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The aim of this work is to show how the modeling of an electromechanical system can be addressed using
the energy-based graphical modeling technique named ‘‘Power-Oriented Graphs’’ (POG). Differences and
analogies of POG against Bond Graphs modeling technique are discussed. The paper presents the POG
dynamic model of an automatic corking machine for threaded plastic caps: the system is composed by
two electric motors moving a ball screw/spline that realizes the linear/rotary motion necessary to screw
a plastic cap on a bottle. First an extended POG model is presented, together with the equivalent Bond
Graph model, then some proper congruent state space transformations and a POG-based graphical
method are introduced to transform and reduce the system dynamic model. Simulation and experimental
results are finally presented and compared.
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1. Introduction

The choice of a modeling technique is a very important issue
when dealing with the modeling of dynamic physical systems.
Many graphical modeling techniques that use an energy-based ap-
proach have been introduced in the past years: the Bond Graphs
(BG) [1,2], the Power-Oriented Graphs (POG) [3], the Energetic
Macroscopic Representation (EMR) [5], etc. The basic concept of
all these techniques is the use of an energy-based approach which
clearly shows how the power flows within the system. Some com-
parisons among these techniques can be found in [6,7]. In [8] a
combination of BG and standard block diagrams is used to repre-
sent mechatronic systems in a holistic modeling approach. Tradi-
tionally these techniques have been developed to model systems
in the electric, mechanical and hydraulic domains, but in last years
BG are extending their modeling capabilities also to the chemical
and thermodynamic field, see [9] and to the modeling of measure-
ment uncertainties in electromechanical applications, see [10]. In
this work the POG modeling technique is first introduced and com-
pared with BG and then exploited to model the system. The POG
technique is based on a modular structure which allows to obtain
the model of a complex physical system by interconnecting the
POG models of all its subsystems interacting each other through
their power ports. The POG block schemes are easy to draw and
read even for beginners, they are in direct correspondence with
the state space dynamic equations of the system, they are very
compact (use vectorial notation), they guarantee energy conserva-
tion, they allow to transform (reduce and/or invert) dynamical sys-
tems and they can be directly translated into Simulink for
simulations.

The problem of model order reduction is under investigation
since many years with several approaches, see [11] and the refer-
ences therein. In particular, in model order reduction of physical
systems, preservation of passivity in the reduced model is a crucial
issue and some approaches are introduced in [11–13]. The POG ap-
proach allows to transform and reduce models, preserving the sys-
tem properties, when some dynamic elements of the system tend
to zero or to infinity, see [14]. Moreover, in this paper two methods
to obtain an input–output static model by reducing a dynamic
model are introduced: one based on POG state-space representa-
tion and the other based on POG graphical scheme.

An example of dynamic modeling of a system with belt trans-
mission and screw ball is given in [15] where Lagrange method
is exploited to write the equations of the system. Another example
of modeling of a ball-screw driven servomechanisms, to obtain a
design methodology, is presented in [16,17]: here the modeling
is in part addressed using non-structured standard block schemes
as opposite to POG block schemes for which many structural
properties hold (such dissipativity, power sections, etc.) as it will
be discussed in the paper. In this paper the mechatronic system
presented in [18] (automatic corking machine for threaded plastic
caps with a ball screw/spline) is considered and modeled exploit-
ing the POG approach.
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Fig. 1. Bond Graphs definitions of the effort and flow variables and Power-Oriented
Graphs definitions ofacross and through variables.
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The corking machine here considered is an electromechanical
system with two degrees of freedom: two controlled electrical mo-
tors move a ball screw/spline that actuates the linear-rotary mo-
tion necessary to screw a plastic cap on a bottle. A prototype of
the machine has been realized. The paper presents an extended dy-
namic model of the whole machine and then introduces some
POG-based transformation techniques in order to obtain the trans-
formed and reduced model. An accurate dynamic modeling of the
whole system is very useful in the design of the machine (model-
based design) because it provides information for the choice of
parameters, the evaluation of performances that can be obtained
and the design of the control. The simulation model allows the test
of different control algorithms in simulation before the implemen-
tation on the real machine.

2. Graphical energy-based modeling techniques

In this section the basic properties of the Power-Oriented
Graphs technique are presented and a comparison with the well-
known Bond-Graphs is given. Both techniques are graphical ap-
proaches to the modeling of dynamic systems and they are en-
ergy-based: the components interact through energy ports and
the power flowing through these ports is clearly shown in the
graphical representation. This energetic approach is useful for mod-
eling because all the dissipative physical systems are characterized
by these properties: (1) a physical system always stores and/or dis-
sipates energy; (2) the dynamic model of a physical system de-
scribes how the energy moves within the system, (3) the energy
moves from point to point only by means of two power variables.
The product of the two power variables in each physical domain
(electric, mechanical and hydraulic) is power. In BG the power
variables are defined as effort and flow, see for instance [24], while
in POG the across and through variables,1 see [4], are used as shown
in Fig. 1. For the sake of simplicity, in the following e will denote ef-
fort and across variables, while f will denote flow and through vari-
ables thus considering only the POG-BG analogy in the electric and
hydraulic domains.

