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The aim of this work is to give a new approach to obtain compact dynamic thermal mod-

Roberto Zanasi

Professor

Department of Engineering “Enzo Ferrari,”
University of Modena and Reggio Emilia,
Modena 41121, Italy

e-mail: roberto.zanasi@unimore. it

els suitable for a variety of systems where the heat transfer can be caused by conduction,
internal convection (not at the boundary), and evaporation/condensation of water. The
structural properties of the proposed dynamic model are presented and discussed in this
paper. These properties guarantee conservation of energy and mass within the system,
thus giving a good confidence in the correctness of the model. This paper shows that the
proposed model has a simple structure, can be easily implemented in SIMULINK, and pro-

vides simulation times much shorter compared with those usually obtained using CFD
programs. The proposed model proves to be suitable for real-time simulations and for
control design purposes. [DOIL: 10.1115/1.4033543]

1 Introduction

In today’s industrial applications, the use of models and simula-
tions is becoming increasingly important for many reasons: mod-
els can be used as a design tool, they allow to reduce time and
costs related to real tests, and they help in the control design.

Thermal systems can involve a very large variety of phenom-
ena. A large model able to catch the thermal behavior in full
details becomes soon very complex and likely to be completely
useless. A good model must offer a trade-off between accuracy
and simulation time. It must be able to catch all the main phenom-
ena and neglect the aspects of secondary importance. Moreover, a
model supported by structural properties based on thermodynamic
laws guarantees a certain level of confidence in the model. The
main approaches used in this field are computational fluid dynam-
ics (CFD) and reduced order models, both distributed and lumped
parameters, see Refs. [1] and [2] for discussions and comparison
among them.

Compact thermal models (CTM) have been proposed in Refs.
[3] and [4] for electronic systems. In CTMs, the system is seen as
a number of nodes connected by a resistive network. In Ref. [3],
some conditions are stated in order to find a complete set of
experiments to construct the compact model. In order to predict
temperature profiles, the so-called flexible profile approach is
introduced in Ref. [5]. A generalization of CTMs toward convec-
tive heat transfer is given in Ref. [6]. These compact models are
static, thus transients are not considered and this is reasonable
when thinking of systems in which transients can be disregarded.
However, there are many systems where dynamic thermal effects
may be important or settling times may be very large, for exam-
ple, in drying machines or in air-conditioning/heating plants for
buildings. Transient effects are considered in Refs. [7] and [8]
obtaining the dynamic compact thermal model (DCTM) that con-
siders distributive spatial and temporal effects. A new topology
for DCTM is introduced in Ref. [9] to generalize the approach for
transient problems.

In this paper, a modeling approach coming from energy-based
modeling techniques is exploited. The so-called energy-based
modeling techniques are based on the concept of power flows
within a physical system. In the past years, many graphical
energy-based modeling techniques have been introduced and
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developed: the bond graphs (BG) [10,11], the power-oriented
graphs (POG) [12], and the energetic macroscopic representation
[13]. The use of analogies among power variables allows to deal
with the modeling of multidomain systems with a common
approach. In Refs. [14] and [15], the analogies for variables in dif-
ferent energy domains are presented concerning the BG approach.
An example of CTM exploiting BG can be found in Ref. [16].

The thermal modeling approach proposed in this paper is gen-
eral and suitable for thermal systems involving heat transfer by
conduction, moist air flows dynamics, and air—water interaction
with evaporation and condensation. The model is lumped parame-
ter and dynamic, essentially based on the POG modeling tech-
nique. Once the system topology has been defined, the model can
be written in a straightforward way, and therefore, it can be also
built automatically. The used POG modeling technique guarantees
the conservation of energy and mass within the system, thus giv-
ing a certain confidence in the model. The mathematical properties
of the POG proposed model are described and proved in Sec. 2.1
of this paper. The number of parameters of the model is limited.
The particular structure of the model allows a very easy implemen-
tation in MATLAB/SIMULINK environment and it ensures small simu-
lation times. Moreover, adding new elements to the model does
not require to rewrite the model but only to increase the size of the
matrices of the model, which keeps the same structure. The simu-
lation results reported at the end of this paper show that the simula-
tion times obtained with the proposed lumped parameters model
are quite short compared with those usually obtained using CFD
programs which can provide more precise results but also require a
higher number of system and boundary layer parameters. The CFD
models and simulations can be useful in the product development
process, but they are not particularly useful for the design of sys-
tem control strategies or real-time simulations. The proposed
lumped parameters model is characterized by a limited number of
parameters that can be easily identified from experimental data,
and for this reason, the model is suitable for real-time simulations
and for control design purposes: it can be used to analyze the sys-
tem dynamics, to predict nonmeasured variables, to study the
effect of parameters variations, to test different control strategies,
and as a model-based design tool.

