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Abstract—The paper presents the dynamic modeling of 1. M ULTI-PHASEHYBRID STEPPERMOTORS
Multi-phase Hybrid Stepper Motors (MHSM). The model is
as general as possible and it is obtained using a Lagrangian
approach in the frame of the Power-Oriented Graphs (POG) The basic scheme of a Multi-phase Hybrid Stepper Motor

technique. The obtained dynamic models can be directly im- (MHSM) with delta-connected phases is shown in Fig. 1.
plemented in Simulink and they can_be used to simulate also The rotor is axially magnetized by the permanent-magnet
the Permanent Magnet and the Variable Reluctance stepper . .
motors. Some simulation results are finally presented. enclosed between two cups (or section) with the same
number of teeth. In this way the two sections have a uniform
I. INTRODUCTION flux of opposite polarity; one is polarized north and the

Stepper motors are used in a wide variety of industria{?t_her one is polarized south. The teeth on the two cups are

and automotive applications where precise positioning argisaligned with each other by a half-tooth pitch so that a
repeatability of movement without position feedback ard©rth pole tooth coincides with a south pole slot and vice

important [1]. Accurate motor models are mandatory tyersa. The stator has a whole number of main magnetic poles
N@venly distribute. Each pole is provided with a winding and

achieve high performance. The Finite Element Metod (FEM]", ; , ,
is used to optimize the system geometry [2] while the lumpe is cast-leaded Wlth t_eeth having the same tooth p|tch of th
rotor. Therefore in this type of motor the torque is created

parameters models are used to design effective contrééstra :
gies [3]-[5]. by the electromagnetic and the reluctance effects. Indeed

the interaction between the magnetic field of the permanent
fagnet and the magnetic field of the stator currents produces

magnetic flux in the air gap which aligns the rotor teeth to
the stator.

In this paper the model of a Multi-phase Hybrid Step
per Motors is presented. Using the Power-Oriented Grap
modeling technique the dynamic equations can be direct
implemented in the Matlab/Simulink environment [7]-[10].
Moreover the general structure of the model allows to modify Iy
all the electrical and mechanical lumped parameters of the _
stepper motor (i.e. the number of phases, the shape of the //IRS Lo
rotor flux, etc..) without changing its structure. v/ LS/NRS\ 1y
The paper is organized as follows. Sec. Il introduces the , ’ | Va
notations, Sec. Il shows the details of the Multi-phase s Vas
Hybrid Stepper Motors (MHSM) model in the fixed and ‘{m /
rotating reference frame and finally in Sec. IV the control \Ls Voa,
and the simulation results are presented. Vimg o Tema=1

Im, ~ Delta- 4
connected

Fig. 1. Basic scheme of a MHSM with “delta-connected” statoages.
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Il. NOTATIONS

The symbolsl|[ R; ]| and |[ R ]|Z will denote the column
1: n

m 1:
and row vectors of the element®;. The full matrix of the The MHSM considered in this paper is supposed to be
elementsR; ; will be denoted as follows: characterized by the parameters shown in Tab. I. The rotor

has the magnetic structure shown in Fig. 2: 1) the first part

Rii Riz2 -+ Rim ; ;
i ; Ri R;z R;m of the rotor is rotated of anglé. = ™~ with respect to the
[Rq-j ﬂ: : C e second part; 2) a permanent magnet is present between the
v Rt R - R, two parts. An example is shown in Fig. 3.