The Bond Graphs technique is well-known and well established,
therefore it will not be described in details in the paper but only
the issues useful for a comparison with POG will be considered.
In the Bond Graphs representation a half arrow represents a
‘‘power bond’’ where the effort and flow variables are written
respectively above and below the half arrow:

The direction of the half arrow defines the direction of positive
power transport. The vertical stroke defines the input variable of
the corresponding mathematical model: when the stroke is at
the begin of the half-arrow the input variable is the flow, when
the stroke is at the end of the half-arrow the input variable is the
effort. The following nine basic node-types are distinguished in BG:

– 1-port components: C, I, R, Se, Sf
1 An across variable is a variable defined between two points (i.e. voltage, speed,
pressure), a through variable is a variable defined in each point of the space (i.e.
current, force, flow rate).
represent physical elements that store or dissipate energy (such as
capacitor, inductor, resistor) or sources (such as voltage or current
sources).
– 2-port components: transformer TF and gyrator GY

represent physical elements that transform the power without stor-
ing nor dissipating energy (such as transformers, gear reduction). A
letter M can also appear in the node symbol, MTF and MGY, stand-
ing for ‘‘modulated’’, thus expressing that the 2-port component de-
pends on an external modulating signal.
– 3-port components: 1-junction and 0-junction

represent connections: the 1-junction connects elements sharing
the same flow (i.e. the series connection in the electric domain),
the 0-junction connects elements sharing the same effort (i.e. the
parallel connection in the electric domain). Note that the number
of ports in junctions is not limited to 3 thus allowing to connect
in general n elements.

2.1. The Power-Oriented Graphs technique

The main features of the POG modeling technique are stated in
[3]. The POG technique uses only the two basic blocks shown in
Fig. 2 for modeling physical systems:

(a) The elaboration block (e.b.) is used for modeling all physical
elements that store and/or dissipate energy (i.e. spring, mass, dam-
per, capacitor, inductor, resistor, etc.). With this block it is possible
to model the 1-port elements of types C, I, R used in the BG tech-
nique. The summation element at the top of the block is suitable
for modeling all the 3-port connection elements (0-junction and
1-junction) of the BG technique. The black spot within the summa-
tion element represents a minus sign that multiplies the entering
variable. The e.b. can be scalar or vectorial and for linear systems
matrix GðsÞ is always a square matrix of positive real transfer
functions.

(b) The connection block (c.b.) is used for modeling all physical
elements that ‘‘transform the power without losses’’ (i.e. neutral
elements such as gear reductions, transformers, etc.). This block



Fig. 2. POG basic blocks: elaboration block and connection block with the corresponding BG elements.
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models all the 2-port elements (transformers TR and MTF, and
gyrators GY and MGY) of the BG technique. In the vectorial case,
matrix K can also be rectangular, time varying or function of other
state variables.

The vertical dashed lines in Fig. 2 represent the power sections
which connect the two POG basic blocks with the external world.
There are no restrictions on the choice of the vectors x and y in-
volved in each dashed line except the fact that the inner product
hx; yi ¼ xTy must have the physical meaning of power flowing
through the section.

2.2. Comparison BG-POG

Both BG and POG have a direct correspondence between the
power ports of the system and the power ports of their graphs.
Consider, for example, the POG and BG models of a DC electric mo-
tor shown in Fig. 3: the POG model is shown in the top-left and the
BG model is shown in the bottom-left. The POG model can also be
written using the POG vectorial form shown on the right part of
Fig. 3. Note that this POG vectorial representation does not have
a correspondent BG.

cThe power sections, represented by dashed lines in POG
schemes, keep the two power variables coupled, thus corre-
sponding to the power bond in BG. The POG technique uses a
small arrow ‘‘?’’ put next to the power section to indicate (if nec-
essary) the positive direction of power P flowing through the
section. Each physical element interacts with the external world
or with other physical elements by means of the power ports
associated to its terminals. The two possible ways of connecting
a physical element are in series and in parallel: the connection
is in series when the two terminals of the physical element share
Fig. 3. POG block scheme and Bond
the same through-variable; the connection is in parallel when the
two terminals share the same across-variable. For the mechanical
domain the definitions of ‘‘connection in series’’ and ‘‘connection
in parallel’’ given by BG and POG are different. In BG two
mechanical elements are connected in parallel (0-junction) if
they share the same effort variable (Force F) while they are con-
nected in series (1-junction) if they share the same flow variable
(Velocity v). On the contrary in POG two mechanical elements are
connected in parallel if they share the same across variable
(Velocity v) while they are connected in series if they share the
same through variable (Force F). Consider, for example, the spring
and damper system shown in the left part of Fig. 4: the two
physical elements are considered connected in parallel for the
POG and connected in series for the BG, see also [25] for a similar
example.