2 Thermal Model

2.1 Model C: Thermal Model With Heat Transfer Only
Due to Conduction. The following assumptions are made: (1) the
considered system model is composed of n elements (nodes) and a
set of thermal conductivities that may go between all pairs of
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nodes; (2) a model node is a portion of the model that can be rep-
resented by a thermal capacity C; at temperature 7; and that can
exchange heat with the other nodes through the thermal conduc-
tivities g;;; (3) the system interacts with the external world
only through m surfaces at constant temperature T for i¢c
{1, 2, ..., m} and through p heat sources supplying the thermal
power Q? fori € {1, 2, ..., p}; (4) no mass flows are present in
the system, i.e., the heat fluxes are only due to conduction; and (5)
evaporation and condensation phenomena are not considered. The
dynamic model of the considered thermal system can be written
in the following state-space form:

1
y =BTx + Du )

{ Li = A,x +Bu
where u is the input vector, x is the state vector, y is the output
vector, L is the energy matrix, A, is the power matrix, B is the
input matrix, and D is the input—output matrix. Matrix L and vec-
tors X, u, and y have the following structure:

_Tlu_
C T
C2 T2 Tu Trl:I
L= , X = U= N = |
Q, 0,
Cy T,
o,
-y
9
Q, 0,
y: = —
T, &
|7 ]
(2)

Model (1) is characterized by the fact that the input and output
vectors u and y are conjugated with respect to the variation of
entropy, ie., the ratios §; = Q;/T* for i € {1,2, ..., m} and
S? = QfI/T,v for i € {1, 2, ..., p} have the physical meaning of
variation of entropy. Matrix L is diagonal and contains all the
thermal capacities C; of the system. The thermal capacities are
constant (the time-variant case is considered later). The
state vector x is the vector of the temperatures 7; of the nodes,

—815 — 818 0 0 0 15 0 0 218 0

0 —8s5—89 0 0 825 0 0 0 229

0 0 —ou o 0 0 0 0 0

0 0 834 —834 — 845 845 0 0 0 0

Ay = 815 825 0 845 —815 — 825 — 845 — 856 856 0 0 0 (6)

0 0 0 0 856 —856 — 867 867 0 0

0 0 0 0 0 867 —8g7—8&y O 0

818 0 0 0 0 0 0 g5 0

. 0 829 0 0 0 0 0 0 —g|
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i.e., the average temperature of the ith element. Matrices A,
B = [B; B;] and D of system (1) are characterized only by the
thermal conductivities g;, for i,j€{l,2,...,n}, which
go between nodes 7 and j and the thermal conductivities gj;, for
i€{l,2,...,n}andj€{l,2, .., m} which go between node i
and input j. Matrices A, = [al”j] e R™", B, = [bl’}] e R,
B = [b” € R, and D = [dij] € Rm+P)X(m+p) gre defined as

follows:

n m
PR RN DY A A
k=1 k=1 ’

i bfj =g; O
- Ty
. n
o 1 if Q;’ # 0 enters elementi7 dy = _ZgZ/ ifi=j
Y 0 otherwise k=1 .
0 otherwise

where g;=g;; and g; =0 for i,j € {1, 2, ..., n}, and g}, = 0 for
J>m. It should be noted that coefficients g;; always appear four
times in matrix A, in symmetric positions. Considering g;;, a heat
flux given by g;;(T; — T;) goes from the node at temperature T; to
the node at temperature T;. The term g;;(T; — T;) appears with a
negative sign in the energy balance of node i and with a positive
sign in the energy balance of node j. This particular structure of
matrix A, guarantees that all the heat fluxes within the system
occur without generation nor dissipation of energy. System (1)
can also be written as

Lx A B||x X
I REO MR N
where matrix H is symmetric.

Numerical Example. Consider, for example, the thermal system
shown in Fig. 1. This system has nine node elements associated to
thermal capacities. Matrix L and vector x are

L = diag[Co,
Co=[CI C C3 C4 C5 Cs G Cs Gol'y (5
x=[T\ To Ty Tu Ts Ts T3 Ty To]"

where diag [x] is the diagonal matrix having on its diagonal the
elements of vector x. Matrix A, is
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The considered system interacts with the external world through a
surface at constant temperature T} and a heat source supplying the
thermal power Q1 to element 1. The input vector u, the output
vector y, and the matrices B and D are

” . 71T
=lg) o=[5) B
0} 7 B}
T
_[000000 g 00 p_|—¢h 0
0 0|’ 0 0

1 00 00O O
Properties of the Thermal Model With Heat Transfer Due to
Conduction. For the thermal model (1), the following properties
hold:

(1) Matrix L is always symmetric and positive definite, and
therefore, all its eigenvalues are real and positive.
(2) The thermal energy FE, stored in the system is given by

n 1

E =Y GTi=1Lx=Cjx, 1,=|: )
— 1

where 1, is the all-ones column vector of dimension n. Relation

(7) means that the thermal energy E, is equal to the sum of all

thermal energies C;T; stored in the thermal capacities C; of the

system.