The stator teeth are not uniformly distributed: the teeth of
The symboly_) ./ ¢n = o + Catd + Cay2a + .. Will be  (j11)-th stator phasee[L, 2, ..., m,], are rotated of the
used to represent the sum of a succession of numhers following electric angle:
where the index: ranges froma to b with incrementd.
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TABLE |
PARAMETERS OF THE CONSIDEREOMHSM.

ms number of stator phases:s is an odd number.
D number of polar couplep€ N
q number of rotor teeth of polar couple=ams, a € N.
my number of rotor teethin, = pgq.
0, 0., | electric and rotor angular position&:= p 6, .
w, wm | electric and rotor angular velocities: = p wyy, .
I;, I;, | line and stator phase currents foe {1,2,...ms}.
Vi, Vi, | line and stator phase voltages foe {1,2,...ms}.
Rs i-th stator phase resistance.
Lg maximum value of the stator self induction coefficient.
Mg; maximum value of the-th constant mutual inductance.
M,; maximum value of thei-th mutual inductance which is
function of the electric anglé.
JIm rotor moment of inertia.
bm, rotor linear friction coefficient.
Tm electromotive torque acting on the rotor.

Fig. 4. MHSM withms =5, m, =¢=25 andp=1. The teeth of the-th
stator phase are rotated of angtg, with respect to thd -st stator phase.

T4 maximum detent torque due to the magnet wlign= 0.
Te external load torque acting on the rotor.
Vs stator basic angular displacement: = 27 /m.
where matrix!T, is defined as follows:
1 ifi=j
Rermanent{Magnet ; . e J
Nleriia pel® = : . ST =1 (i, 4) = (ma, 1)
— ) p— l:mgs limg .
- 0 otherwise

For m, = 5 matrix *T, has the following structure:

1 -1 0 0 0
0 1 -1 0 0
Refier 2 ‘T,=| 0 0 1 -1 0
Refier 9 : o 0 0 1 -1
-1 0 0 0 1
Fig. 2. Magnetic structure of the rotor. From (2) and (3) it follows that:Z?:l Ve = 0, and
>t I, = 0. Under the assumptions of regularity of the
design and no iron saturation, the electro-mechanicaé stat
A. Dynamic model of a MHSM. space equations of the considered MHSM obtained using a
Let 'I;, 'V, ‘I, and 'V, denote the line’ and “stator” ~ Lagrangian approach, see [6], are the following:
current and voltage vectors in the static reference fraine *Ly(8)| 0 tf
I Vi I Vi [ 0 Jm] [wm] N
I Va I Vo T
tIl: : } tVl: : ) tISZ : 5 tvsz : . tL(tq) td (4)
Iv.ns Vmg Is;ns ‘/Smg _ tRs"’ th(oawm) ‘ tKT(aa tIs) i + tVs
—tK;(Q,tIS) ‘ b Wm —Ty
If the stator phases are delta-connected: —— e
t t t t
'V, =T, 'V, ', = 1T, @) A0, wm, L) a v

where ‘R = p R, I,,,, is the resistance diagonal matrix and
K (0,T) = TH(0) T, + 'K.(0)
NG (0, wm) = Hy(0) wpm (5)
To = T48in(2¢0) + T

Matrices ‘H(6) and 'K.(0) are defined as follows:

1 9'L(0) Otdb.(0)
Hy0) = - p —2 'K.(0) =p————~ (6
O)=5p—"54 0) =p—7py (6)
where 'L,(6) is the motor inductance matrix ant®..(6)
is the magnetic flux vector concatenated with the stator
Fig. 3. The two parts of the rotorns =5, m, =¢=25 andp=1. phases. Since the air-gap is nonuniform, the inductance




matrix ‘L¢(6) varies with rotor angular position and it has“K, (“I)

the following structure:
th(e) = thc + thO (7)
where ‘L. is the stator inductance matrix:

i
mgs—2
Lo =p Lm5@j)%§:ﬂlm004n@j)%)]|(8)

n=1:2

O:ms—1 Oms—1

and Ly is the rotor inductance matrix, see App. V:

J
thO =p | (9)

O:mgs—1

ms—2
[ Z M.y, cos(2ngf—n(q—1)(i+35)7s)
n=1:2
0:mgs—1

The termLg, in (8) is defined as follows:

ms—2

Ly=Ls— ZMsn

n=1:2

The structure of flux vectof®,.(6) is, see App. VI:

'®.(0) = l i U, cos(ngf — nh(g—1)7s) ‘ (20)
0:7nsn_:11:2
From (6), (7) and (10) it follows that:
ms—2 7
"H,(0)=—p? ZM {sm(?nqe n(q— 1)(2—}—])75)”
n=1:2 0:me—1 0:ma—1
and
me—2 h
Ko(0)=—p Y nqWy|[sin(ngd —n(g—1)h.) ||
n=1:2 0:ms—1

Let *T,, denote the following transformation matrix:

h k h
[cosal (@) sin(al(0))] Hkl”

mg—1 1:22ms—2 O0:mg—

tT:l

ms

11)
whereaf (0) = k(qghvys—(q—

following transformed system:

“Le| 0 [ “I,]
0 [Jm][wm |
—

v, wq
sz+sz(wm)+stst(wm)‘WKT(WIS) wIs +st
—“KT(“T,) b o] |
—~ ——
YA (W, “Is) “q “V
12)

where “I, = 'T7 I, “L,
'TLIN'T,, “R = 'TL'R,' T,

— 'TLLIT,, “Ny(wn) =
st(wm) = tTLtTwi

1)6). Applying the state space
transformation’I, = T, “I, to system (4) one obtains the

=TT 'K, and “V, = 'TT*V,. The Power-
Oriented Graphs (POG) block scheme of the transformed
system (12) is shown in Fig. 5. Details on the POG modeling
technique can be found in [7]. The transformed matilx,

is constant and diagonal:

pLa 0
“L,=“T, 'L, "T, = H 0 iy ‘ O 1 @3
0 mb_;Lso
where
Lay = Ly + %M,.k, Lg = Lgg — %Mrk- (14)
Lo = Luo + 22 M, ) (15)

2

Functionr(k) in (15) transforms the indek into indexr (k)
according to the following “k2r” Matlab routine:

o
for r=1:2: q 2
if (delta(k+(qg-1)+r, 0, ns)+. ..
delta(k*(g-1)-r,0,nms))==
return

function de =del ta(n, k, q)
delta=0; if nod(n-k,q)==0; delta=1; end
retur

The result given in (13) can obtained only if: a)s is an
odd number; b);—1 is not a multiple of any factap of m:
q— 1 # ap wherea € N andp is any factor of parameter
my. It can be proved that the transformed mattiH, =

'TT'H,'T,, is symmetric and constant:
k
0 2]{3(] 'n;s M,
“H, = 2kqms M, 0 (16)
1:2:mgs—2
0 0

and the transformed vectotK,. =TT !K.. is constant:

UJKC —

| 0
lpqﬁk% | : (17)

1:2:ms—2

0

From (5) and (16) it follows that matrix*M,(w,,) =
“Ng(wm) + “Ls“Js(wy,) in (12) has the following skew-
symmetric form:

“M;, (Wm) = kaquk 0 Wm (18)

0 —p?kqLgy 1

1:2:ms—2
0 0
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Fig. 5. POG block scheme of the hybrid multi-phase stepper motthe transformed reference framg,.

Electrical part

TABLE Il

From (5) and (17) it follows that vectorK, = “K,(“I;) PARAMETERS OF THE CONSIDERELMHSM.

has the following structure:

s 2
k 91 m k = 25 e 50
[ P kq75s Mg Iy, Hdel R, 10 L, 5 mH
YK, = 27, M. ™5 = M1, M3 [4, 1.6] mH M,1, My3 | [1.2, 0.4] mH
il Pmkgz M lLak+pg\/ 5k Wk 1_2_5‘{“2 T 1.6 kg n? b | 05 Nmsirad
s B T4 0 Nm Te 10 Nm
0 0 Ko, Ko, Ko1, | [0.84,0.48,0423] | =00 £ jwo | —30 £ 20
9
(19) [ K, Ky2, Koz | [0.36,0.24,0.196 Ko, 0
The proofs and the mathematical details of results (13), (16 Uy, U3 1.2, 0.4] Wb ai, a3 [0.7, 0.3]
(17), (18) and (19) can be found on the web at the address: _ “dm 100 rpm Ko 150
http://www.dii.unimo.it~zanasi/ELECOM/Details.pdf Tmaz 40 Nm Lns 0