A comparison between the BG and POG basic blocks is shown in
Figs. 5 and 6. The POG representation of a dynamic element use an
elaboration block both for series and parallel connections, see
Fig. 5, no matter the type of variables. The summation elements
in the elaboration blocks represent the Kirchhoff’s Voltage Law
(KVL) when they are applied to the across variables e1; e2 and e
(i.e. series connection) and they represent the Kirchhoff’s Current
Law (KCL) when applied to the through variables f1; f 2 and f (i.e.
parallel connection). Note that in BG the use of the 0-junction
and 1-junction depends on the definition of the effort and flow
variables.

The components representing Sources in BG are represented in
POG by the power input sections, see Fig. 6. The physical elements
can be connected also by means of elements that redistribute
the power without storing nor dissipating energy. As reported
in Fig. 6 in BG there are two types of neutral elements: the
Graph of a DC electric motor.



Fig. 4. A spring and damper system: POG and BG.

Fig. 5. Comparison of POG and BG representation of power sections and physical
elements.

Fig. 6. Comparison of POG and BG representation of sources and connection
elements.
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transformers which link variables of the same type (i.e. e2 ¼ me2

and f1 ¼ mf 2) and gyrators which link variables of different type
(i.e. f2 ¼ r e1 and f1 ¼ r e2). The POG technique uses only one type
of block, i.e. the connection block, for representing all types of neu-
tral elements, no matter the type of variables. Note that the dis-
tinction between transformer and gyrators in BG is a direct
consequence of the definitions chosen for the effort and flow
variables.

Usually BG use a scalar notation, but also Vector Bond Graphs
exist in the literature, see [27,6], with the restriction that all the
vectors must be homogeneous, i.e. the vector components must
be all efforts or all flows. In order to have a more compact scheme,
POG often use a vectorial notation where the variable vectors can
contain mixed across or through variables, see for example the
POG vectorial scheme shown in the right part of Fig. 3. Like in
BG, a POG can be written with derivative or integral causality,
but obviously integral causality is mandatory in order to have
POG models suitable for simulations.

The state space equations of a physical system can be deduced
from both BG and POG. For the BG a procedure to obtain such equa-
tions is introduced in [26]. One can easily prove that using the POG
approach the dynamic equations of a physical system can always
be written in the following POG state-space form:

L _x ¼ �Axþ Bu
y ¼ BT x

�
ð1Þ

where x is the state vector, u is the input vector, y is the output vec-
tor, L is the energy matrix, A is the power matrix and B is the input
matrix. The following properties hold: the energy matrix L is always
symmetric and positive definite L ¼ LT > 0; the power matrix A can
be decomposed in symmetric and skew-symmetric part

A ¼ As þ Aw ¼ ðAþATÞ
2 þ ðA�ATÞ

2 where As contains only dissipation
terms and Aw only connections; for linear systems the energy Es

stored in the system can be expressed as Es ¼ 1
2 xTL x; the dissipating

power Pd in the system can be expressed as Pd ¼ xTAs x; the skew-
symmetric part Aw of the power matrix A represents the power
redistribution within the system ‘‘without losses’’, i.e.
Pd ¼ xTAw x ¼ 0. The POG form (1) is similar to the notations used
for the port-Hamiltonian equations in co-energy variables [12]
and in generalized state-space equations [21].

2.2.1. Procedure for writing POG state-space equations from a POG
scheme

The POG state-space Eq. (1) can always be obtained from the
corresponding POG scheme using the following procedure (in this
case the procedure has been applied to the POG model shown in
Fig. 3):

1. Choose the components of the state vector x equal to the output
power variables of the dynamic elements of the system, in the
example x ¼ ½ I x �T.

2. Choose the components of the input vector u and output vector
y equal to the power variables involved in the input and output
power sections of the POG scheme, in the example u ¼ ½V s �T

and y ¼ ½ I x �T.
3. The elements of the diagonal matrix L must be chosen equal to

the inverse of the coefficients which characterize the dynamic
elements of the system taken in the same order used for the
state vector x, in the example L ¼ ½L 0; 0 J �.