(3) Matrix A, describes the power redistribution within the
system. The components of vector A x + Bu represent the
thermal power fluxes entering the thermal capacities C;:
A x represents the thermal fluxes inside the system, and
Bu represents the thermal fluxes entering the system.

(4) Matrix A, is symmetric, as stated also in Refs. [3] and [4].
When g;; = 0, matrix A, can be written as follows:

ZZ

i=1 j=

— )T ®)

—€)gij(e

where e; is the ith vector of the standard basis in the n-
dimensional space. Matrix A,, see Eq. (8), is the sum of symmet-
ric and negative semidefinite matrices, and therefore, it is negative
semidefinite and all its eigenvalues are zero or negative real. From

?g%ﬁ Iy
17, ?g67
15, Cs A
s, Cs lgs6
T4, Cy
3, G N
&34
—>
845
1829 . 818
v g T
T’9,C9 ]-'17C1
L, G I I 13,Cs
Va5 Ygis
Fig. 1 Thermal system with heat transfer only due to
conduction
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this property, it follows that the considered thermal system is
always stable in every operating condition and for any matrix L,
and therefore, when inputs are constant, the system always
reaches a stable final operating point.

(5) When g = 0, there is no thermal conduction interaction
of the system with the external environment. In this case,
it holds that A,1, = 0, i.e., the sum of all the columns of
matrix A, is zero, see Refs. [3,4], and [8]. This is equiva-
lent to say that matrix A, is not full rank and vector 1, is
the eigenvector associated to the null eigenvalue of
matrix A,.

(6) It can be proved that the number of zero eigenvalues of
matrix A, is equal to the number of isolated subsystems
within the considered system. The elements C; belonging
to each isolated subsystem can be determined computing
the eigenvectors associated to the zero eigenvalue.

(7) When gz = 0 matrix A, satisfies the relation: IZAg =0,
i.e., the sum of all the rows of matrix A, is equal to the
null vector and this means that the sum of all the thermal
fluxes within the system is always zero: generation or loss
of energy can never occur within the system. This prop-
erty can be found also in Refs. [3,4], and [8].

(8) When u = 0, the free response of the system with initial
condition X is

—1
X](Z) =t A*’[XO
. —1 . . -1
Matrix e“ A« satisfies the relations e“ A1,=1, and
1 . . .
Cg el At = Cg, i.e., vectors 1, and Cy are, respectively, the right

and the left eigenvectors of matrix L' Adt agsociated to the eigen-

value 2= 1. Whatever the initial condition x is, the total energy
E, stored in the system remains constant along the free response

_ CT _

= C, x; = constant

E, = Cg X/([) = Cg X0

where X is the final state of the system

CTX()
xr = lim x;(¢t) = 1, T, 0
/ [() n C(];1)1

t—00

Ty =

where Ty is the final constant temperature of the considered
system.

(9) When the input vector u = u is constant and matrix A, is
invertible, i.e., no isolated subsystems are present within
the system (see Property 6), matrix B, # 0 and the state
vector X in steady-state condition is

s _ _l —
= ng Bu

(10) If the input is u =T} # 0, after a transient the system
reaches the final steady-state condition

X = —A,'BT{ = 1,T}
i.e., all the final temperatures within the system are equal to the
external temperature 77.

(11) The temperatures 7; in the state vector x can be expressed
both in Kelvin and degree Celsius without modifying the
dynamics (1) of the thermal system. Consider, for exam-
ple, the case T, # 0 and all the temperatures in Eq. (1) are
expressed in Kelvin. In this case, the first equation of sys-
tem (1) can be rewritten as

Lx = A,x + B, T, + B, Q, )

Let T, denote the temperature in Kelvin corresponding to 0 °C and
let X and T" denote the vectors x and T, expressed in degree
Celsius. The following relations hold:
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x=x+1,Ty, T,=T"+1,T, (10)

Substituting these relations in Eq. (9), one obtains

LX = A,X + B, T" + B; Q, + A, 1,7y + B, 1,,To (11)
N———

w=0

The term w is zero because, due to definition (3), it satisfies the
following relation:

Ly

]m

W:Ag1,,T0<FBglmTo=I:Ag Bg}|: :|T0:O

i.e., the sum of the columns of matrix [A, B, | is always zero. It
follows that the system dynamics (11) expressed in degree Celsius
is equal to the system dynamics (9) expressed in Kelvin. What is
different is the value of the energy E, stored within the system.
Indicating with E, the stored energy calculated with temperatures
in degree Celsius, from Eqs. (7) and (10) it follows that:

E =1"lx=1"Lx +1'L1,Ty =E, +Ey — E,=E, —E
S e ——

E, Eo

where Ej is the energy stored in the system when all the thermal
capacities are at temperature 7.

For the sake of simplicity, the thermal model considered in this
section, i.e., heat transfer due only to conduction, will be referred
to as “model C” in the following.

