, = 1 and
Wq Tq Sw. =1, meaning that, . = 74




Angular Velocitiesw;

o (e aﬁectsﬁab through J,, therefore it isSp, = —1
andS,, = 1, meaning thaty, . = —7e;
From which the overall radius,; . can be computed:

/ "
Tab,e = Tab,c + Tab,e = Tea — Tcb-

WhenK — oo, see (2), the angular velocities satisfy rela
R w = 0 and are constrained as follows:

TpWp — TepWe +Ts1ws =0 b

TqWq — Teq We T T2 Ws = 0
TepWe + TpWp — Tp Wy = (12)

TaWa +TpwWp + We(rea —Tep) =0
TyWh + Tep We — Tqwg =0

" Time [s]
Fig. 11. Angular velocitieso;, for i € {s, ¢, p, a, 7, b, ¢}.
Tangential Forceg";;

In this case, by choosing; = [w. w, ', from (11) one
obtains the congruent state space transformatien Tx; )
whereT; = %1 x; and matrixQ; is defined as follows ~ Z.
L il
_ _ Ry
1 0
Ts1 T :
27rcp 2rcp ol
_Ts1 Ty ]
251) 2rp | I I
TcaTs1—2TcpTs2 Tealr R ”
Ql 27’a7“cpp 2raTep Time [S]
0 1 Fig. 12. Tangential force#’;;, for ij € {sp, sa, pr, ab, bg}.
TebTs1—2Tcals1+2TepTs2  2TeqPr—TebTr
2TpTep 2rpTep
TebTs1—TeaTslFTepTs2 Tealr—TebTr
L TepTq TepTq V. CONCLUSIONS
By using the congruent transformatien= T1x; to system  |n this paper, a new method for modeling planetary gear

(2), one obtains a reduced system having the same structgighsmission systems has been presented. The method pro-
of the reduced model (7) obtained in the previous exampl@jides the user with both the full elastic model of the system
In this case, the analytical expressions.gf J; and.J> in and the reduced rigid one. The POG modeling technique
matrix L, together with the analytical expressionsbef b3 allows the user to select the angular speeds to be kept as
andb, in matrix A;, are not reported in this paper becausetate variables in the reduced model. Moreover, the reduced
they are too long. Even in this case, the force ve#tartan model also provides the tangential elastic forces present
be recovered from the reduced POG model (7) by using (8etween the gears. The presented modeling method has
been tested on two different planetary gear systems, which
have been modeled and simulated in Matlab/Simulink. The
The two-stages planetary gear has been simulated dimulative results have been reported in this paper and show

A. Smulation results

Matlab/Simulink by using the following parameters: the effectiveness of the presented method.
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