4. The component ai;j of matrix �A is equal to the gain of the path
that in the POG scheme goes from the jth state variable xj to the
input of the ith dynamic element, in the example
A ¼ ½R K; �K b �.

5. The component bi;j of matrix B is equal to the gain of the path
that goes from the jth input variable uj to the input of the ith
dynamic element, B ¼ ½1 0; 0 1 �.

This procedure applied to the POG model shown in Fig. 3
provides the following state-space equations:

L 0
0 J

� � _I
_x

" #
¼ �

R K

�K b

� �
I

x

� �
þ

1 0
0 1

� �
V

s

� �
I
_x

� �
¼

1 0
0 1

� �
I

x

� �
8>>>><
>>>>:

ð2Þ

As stated in [26], BG components can be combined to give a
‘‘simplified BG’’ with the same or approximate external behavior
as the original BG. This is a kind of model reduction. As it will be
discussed in Section 5, the POG technique allows to transform
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and reduce the model of a dynamic system using some graphical
rules thanks to which for the POG schemes the explicit expressions
of the ‘‘equivalent’’ parameters of the reduced model can be easily
obtained.

3. Description of the corker system

A picture and a photograph of the considered electromechanical
corker system are shown in Fig. 7. The system is composed by two
three-phase motors ELAU ISH 070_60017, two pulley-belt transmis-
sions and a linear-rotary unit that contains Ball Screw grooves and
Ball Spline grooves crossing each other on a single shaft (ball
screw/spline). The two motors are connected to the pulley-belt
transmissions and cause the linear-rotary motion of the Tool Center
Point (TCP). In particular the upper motor actuates the screw mo-
tion and the lower motor actuates the spline motion. The motion
control of the pulleys is realized by the controller ELAU C400 in-
cluded in the electric motors. A schematic representation of the
structure of the considered corker system is shown in Fig. 8 to-
gether with some parameters and variables.

4. POG modeling of the system

The POG model of a physical system can always be obtained
identifying the power sections of the system and following the
power flows. Usually the POG schemes are drawn from left to right
putting the POG block of the considered physical element between
each pair of adjacent power sections.

The POG block scheme of the corker system is reported in Fig. 9.
Note that in the POG scheme of Fig. 9 the power sections are de-
noted by numbers. The same numbers are used in Fig. 8 to denote
the corresponding power sections of the physical system. In this
case a POG vectorial scheme is used: each power section of the
POG scheme of Fig. 9 corresponds to two power sections of the
physical system shown in Fig. 8.

The power section r is the input section of the two electrical
motors and involves as power variables the voltage vector Vs and
current vector Is. The blocks between power sections r and t rep-
resent the dynamic model of the two electric motors, blocks be-
tween sections t and u represent the external pulleys radii,
blocks between sections u and v represent the stiffness of the
belts, blocks between sections v and w represent the internal pul-
leys radii, blocks between sections w and x represent the the iner-
tias and the friction of the internal pulleys, blocks between x and
y represent the interaction between the nuts of the ball screw/
spline and the shaft, and blocks between sections y and z repre-
sent the dynamics of the shaft. Finally the output section z corre-
sponds to the power section associated to the TCP of the shaft and
Spline motor

Screw motor

Fig. 7. Picture of the corker system and photograph of the real prototype.
involves as power variables the speed vector _Xa and the force vec-
tor Fag . The Vector BG model of the system corresponding to the
POG of Fig. 9 is shown in Fig. 10.

4.1. POG modeling of the electrical motors

An exhaustive description of POG modeling of permanent mag-
net synchronous motors with an odd number ms of star-connected
phases can be found in [19,20]. The POG scheme of the two three-
phase motors is shown in Fig. 9 between the power sections r and
t. The meaning of the variables and parameters of the considered
electric motors are reported in Table 1: subscript ‘‘e’’ refers to the
screw motor and subscript ‘‘r’’ refers to the spline motor. Vectors
and matrices present in the POG scheme of Fig. 9 between sections
r and t have the following meaning:

Vs ¼
Ve

Vr

� �
; Is ¼

Ie

Ir

� �
; xm ¼

xe

xr

� �
; sm ¼

sme

smr

� �

Ls ¼
Le 0
0 Lr

� �
; Rs ¼

Re 0
0 Rr

� �
; Ks ¼

Kse 0
0 Ksr

� �

Jm ¼
Je 0
0 Jr

� �
; Bm ¼

be 0
0 br

� �
where 0 denotes a zero matrix of proper dimension. The voltage and
current stator vectors Ve; Vr; Ie and Ir are defined as follows:

Ve ¼
Ve1

Ve2

Ve3

2
64

3
75; Vr ¼

Vr1

Vr2

Vr3

2
64

3
75; Ie ¼

Ie1

Ie2

Ie3

2
64

3
75; Ir ¼

Ir1

Ir2

Ir3

2
64

3
75

In the POG model of the three-phase motors, see [20], the
inductances are three-dimensional dynamic elements described
by the following matrices Le and Lr:

Le ¼
Le0 Me0 cos 2p

3 Me0 cos 4p
3

Me0 cos 2p
3 Le0 Me0 cos 2p

3

Me0 cos 4p
3 Me0 cos 2p

3 Le0

2
64

3
75

Lr ¼
Lr0 Mr0 cos 2p

3 Mr0 cos 4p
3

Mr0 cos 2p
3 Lr0 Mr0 cos 2p

3

Mr0 cos 4p
3 Mr0 cos 2p

3 Lr0

2
64

3
75

where Le0 ¼ Le �Me0 and Lr0 ¼ Lr �Mr0. The structure of matrices Le

and Lr comes directly from the differential equations describing the
electrical part of the motors. The resistance matrices Re and Rr are
diagonal: Re ¼ Re I3 and Rr ¼ Rr I3 where I3 is the 3� 3 identity ma-
trix. The torque vectors Kse and Ksr are defined in [20]. They satisfy
relations KT

sIs ¼ se and Ksxm ¼ Em where se is the motor torque vec-
tor and Em is the back-electromotive force vector.

4.2. POG modeling of the belt transmission system and the linear-
rotary unit

The POG scheme of the belt transmission system is shown in
Fig. 9 between the power sections t and x. The meaning of the
variables and parameters of the transmission and linear-rotary
unit are reported in Table 2. The vectors and matrices present in
the block scheme have the following meaning:

Fc ¼
Fe

Fr

� �
; xt ¼

xte

xtr

� �
; st ¼

ste

str

� �

R1 ¼
R1e 0
0 R1r

� �
; Kc ¼

Kce 0
0 Kcr

� �
; R2 ¼

R2e 0
0 R2r

� �



Fig. 8. Structure and parameters of the considered corker system: electric motors, pulleys, belts and screw/spline shaft.

Fig. 9. POG scheme of the corking system composed by the three-phase electric motors, the pulley-belt transmissions, the nuts of the ball screw and the ball spline and the
shaft.
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J2 ¼
J2e 0

0 J2r

" #
; B2 ¼

b2e 0

0 b2r

" #
; H1 ¼

ra cos a 0

ra sina 0

0 ra

0 0

2
66664

3
77775
Matrix H1 satisfies the following relation:

H1xt ¼

ra xte cos a
ra xte sin a

ra xtr

0

2
6664

3
7775 ¼

vek1

ved1

v rk1

0

2
6664

3
7775 ¼ v1



Fig. 10. Vector Bond Graph of the corking system.

Table 1
Meaning of variables and parameters of the electric motors.

Vei ; Iei Voltage and current of the ith phase of the screw motor
Vri; Iri Voltage and current of the ith phase of the spline motor
Re; Rr Stator phase resistance of screw and spline motors
Le Stator self induction coefficient of screw motor
Me0 Maximum value of the stator mutual inductance of screw motor
Lr Stator self induction coefficient of spline motor
Mr0 Maximum value of the stator mutual inductance of spline motor
Je; be Moment of inertia and friction coefficient of screw motor
Jr ; br Moment of inertia and friction coefficient of spline motor
xe; xr Angular velocity of screw and spline motors

Table 2
Meaning of variables and parameters of the belt transmission system and linear-
rotary unit.

Fe; Fr Tangential forces of the screw and spline belts
xte; xtr Angular velocity of screw and spline pulleys
ste; str Torques acting on internal pulleys
x; h Translational and rotational shaft positions
_x; _h Translational and rotational shaft velocities

R1e; R1r Radii of external screw and spline pulleys
Kce; Kcr Stiffness of screw and spline belts
R2e; R2r Radii of internal screw and spline pulleys
J2e; b2e Inertia and friction coefficient of the internal screw pulley
J2r ; b2r Inertia and friction coefficient of the internal spline pulley
ra; la Radius and length of the shaft
a Angle between the screw groove and the shaft axle
Kse ; dse Stiffness and friction coefficient between screw pulley and screw

groove
Ksr ; dsr Stiffness and friction coefficient between spline pulley and spline

groove
ma; bm Mass and linear friction coefficient of the shaft
Ja; bj Inertia and rotational friction coefficient of the shaft
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where vek1; ved1 and v rk1 are the projections of the pulleys velocities
xte and xtr along the tangential reference frames Re and Rr of the
screw groove and vertical spline groove, respectively, as it is shown
in Fig. 11.