2.2 Model CC: Thermal Model With Heat Transfer and
Mass Flows. The following assumptions are made: (1) the physi-
cal elements of the system can be solid, liquid, or gaseous; if all
the elements are isolated, no mass can flow among them and their
thermal capacities are constant; if some of the gaseous elements
of the system are not isolated, mass can flow among them by
means of air ducts and their thermal capacities C; are no longer
constant; (2) the elements of type “gas” of the considered system
are supposed to be constituted by moist air and are characterized
both by a temperature 7; and a pressure P;; (3) the internal convec-
tion mass flows are due to the pressure drop P; — P; at the termi-
nals of the air duct connecting the ith and jth elements, or due to
the pressure jump Al_’,-j forced by a fan inserted in the air duct, as
it happens in building heating/cooling systems or in drying
machines; and (4) the model parameters do not depend on the
boundary layer thermal phenomena associated with the system
local geometry. Let )V denote the set of ¢ indices of the moist air
elements of the system. The mass m,; and the mass density p; of
the ith moist air element, for i € V, can be expressed as follows:

m,;
12
v, (12)

m,; = [mia miv]Tv pPi = [p[a piv]T =

where m,,, m;,, p;s, and p;, are the masses and the mass densities
of the dry air and the vapor of the ith element, and V; is the vol-
ume of the element. The specific heat at constant pressure ¢, and
the thermal capacity C; of the ith moist air element can be
expressed as follows:

cp = [Ca CV]T, C; = m?,,-c¢

Table 1 Values of parameters of the thermal system
Dair 1.1842 kg/m? Ca 1005 J/(kg K)
Rgas 8.314 J/(mol K) Cy 4186 J/(kg K)
M, 18.015 g/mol ¢ 1900 J/(kg K)
M, 28.84 g/mol c 2272 kJ/kg

102801-4 / Vol. 138, OCTOBER 2016

where ¢, and ¢, are the specific heats of the dry air and the vapor,
respectively, see Table 1. The dynamic model of the thermal sys-
tem with heat transfer due to internal convection can be written as
follows:

13)

Li= (A, +A)x+Bu
, my, = Am m,

y =BTx+ Du

where matrices L, A,, B, andD and vectors x, u, and y are the
same as in system (1). Coefficients a’,r/ of matrix Ay = [a’;] S

R™" are defined as follows:

n

SN i e
S ;ﬁl i=j

fii if i#]

(14)

where f;; is the specific power coefficient which defines the ther-
mal power f;T; subtracted from element i and added to element ;.
The specific power coefficients f;; are defined as follows:

P pi v, cp ifijEV o by, if ¢y, >0
o otherwise Vit oo if by, <0
15)

where ¢v,, is the volume flow rate from element i toward element
J. From Eq. (15), it is evident that f;; > 0, fori,j € V, and if f;; # 0
then f; = 0. Moreover, the coefficients f;; always appear with op-
posite signs in two different positions of the ith column of matrix
Ay and this fact guarantees the energy conservation within the sys-
tem. The coefficients f;; of the proposed lumped parameters model
do not depend on the boundary layer thermal phenomena associ-
ated with the local geometry of the system. Vector m, € R*7 and
coefficients aj} of matrix A,, = [agf] e R2%4 for i, j €V, see
Eq. (13), are defined as follows:

¥ech T
P17, G ?gm
1. Ce A
Ps. T5.Cs 856
T4, Cy
P3a T35C3 e
834
—>
845
218
&
13,Cs

Fig. 2 Thermal internal

convection

system with conduction and
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m, my, 1 N
S eh L i i=j
Vi
m,, my, m Vi =
m, = = s aij = )
+ . . .
b, it i)
qu myq J

where I, is the identity matrix of order 2, and V; € V for
ke {1,2, ...,q}. The coefficients ¢;{/ always appear with oppo-
site signs in two different positions of the same column of matrix
A,, and this fact guarantees the conservation of mass within the
system. The volume flow rates ¢th’ for i,j € V, are defined as

follows:

1 _
by, === (Pi = P; + APy) (16)
i RI/
[ —fi2 —fi3 fa1
fi2 —fa1 = fa3 — far

fi13 3

0 0

A= 0 0

0 0

0 fr

0 0

L 0 0

The structures of matrix A,, and vector m, are

— (‘ﬁ\tlz + ¢$13)I2 ¢;;2112

V1 VZ
e —(Dfa1 + dios + i)l

V1 V2

An = R e s
V] VZ
0 0

0 ¢;27I2
L V2

Note that, for the considered case, the fourth row and the fourth
column of matrix A,, are zero because the moist air element 5 of
the system does not have any connections with the other four
moist air elements 1, 2, 3, and 7.

For the sake of simplicity, the thermal model of this type, i.e.,
heat transfer due to both conduction and internal convection, will
be referred to as “model CC” in the following.