The final transformed system has the structure shown in
(20) in Fig. 6. The parameterfyy, Lgk, Lo, Kqr and
K, are defined in (14), (15) and (19). Whei, = 5, the
equations (20) have the structure shown in (21) in Fig. €
From (21) it is evident that whew,, is constant the first
five equations of system (21) are linear and decoupled. Fro,
(19) it follows that the motor electromagnetic torqug is:

T = YKL I, = “TT«HT @I, 4 KT I,

y (22)
> paky/mg | py/maMda + Wi Iok

k=1:2
When ¥, = 0, the motor torquer,,, is a quadratic function Fig. 8. Structure of a MHSM withn, = 5, ¢ = 25, p = 2 andm,;- = 50.

of the current vector’I,. From (22) it is evident that the

motor torquer,, can be generated ifm, — 1)/2 different ) ] ]
ways which are obtained fdre {1, 3, 5, ..., m,—2}. Each where “I; is the desired current vector antiVr is the

bi-dimensional subsystem can generate torque indepdypderig€d-forward action:
from the others. “Vip=["Rs+*Ng (W) +Ls* T g (W) T+ K (“ I )wi,
IV. SIMULATIONS The structures of matri¥, and vectorI, in (23) are:
The dynamic model described in the previous section has

k

been implemented in Simulink together with a current and a Ku — Ko -

. ; 0 Lok
velocity cascade control, see Fig. 7. The parameters useii{ o K. K W, 7
in simulations are shown in Tab. Il. The values of these ™ — eh ek d S
parameters are not the “typical ones” for a commercial MHS 0 o K, I,

motor and are used in this section only to test the correct
behavior of the proposed dynamic model. The physicabne can easily proof that the two eigenvalues of khath
structure of the considered MHSM is shown in Fig. 8. Insubsystem can be located in 2 = —o. &+ jw. using the
simulation the following current control law has been usedfollowing parameters:

“Vo=*Vp —Ky(“I; — “Iy) (23) Ka=o0cpLar, Kgp=0cpLop, Kep=wep/LarLgk.
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{ pRs —p? kqmesk

k
k
de( H Iy, ” [ xd’“ }
qumesk pRS ( L qu 1:2:77{7%572
1:2:ms =2 2:mg—2 =— N LiZems =2 + Vms (20)
0 pLso|| O im 0 pRs "o Fms
. i —To
0 0 Jm Wm —| [ Kax(qr) Kqr(Lag) || wm
1:2my — 2
pLay 0 | 0 0 | 0 | 07[l; pRs  —pPqumLa| 0 0 | 0 |Ka(Ig)] [Ia ] [V
0 pLa| 0 0 | 0 |0 || In P’qwmlsi  pRs | 0 0 | 0 [Kg(a)| | g Va1
0 0 [pLgs O 0 0 || las|__ 0 0 | pRs —p?3qwmLss| 0 |Kg3(Ig3) Ig3 i Vs 1)
0 0 | 0 pLgs| 0 |0 || 7y 0 0 p*3qwmLs3  pRs 0 [Kq3(Laz)| | Lo Vg3
0 0 [ 0 0 [pLeol O ||}, 0 0 0 0 pRs 0 Is Vs
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Fig. 6. Dynamic equations of a MHSM in the transformed framg: equations (20) refer to the generic casg and (21) to the casews = 5.
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Fig. 7. Simulation of a MHSM: Simulink block scheme.

the desired motor torque;,,, can be expressed as follows: or Angular velocty e,
mg—2 mg—2
Tam = Y QkTam, doar=1. (24
k=1:2 k=1:2