The POG scheme of the linear-rotary unit is shown in Fig. 9 be-
tween power sections x and z. The elastic/dissipative interaction
between the internal pulleys and the shaft is modeled in Fig. 9 by
the blocks present between sections x and y and it is character-
ized by the following matrices:

Ds ¼

0 0 0 0
0 dse 0 0
0 0 0 0
0 0 0 dsr

2
6664

3
7775; Ksr ¼

Kse 0
0 Ksr

� �
; Ts ¼

1 0 0 0
0 0 1 0

� �

where Ds is the friction matrix, Ksr is the stiffness matrix and Ts is a
proper selection matrix. Friction matrix Ds has only two non-zero
elements because friction has been inserted only along the direc-
tions of the vertical and screw grooves, while the stiffnesses Kse
and Ksr has been inserted only along the directions normal to the
grooves, see Fig. 11. The inertial dynamics of the shaft is described
in Fig. 9 by the POG blocks present between sections y and z and
it is characterized by the following vectors and matrices:

HT
2 ¼

� sin a ra cos a
cos a ra sin a

0 ra

1 0

2
6664

3
7775; Ja ¼

ma 0
0 Ja

� �
; Ba ¼

bm 0
0 bj

� �

_Xa ¼
_x
_h

� �
; Fg ¼

�ma g

0

� �
; Fag ¼ Fa þ Fg

The input vector Fag represents the sum of the external forces Fa

and the weight forces Fg acting on the shaft. Matrix H2, similarly to
matrix H1, satisfies the following relation:

HT
2

_Xa ¼

� _x sin aþ ra
_h cos a

_x cos aþ ra
_h sin a

ra
_h

_x

2
6664

3
7775 ¼

vek2

ved2

v rk2

v rd2

2
6664

3
7775 ¼ v2

where vek2; ved2; v rk2 and v rd2 are the projections of the transla-
tional velocity _x and rotational velocity _h of the shaft along the
tangential reference frames Re and Rr of the grooves.

4.3. POG state space dynamic equations

The dynamic equations of the POG scheme shown in Fig. 9 be-
tween sections w and z can be written in the POG state-space
form (1) if matrices L; A; B and vectors x; u and y are defined as
follows:

L ¼
J2 0 0
0 K�1

sr 0
0 0 Ja

2
64

3
75; B ¼

I2 0
0 0
0 I2

2
64

3
75; x ¼

xt

Fsr

_Xa

2
64

3
75; u ¼

st

Fag

� �

ð3Þ

A ¼
B2 þHT

1DsH1 HT
1TT

s �HT
1DsH

T
2

�TsH1 0 TsH
T
2

�H2DsH1 �H2TT
s Ba þH2DsH

T
2

2
64

3
75; y ¼

xt

_Xa

� �
ð4Þ

where I2 is the 2� 2 identity matrix. These matrices and vectors
have been obtained using the step-by-step procedure described in
Section 2.2 which allows to convert a POG scheme in the
corresponding state space form.

5. POG model reduction

It can be easily proved that when an eigenvalue of matrix L
tends to zero (or to infinity), the POG system (1) degenerates to-
wards a lower dimension system which maintains the same POG
structure given in (1).



Fig. 11. Decomposition of tangential velocities of the pulleys raxte and raxtr along the screw groove and the vertical spline groove.
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5.1. Reduced model when Ksr !1

To show how to obtain a reduced POG system consider, for
example, the POG system (1), (3) and (4) when Ksr !1, that is
when the stiffness coefficients Kse and Ksr between the nuts and
the shaft tend to infinity. When Ksr !1 in system (1) the follow-
ing internal constraint appears:

TsH1xt � TsH
T
2

_Xa ¼ 0

which leads to the following relation:

_Xa ¼ ðTsH
T
2Þ
�1

TsH1 xt ð5Þ

Using (5), the following ‘‘rectangular’’ and constant state space
transformation x ¼ T0 z can be written:

x ¼ T0 z $
xt

Fsr

_Xa

2
64

3
75

|fflfflffl{zfflfflffl}
x

¼
I2

0
ðTsH

T
2Þ
�1

TsH1

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
T0

xt|{z}
z

ð6Þ

This transformation relates the old state vector x to the new
state vector z ¼ xt . Note that transformation (6) is not invertible
because matrix T0 is rectangular. Applying the ‘‘congruent trans-
formation’’ (6) to the system (1), one obtains the following trans-
formed and reduced POG system:

L _z ¼ �Azþ Bu
y ¼ BT z

(
ð7Þ

where matrices L; A and B are defined as follows:

L ¼ TT
0 L T0; A ¼ TT

0 AT0; B ¼ TT
0 B: ð8Þ

For the considered example the transformed matrices L, A and B
have the following structure:

L ¼ J2e þmar2
acot2ðaÞ �mar2

acot2ðaÞ
�mar2

acot2ðaÞ J2r þ Ja þmar2
acot2ðaÞ

" #
¼ Jt ð9Þ

A ¼
A11 A12

A12 A22

� �
¼ At ; B ¼ I2 TT

a

� �
ð10Þ

where parameters A11; A12 and A22 are

A11 ¼ b2e � ðbm þ dsrÞr2
a þ ðbm þ dse þ dsrÞr2

acsc2ðaÞ

A12 ¼ �
1
2

r2
aðbm þ 2dse þ dsr þ ðbm þ dsrÞ cosð2aÞÞcsc2ðaÞ

A22 ¼ b2r þ bj � ðbm þ dsrÞr2
a þ ðbm þ dse þ dsrÞr2

acsc2ðaÞ

and matrix Ta is

Ta ¼
�ra cotðaÞ ra cotðaÞ

0 1

� �
A POG graphical representation of the reduced system 7, 9 and 10 is
shown in Fig. 12 between the power sections w and z. In the same
figure the POG scheme between the power sections t and w rep-
resents the stiffness of the belts and the radii of the external and
internal pulleys.

Remark 2. The POG ‘‘congruent transformations’’ (7)-(8) are
characterized by the following properties: (a) when matrix T0 is
rectangular the system is transformed and reduced at the same
time; (b) they do not require the inversion of the transformation
matrix T0 as it happens for the ‘‘similarity’’ transformations; (c) the
transformed system (7) keeps the same POG properties of the
original system (1): stability, dissipativity, input–output power
sections, physical insight, etc.

Other reduction methods based on the use of a rectangular
matrix T can be found in literature, see for example [12], but these
methods require the columns of matrix T to be orthonormal. More
details and examples about POG congruent transformations can be
found in [14,22].
5.2. Procedure for writing the full and reduced POG models

Obtaining the dynamic equations of a complex physical system
when some of the internal parameters are equal to zero or to infin-
ity is often NOT an easy task. The POG approach provides the fol-
lowing simple methodology to face this task:

1. Analyze the physical system putting in evidence the input–out-
put power sections and the power flows within the system. See
for example Fig. 8.

2. Write down the POG block scheme of the considered physical
system starting from the inputs and introducing fictitious addi-
tional elements whenever it is useful to simplify the writing
down of the dynamic model which must be characterized only
by integral causality. In the example of Fig. 9 the fictitious ele-
ment ‘‘Stiffness of the pulleys/shaft connection’’ between sec-
tions x and y has been inserted to simplify the system
modeling.

3. Obtain the state space equations of the system in the POG form
(1) using the procedure described in Section 2.2. See Eqs. (1), (3)
and (4).

4. Obtain the static relations between the state variables when in
system (1) the additional fictitious parameters tend to zero or
to infinity. See the static relation (5).

5. Build a rectangular state-space congruent transformation
x ¼ T0 z using the static relations obtained above. See the con-
gruent transformation (6).

6. Apply the congruent transformation x ¼ T0 z to system (1) and
obtain the transformed and reduced system in the POG form
(7) and (8). See the reduced system (7), (9) and (10).



Fig. 12. Reduced POG scheme of the system pulleys & screw/spline shaft with belt connection and inversion of a path.
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This methodology is similar to the Singular Perturbation ap-
proach, see [23], when the dynamics of the additional fictitious ele-
ments is much faster than the dynamics of the physical elements
present in the reduced order system.

5.3. Input–output static model when Kc !1 and Jt ! 0

The state-space equations ~L _~x ¼ �~A~xþ ~B~u and ~y ¼ ~BT~x of the
POG scheme shown in Fig. 12 can be written as follows:

K�1
c 0
0 Jt

" #
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

~L

_Fc

_xt

" #
|fflfflffl{zfflfflffl}

_~x

¼ � 0 RT
2

�R2 At

" #
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

~A

Fc

xt

� �
|fflffl{zfflffl}

~x

þ
R1 0
0 TT

a

� �
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

~B

xm

Fag

� �
|fflfflffl{zfflfflffl}

~u

sm

_Xa

� �
|fflffl{zfflffl}

~y

¼ RT
1 0

0 Ta

" #
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

~BT

Fc

xt

� �
|fflffl{zfflffl}

~x

8>>>>>>>>>><
>>>>>>>>>>:

ð11Þ

When Kc !1 and Jt ! 0 the input–output static model of the
considered system can be obtained in two different and equivalent
ways: analytically and graphically.