2.3 Model CCE: Thermal Model With Evaporation and
Condensation. Let us now consider the case of a thermal system
with conduction, internal convection, and condensation/evaporation
of water. The following assumptions are made: (1) a few elements
of the system are supposed to be made of liquid water. Let W
denote the set of the r indices of the water elements of the system;
(2) the evaporation and condensation phenomena can happen only
between the liquid water and the moist air elements of the system;
(3) each liquid water element can interact with only one moist air
element, while each moist air element can interact with one or

Journal of Heat Transfer

where R;; is the hydraulic resistance of the air duct between ele-
ments / and j, and P;, for i € V), is the pressure of the ith moist air
element obtained as follows using the ideal gas law:

] m,,;

The values of parameters Rgas, M,, and M,, in Eq. (17) are
reported in Table 1. The pressure drop AP;; in Eq. (16) satisfies
relation AP; = 0, fori € V.

1 1

1
MV: M,V an

Pi:TiRgas|:

Numerical Example. Referring to the thermal system of Fig. 2,
suppose that the moist air elements are 1, 2, 3, 5, and 7. In this
case, it is V={1,2,3,5,7} and ¢=5. Matrices L, A,, and
vector x are the same as in Eqgs. (5) and (6). Matrix Ay defined in
Eq. (14) has the following structure:

f3 000 0 00
f 000 fn 00
~f1—f2 000 0 00
0 000 0 00
0 000 0 00 )
0 000 0 00
0 000 —f» 00
0 000 0 00
0 000 0 0 0]
+ -
I
vail2
Pvai2 0 0
Vs o
m
V3 V7 my
“@amtdlnb o, | ™™ (19)
Vs ns
0 0 0 m
0 0 M
Vi o]

more liquid water elements. The pressure of each liquid water ele-
ment is equal to the pressure of the moist air element with which it
interacts; (4) no mass flows between the liquid water elements will
be considered in the proposed dynamic model; and (5) the fluid sat-
uration pressure of the moist air elements is supposed to be inde-
pendent from the small pressure drop which is present between
adjacent moist air elements. The dynamic model of the thermal sys-
tem with evaporation and condensation can be written as follows:

{Lx = (Ag + Ar + A,)x + Bu +1(x,m)

where matrices L, A,, A¢, Ay, B, andD and vectors x, u, and y
are the same as in Eq. (13). Vector m,, € R" and coefficients a}‘/f

of matrix A,, = [(1}}] € R™" are defined as follows:

y =B'x +Du '
. m, A,m, + @,
m= | = - (20)
m,, Py
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Ny mW1
n
my nyy, w - g h,‘k if l:]
m, = . = . 5 ai; = k=1
o i)
My myy,

where W; € W, for i€ {1,2,....r}, and h; are the specific
power coefficients which define the thermal power aj;T; flowing
from element 7 to element j due to evaporation/condensation. The
coefficients &;; are defined as follows:

if (i,j)) e WxV
if (i,j) e V x W,
0 otherwise

Pij
o = { N

where ¢;; is the mass flow rate from element i toward element j due
to evaporation/condensation. When the mass flow rate ¢;; is posi-
tive, i.e., p; = (p; > 0, a real mass flux flows from ith element to-
ward the jth element. If i € WV is a liquid water element and j € V
is a moist air element, the mass flow represents an “evaporation”
phenomenon, and therefore, to calculate the heat flux, the water-
specific heat ¢,, must be used. Vice versa, if i € V) is a moist air ele-
ment and j € W is a liquid water element, the mass flow represents
a “condensation” phenomenon, and therefore, to calculate the
heat flux, the vapour-specific heat ¢, must be used. The values of
coefficients ¢, and c,, are reported in Table 1. Coefficients /; of vec-
torl = [li] € R" in Eq. (20) are defined as follows:

li —CJ(Z@Z? - Z@;)
= =

+
Cy (/)ij ]

Jp— +
h’] - Cy (Pij )

if ;; > 0and (i,j) € (W x W)U (W x V)

. 21
otherwise

where ¢, is the latent heat of evaporation/condensation of the
water, see Table 1. The term c;(p; represents the latent heat flux
associated to evaporation/condensation phenomena when a posi-
tive mass flow rate qﬁ moves from element i toward element j,
and therefore, the latent heat flux clq); is subtracted from element
i and added to element j. Coefficients ¢,; of vector ¢, = [(pv,-] €
R? and coefficients ¢, of vector @,, = [¢u] € R in Eq. (20)
are defined as follows:

0

n n

_ n n _ + z : +
¢, = + + ’ (r/)wy - Z (Pij - QDWJI(
Prv; Pvik k=1 k=1
k=1 k=1

where V; €V for ie{l,2,...q} and W;eW for
J€{1,2,...,r}. Note that when evaporation/condensation occurs,
the mass and the volume of the liquid water elements vary.
The volume variation of each liquid water element causes a

@  wyo(T)
J100

Jo

—]

|
|
I
|
|
0 100 7¢0)

185 T

P;, T, C7 I ?g67
1. Ce A
Ps. T5.Cs 856
T4, Cy
1223, 23 (C
834
s
Vi Vo
. lg” g8 gsg
of P9)) P18
L1 UG N2 PLTLC
12, 5,6 | 13,Cs
Yg2s Ygis

Fig. 4 Thermal system with conduction, internal convection,
and evaporation/condensation of water

volume variation of the corresponding moist air element with
which it interacts.