Coefficientsay, denote the fraction of the desired torgtig,
provided by thek-th subsystem of the motor. The desired 20 ‘ ‘ ‘ ‘ ‘
currentsly, and I, are obtained from the desired torque ’ ” " ° ” '
Tqm Using the following relations: Coppia motrice T,

50

= | ag|Taml = ( )
lig = | ——7—7—, I = sgn I 25 =40
a p2q msk|Mrk| g M, dk: ( ) % 30

which have been obtained from (22) whén, = 0. These

\/
10
relations are not the optimal ones because they do not | ‘ ‘ V ‘ ‘ ‘
take into account the torque generated by the magnet, but  ° o o Time 8] o !
are suitable enough for implementing the following simple
velocity control law: Fig. 9. Angular velocityw,, and motor torquer,.
Tdm = Sa(%dma Tma:c)y 7~Ldﬂ% = Kw (wdm - Wm)

wherewy,, is the desired motor velocity and §at M) is the in the rotating framez,, are shown in Fig. 10: in the steady-
saturation function of variable within the rangg—2\/, M].  state condition the curreni; and I, are constant and the
The time behaviors of angular velocity,, and motor torque motor generates two different constant torques in the first
7., obtained in simulation are shown in blue in Fig. 9: theand in the third internal subsystem. The line voltadés
desired velocityw,,, is reached with a small stead-state errolls, ..., Vs and the line currents, I, ..., I5 in the final
due to the internal frictiom,,w,, and the external torque..  steady-state condition are shown in Fig. 11: the voltaége
The time behaviors of the currentg:, 141, 143, 143 andls  and the currenf; have been drawn using a thick blue line



Currents Iw

0.8 1

-1 L L L I I

reaches its maximum:

M, cos(2g0—B(i+75)7s) i rl

921‘('757%)

from which one obtains:

2qi(vs—%)=62i% S B=g-1.

VI. APPENDIX: FLUX VECTOR '®.(0).

The term¥; cos(qf—h(g—1)~s) in (10) has been obtained
1 referring to the structur@; cos(ad — hf~s) and computing
the parametersa and g as follows:

1) Whenh = 0 the term¥; cos(af) describes the magnetic
flux concatenated with first stator phase as a function of the

0 02 04 Tl 08 ' electric angled. The maximum value of this term is reached
when the electric anglé = 27
Fig. 10. Currents g1, I41, 143, I43 andIs in the rotating frames,, . ok
Y
Vicos(ad)| | =¥ — a—=2kr — a=gq.
9=2km q

Voltages V‘

(1]
(2]

Time [s]

Fig. 11. Line voltageds, Vo, ..., V5 and line currentdy, Io, ..., Is.

(3]

to clearly show that these signals are the sum of a first and

a third harmonic. (4]
V. APPENDIX; ROTOR INDUCTANCE MATRIX tLgg. [5]
The term M, cos(2¢0—(¢—1)(i+j)7s) in (9) has been
obtained referring to the structudd,; cos(af—B(i+j5)vs) O
and computing the parametessand 5 as follows:
1) Wheni = j =0 the termM,., cos(af) describes the self- [7]

inductance coefficient of the first stator phase as a fundion (g
electric anglegd. The maximum value of this term is reached

— 2km _ km.
whené = 2 = a4 ]
km
M, cos(ab) =M = a— =2kr — a=2q.
= q [10]

2) Wheni=j andf = ivs — iy, = i(ys — %) the i-th stator
phase self-inductance coefficie,.; cos(2¢0 — (i +5)7s)

2) Whenf=hvys—hvy,=h(ys— %) the term¥; cos(m,.6 —
hp~s), which describes the magnetic flux concatenated with
the h-th stator phase, reaches its maximum:

Uy cos(qf — hBys) =T,
=h(0e—%)
from which one obtains:
qh(ws—”;) —hBys — B=g-L
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