5.3.1. Analytical solution
When the stiffness matrix Kc of the belts tends to infinity and

the inertia matrix Jt of the pulleys/shaft tend to zero, the energy
matrix ~L tends to zero and the dynamic system (11) becomes static
with the following structure:

0 ¼ �~A~xþ ~B~u
~y ¼ ~BT~x

(
ð12Þ

If matrix ~A is invertible, from (12) one obtains the following in-
put–output static relation:

~y ¼ ~BT ~A�1 ~B ~u ()
sm

_Xa

� �
|fflffl{zfflffl}

~y

¼ Ap �TT
p

Tp 0

" #
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

~BT ~A�1 ~B

xm

Fag

� �
|fflfflffl{zfflfflffl}

~u

ð13Þ

where Ap ¼ RT
1R�1

2 AtR
�T
2 R1 and matrix Tp has the following form:

Tp ¼ TaR�T
2 R1 ¼

ra cotðaÞ R1e
R2e
�ra cotðaÞ R1r

R2r

0 � R1r
R2r

" #
A POG graphical representation of the static model (13) is shown on
the right of Fig. 13.

5.3.2. Graphical solution
The input–output static model (13) can also be obtained

‘‘graphically’’ acting directly on the POG scheme of Fig. 12: invert-
ing the path corresponding to the red dashed line one obtains the
equivalent POG scheme shown on the left of Fig. 13. Note that
inverting this path the dynamic elements change their causality
from integral to derivative. When Kc !1 and Jt ! 0, the corre-
sponding dynamic elements K�1

c and Jt in Fig. 13 can be eliminated
obtaining the POG input–output static model shown on the right of
Fig. 13. One can easily verify that the following static equations:

sm ¼ Ap xm � TT
p Fag

_Xa ¼ Tp xm

ð14Þ

obtained graphically from the POG static model of Fig. 13, are com-
pletely equivalent to the static equations obtained in (13) using the
analytical approach.
6. Simulation

The POG model of the corking machine obtained in the previous
sections has been implemented in Simulink using the block
scheme shown in Fig. 14. Note that the Simulink block scheme be-
tween sections r and w is an exact copy of the POG scheme
shown in the upper part of Fig. 9, and the Simulink blocks between
sections w and z are equal to the corresponding POG reduced
model shown in Fig. 12 between sections w and z.

The system parameters have been identified using experimental
data obtained using the prototype shown on the right of Fig. 7. The
time behaviors of the vertical position x and the angular position h
of the shaft used in the experimental test are shown in Fig. 15. The
measured angular speeds of the two electrical motors have been
used in simulation as the reference signals of two PID speed con-
trollers for the electrical motors, see the Simulink block ‘‘CON-
TROL’’ in Fig. 14. The trajectory of the TCP at the end of the shaft
has been planned as follows, see Fig. 15: the TCP descends to
grasp the cap, the TCP rises, the TCP descends and ap-
proaches the bottle neck, the TCP screws the cap on the bottle
and the TCP moves back to initial position. During the first 8 s
the shaft moves only vertically (note that the angular position is



Fig. 13. Transformed POG scheme. When Kc !1 and Jt ! 0 the system becomes rigid.

Ls−1

Jm−1
Jt−1

Fig. 14. Simulink block scheme of the corking machine.

Fig. 15. Vertical and angular position of the shaft: simulated (blue) and measured
(red). (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

Fig. 16. Errors of vertical position and angular position of the shaft.
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constant during this time). Then the vertical position remains con-
stant while the shaft rotates (this corresponds to the screwing of
the cap). Finally, after 14 s, the rotary motion stops and the shaft
is moved back to the initial position.
In Fig. 15 the measured positions of the shaft are shown and
compared with the positions obtained in simulation using the Sim-
ulink block scheme of Fig. 14: the time-behaviors are quite similar
and practically overlying. The difference between the simulated
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and measured positions are shown in Fig. 16: the maximum error
of vertical position x is about 1 mm, while the maximum error of
angular position h is about 3 deg. These results clearly prove that
the POG reduced model obtained in the previous sections describes
very well the dynamics of the considered corking system.

7. Conclusion

In this paper the Power-Oriented-Graphs energy-based
graphical technique has been used for modeling an automatic cork-
ing machine for threaded plastic caps. A comparison of POG against
Bond Graphs has been given to show differences and common as-
pects of the two modeling techniques. Taking advantages from the
POG capability for modeling, transforming and reducing dynamic
systems, both an extended and reduced model for the considered
automatic corking machine have been given. The simulation re-
sults, compared with experimental data obtained using a proto-
type of the machine, show a good match thus confirming the
effectiveness of the proposed model.
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