Evaporation/Condensation Mass Flow Rate ¢;. Some equa-
tions for the calculation of evaporation mass flow rate have been
proposed in Ref. [17]. In Ref. [18], a new function (T for the
evaporation mass flow rate has been introduced, see Fig. 3(a):
Wo(T) is the mass flow rate of water for unit surface that evapo-
rates in dry air at ambient pressure when the water and the dry air
are at the same temperature T expressed in degree Celsius

1
h= L (L0
100\ fo
The parameters f, and foo represent the water evaporation mass
flow rates at temperatures 0°C and 100°C, respectively. The

evaporation/condensation mass flow rate ¢; from element i to-
ward element j, used in Eq. (21), is defined as follows:

‘po(T) =/ ehT:

if (i,j) € W x V) (evaporation)
if (i,j) € (V x W) (condensation)

_1 Y
Qoij - 7"Pji

The function ‘V';; describing the water mass flow rate between ele-
ments 7 and j is defined as
Uj
usar(T7) )

(23)

(22)

W= (T3, Ty, ) = () (wom) — Yy (max(T,,T)))

(i.) eWxV)

where T; and m; are the temperature and the mass of the liquid
water element i, and 7; and u; are the temperature and the specific

®)  om;)

mi

Fig. 3 (a) Shape of the evaporation function v, (T) and (b) qualitative shape of function

a(mj)
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Fig.5 POG block scheme of the thermodynamic system (20)

humidity of the moist air element j. The specific humidity u; and
the humidity ratio #; of the moist air element j are defined as u; =
mj, [mj, and it; = 100 [u;/us(T})] . The specific humidity u; is
always positive and must be lower than the specific humidity at
saturation ug(7;) corresponding to temperature T, i.e.,
0 < uj < ugy(Tj). Coefficient o(m;) is a positive function of the
water mass m;, see Fig. 3(b), which describes the area of the con-
tact surface between the liquid water and the moist air elements.
The condition '¥;; = 0, corresponding to the absence of evapora-
tion/condensation, is obtained when o(m;) = 0, i.e., when m; =0
see Fig. 3, or when air-specific humidity u; is equal to the particu-
lar value ujeq = s (T;)Wo(T;) /Yo (max(T;, T;)). If the temperature
T; of the water is equal to the temperature TJ of the moist air, i.e.,
if T;=T,, the condition of no evaporation/condensation arises
when u; = ug(T;), that is, when the air-specific humidity u; is
equal to the saturation humidity ug (7). Consider, for example,
the case T; > T, with (i, /) € (W x V) :if u; < gy (Tj), then ¥ >
0 and evaporation occurs; if u; > us(T;), then ¥;; < 0 and con-
densation occurs.

Numerical Example. Consider the thermal system shown
in Fig. 4. For this system: (a) the moist air elements are )V
={1,2,3,5,7} with ¢g=5; (b) the liquid water elements are
W = {8,9} with r=2; (c) evaporation/condensation mass flow
rates are present between the liquid water elements 8 and 9 and
the moist air elements 1 and 2, respectively; (d) the liquid water
element 9 is heated by the heat flux Q'll which improves the evapo-
ration; and (e) the liquid water element 8 is in contact with the
solid element 6. Matrices L, Ay, and A, and vectors x and m, are
the same as in Eqgs. (5), (18), and (19). Vectors uandy and matri-
ces B and D are

[ _[e
(g} (4}

T
Boooooog?1007D:—g310
0000O0O0 0 01 0 0

The structure of matrix A, is the same as in Eq. (6) with the addi-
tion of thermal conductivity gge in the proper symmetrical posi-
tions. The structure of matrix A,, is

—c 0y 0 00 0 0 0 cwpg 0
0 —aply 00000 0  cph
0 0 00 0 00 0 0
0 0 00 0 00 0 0
A, = 0 0 00 0 00 0 0
0 0 00 0 00 0 0
0 0 00 0 00 0 0
ol 0 00 0 0 0 —cwog 0
0 6ply 0 0 0 0 0 0 —Cw Py
(24)

The structures of vectors 1, @, ¢,,, and m,, are

0
a(edi = ois) Lva - QTJ
a(ed = 93) 0

0 Pu L”axz - 4”2@}
0 P2 o]

1= 0 Q, P3| = 0 )

0 P4 -
0 o 0
a(ofs — o) :0:
_Cl(@;9 - ‘P;rz) i 0
0

. = Pt | _ Pis — P5)
! P ?30 — P
ny ng
m,, = =
My moy
For the sake of simplicity, the thermal model of this type, i.e.,
heat transfer due to both conduction and internal convection and

presence of water evaporation/condensation, will be referred to as
“model CCE” in the following.

(25)

3 Simulation

The thermodynamic system (20) can be graphically represented
by the block scheme shown in Fig. 5, which has the typical struc-
ture of the POG schemes, see Ref. [18]. Usually in the POG
schemes, the variables involved in each vertical dashed line are

A*x

inv(L)

Ag+Af+Aw I(x,m)

Tx

Temperatures

Fig. 6 smuLink block scheme of the thermodynamic system (20)

Journal of Heat Transfer

OCTOBER 2016, Vol. 138 / 102801-7

Downloaded From: http://heattransfer.asmedigitalcollection.asme.or g/ on 07/27/2016 Terms of Use: http://www.asme.or g/about-asme/ter ms-of-use



Temperatures 'I;

32 T

T 1 I T
30( o 1 Tz_Ta‘ - T4 Ts Te_T7_ - Ta‘ - Ts" Tl:_

28

G 26

L
= 24

10 20 30 40 50 60

Pressures Pi
1.025 T T T T T

1.02 : : P1 Pz Pa == 'Ps P7L

L ! ! L
20 30 40 50 60
Time (min)

Fig.7 Temperatures T;and pressures P; of model C

conjugated with respect to power. Otherwise, in the particular been performed on a standard personal computer equipped with
case of the thermodynamical system shown in Fig. 5, the variables  an Intel Core2 Duo CPU E8500 at 3.16 GHz and 3.46 GB of ram
T; and Q; involved in each dashed line are conjugated with respect  using a variable step solver ope23t1B. The same siMULINK model
to the variation of entropy as stated in Sec. 2.1. with different parameters has been used to simulate all the

The block scheme in Fig. 5 has been implemented in MaTLAB  three dynamic models (1), (13), and (20): the conduction model
using the simULINK model shown in Fig. 6. The simulations have C, the internal convection model CC, and the evaporation/

Specific humidities u,
0.01 T T T T

U1 U2 u3 U5 U7

0.006

T

(kgv/kga)

0.004 : : : .

T

0.002 : : : -

0 I 1 1 I 1
0 10 20 30 40 50 60

Humidity ratios: ur,

T T T T
ur1 UI‘2 ur3 UI‘5 ur7
25 | | 1 | |
10 20 30 40 50 60
Time (min)
Fig. 8 Specific humidities u; and humidity ratios u; of model C
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Fig.9 Temperatures T;a

condensation model CCE. In simulation, the following initial
conditions have been used: u; = uy = u3 = us =u; =6 g/kg,
P1=09938am, x"=[T; T, T3 T4 Ts T¢ T; Tg To]
= [19 21 20 22 19 19 235 18 SO}OC, P, = 1.0006
atm, P3 = 0.9972 atm, Ps = 0.9938 atm, and P7; = 1.0091 atm.

nd pressures P; of model CC

3.1 Simulation of Model C With Conduction. The simula-
tion of model C has been performed considering no heat sources
within the system and with the external temperature 77 = 23 °C,
see Fig. 1. The obtained simulation time was 9.82s. The tempera-
tures T; of the system elements and the pressures P; of the moist

Specific humidities u,

0.01 T T
0.008

0.006

Y

kgv/kga)

0.004

=

0.002

1 |
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Humidity ratios:
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1
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1
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Fig. 10 Specific humidities u; and humidity ratios u; of model CC
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Volume flow rates: FVij
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Fig. 11

air elements 1, 2, 3, 5, and 7 are shown in Fig. 7. Note that, after a
transient, all the temperatures 7; tend to the constant temperature
T{ and all the pressures tend to the same value P; = 1.0075 atm.
The specific humidities and the humidity ratios of the moist air
elements are shown in Fig. 8. Since no mass flows are present
within the system, the specific humidities u; remain unchanged,
while the humidity ratios #; change with the temperature.

3.2 Simulation of Model CC With Conduction and
Internal Convection. The simulation of model CC has been per-
formed c0n51der1ng the external temperature 77 = 23 °C and the
heat flux Q1 = 150 W in element 1, see Fig. 2. The obtained sim-
ulation time was 10.41s. In this case, the air can circulate within
the system flowing through the four air ducts characterized by the
hydraulic resistances Ri», R23, R31, and Ry7. Moreover, a fan
located between elements 1 and 2 produces a pressure jump
AP, = 240 Pa. The temperatures T; of the system elements and
the pressures P; of the moist air elements are shown in Fig. 9.
Note that, after a transient, the temperatures 7; settle to different

Time (min)

Volume flow rates ¢,,, ¢,,, and ¢, of model CC

values. The pressure Ps increases because temperature 7T
increases and the air of element 5 is isolated, i.e., it cannot
expand. The specific humidities and the humidity ratios of the
moist air elements are shown in Fig. 10. Also, in this case, the spe-
cific humidities remain unchanged, while the humidity ratios
change with the temperature. The volume flow rates ¢y, ,, ¢y,
and ¢y, are shown in Fig. 11. The volume flow rate ¢y, is almost
Zero.

3.3 Simulation of Model CCE With Conduction, Internal
Convection, and Evaporation/Condensation of Water. The
simulation of model CCE has been performed considering the
external surface temperature 7} = 23 °C and the heat flux Q1 =
50 W entering the liquid water element 9, see Fig. 4. The obtained
simulation time was 13.38 s. Like in the previous case, the air can
circulate between the moist air elements 1, 2, 3, and 7, and the
pressure jump AP, = 240 Pa has been inserted between elements
1 and 2. The initial masses of the liquid water elements are:
mg(0) = 0.5 kg and my(0) = 0.7 kg. The temperatures T; of the

Temperatures 'ﬁ

30 T T

T5 Te_T7 Ta“ Tg__ T:]
I I I I
20 30 40 50 60
Pressures P,
1.015 T T o ___—_———-—= . | —————
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P ——
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Fig. 12 Temperatures T;and pressures P; of model CCE
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Variation of Mass Am8 and Am9
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Fig. 13 Mass variations Amg, Amy, and evaporation/condensation mass flow rates —¢,g and

(g, of model CCE

system elements and the pressures P; of the moist air elements are
shown in Fig. 12. Note that, after a transient, the temperatures set-
tle to different values. The pressure Ps increases because Ts
increases and the air of element 5 is isolated. The mass variations
Amg = mg(t) — mg(0) and Amg = mo(t) — my(0) of the liquid

water elements and the evaporation/condensation mass flow rates
—@,3 and g, are shown in Fig. 13. It should be noticed that mass
my decreases, while mass mg increases according to the fact that
element 9 is heated and the water tends to evaporate, while ele-
ment 8 is at a lower temperature and vapor tends to condensate.

Specific humidities u,
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Fig. 14 Specific humidities u; and humidity ratios u; of model CCE
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The specific humidities and humidity ratios of the moist air ele-
ments are shown in Fig. 14. Note that, in this case, the specific
humidities in the moist air elements 1, 2, and 3 increase because
the evaporation of water tends to saturate the air humidity.

4 Conclusion

A new method to obtain compact dynamic thermal models is
provided in the paper, based on an energy-based modeling
approach. The proposed lumped parameters model is able to
describe different types of heat transfer within the physical sys-
tem: conduction, internal convection, and evaporation/condensa-
tion of water. The structure of the presented model is simple
because it tries to describe only the main dynamics of the consid-
ered physical system. In particular, it does not take into account
the boundary layer phenomena and the local geometry depend-
ence of the system parameters. The structure of the proposed
model guarantees the conservation of energy and mass within the
system, thus providing a certain level of confidence in the model.
The proposed model can be easily implemented in SIMULINK and
the obtained simulation times are much shorter compared with
those usually obtained using CFD programs. The proposed model
does not guarantee very precise modeling, but it is suitable for
real-time simulations and for control design purposes: it can be
used to analyze the system dynamics, to predict nonmeasured var-
iables, to study the effect of parameters variations, and to test dif-
ferent control strategies. The proposed model can be fruitfully
used for designing the control laws of dryers, drying rooms, build-
ing conditioning systems, engine cooling systems, and industrial
cooling systems. The next work on this topic will address the de-
velopment of algorithms for fast and adaptive identification of the
system parameters, based on experimental data, in order to obtain
a precise and robust control of the considered thermal system.

Nomenclature

¢, = specific heat of dry air at constant pressure (J/(kg K))
¢, = latent heat of evaporation/condensation of water (J/kg)
¢, = specific heat of water vapor at constant pressure (J/(kg K))
¢,, = specific heat of water (J/(kg K))
C; = thermal capacity of element i (J/K)
fij = specific power coefficient between elements
iandj (J/(s K))
g;; = thermal conductivity between elements i and j (J/(s K))
M, = molar mass of dry air (kg/mol)
M,, = molar mass of water (kg/mol)
mass of dry air in element 7 (kg)
= mass of vapor in element 7 (kg)
P; = pressure of element i (Pa)
thermal power (entering or exiting) of element i (J/s)
Rg,s = ideal gas constant (J/(mol K))
‘Rij = hydraulic resistance between elements i and j (Pa-s/m>)

33
< 8
I

.
Il

102801-12 / Vol. 138, OCTOBER 2016

=
|

= temperature of element i (K)
specific humidity of moist air element i (kg/kg)
i; = humidity ratio of moist air element 7 (%)
V; = volume of element i (m>)
Pair = air mass density at 7 = 25 °C and P =1 atm (kg/m3 )
pia = mass density of dry air in element i (kg/m>)
piv = mass density of vapor in element i (kg/m")
¢; = mass flow rate between elements 7 and j (kg/s)
(bvu = volume flow rate between elements i and j (m?/s)

=
Il
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