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. . Nyquist Pl
Abstract— The Nyquist plot is a fundamental tool 2 qu‘st o

in the investigation of the stability of control systems.
Usually Nyquist polar diagrams are plotted in a linear

scale and often, in particular when poles at the origin
are present, the diagrams need different levels of magni-
fication in order to inspect the behavior of the frequency
response in the areas very close to or very far from
the origin of the complex plane. In this paper a new
logarithmic Nyquist plot is proposed where the amplitude

is in a logarithmic scale and the diagram is entirely
contained and shown in a circle of finite radius. This
method does not need to zoom in or zoom out the plot.
All the considerations made by Nyquist stability criterion

can be done with this plot which maintains all the S ‘ ‘ ‘ ‘ ‘
properties of polar plots such as gain and phase margins, - = - Real Axis 2 s
intersection points with the real axis, encirclements of

the critical point. The design of first order lead and lag Fig. 1. Linear Nyquist plot of71 (jw), G2(jw) and Gs(jw).
compensators can be done on this diagram in a simple

way. The proposed new Nyquist plot is implemented in

Imaginary Axis

-15+ Ga(jw) .

a Matlab function available to users. polar diagrams is the so called “Closed Logarithmic
Nyquist plot”.
I. INTRODUCTION The paper is organized as follows. Sec. Il re-

The Nvauist stability criteri | wral ol minds the features of linear and logarithmic Nyquist
€ Nyquist stability criterion plays a centra roediagrams. Sec. lll proposes a first formulation for

in classical control theory for discussing the stability, logarithmic conversion of the frequency response
of closed-loop systems, see control textbooks [1] an mplitude. Sec. IV introduces the new “Closed Log-
.[2] among many othe.rs. One of _the most frequen(Ialrithmic Nyquist plot” giving its main features and a
inconvenients in studying th(_e stab|I|ty of Closed'|00pcomparison with [3]. Sec. V provides a procedure to
systerlns byf means of Nyquist plr?ts 'S tlhat often th?_nanually draw the Closed Logarithmic Nyquist plot.
open-loop irequency response has a farge span 4. explains how the design of first order lead and
amplitudes, thus resulting, in a linear scale, in the ne g compensators can also be addressed on this new
for the user to zoom in and zoom out the polar pIO}\lyquist diagram. The Matlab function implemented

to inspect the mtersgc'uons with the real a>.<|s. , for plotting the logarithmic diagrams is available at the
A way to face this problem has been given in [3]jini given in Sec. VII. Finally conclusions are given.
where the idea is to draw the polar diagram with a
logarithmic scale for amplitudes instead of the linear II. LINEAR AND LOGARITHMIC NYQUIST PLOT
scale used for Nyquist plot. However the log-polar Consider the Nyquist plots of the following func-
diagram proposed in [3] does not show the whole curvBons shown in red in Fig. 1:
for the entire range of frequencies. Another alternative 1 1 1
to Nyquist plot is the projection of Nyquist plot onto Grls)= (s+1) Gals)= s(s+1) Gals)= s2(s+1)
the Rigma_nn sphe_re, see [4], bl_Jt herg some QifficultiesThe Nyquist diagram plots the amplitude of the
can arise in handling a three-dimensional object. frequency responsg (jw)| in a linear scale: this can
In this paper some new functions are introduced t@e g strong drawback because in many cases, also with
deform the amplitude of the frequency response funghe help of numerical tools, the obtained polar plots
tion in logarithmic way making the polar diagram to bemay result unreadable because of the large span in
all contained in a finite area of the plane. In particulaghe magnitude over the entire frequency range, that
the function showing the best performances in termgjges the local behavior of the curve, in particular in
of simplicity and preservation of basic properties ofhe region near the unit circle. This situation is quite
common when the considered systems have poles on
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L . . Open Logarithmic Nyquist plot
of the polar plot close to the origin without losing 4 pen ~ogarme TYauRe

the diagram overview. The author of [3] provides
the MATLAB function nygl og(sys) to obtain the
“log-polar” plot of a transfer function. In this case
the modulusM = |G(jw)| is transformed using the
following function LP (M, n):

Imaginary Axis

1
14— log,o(M) if M >10""
LP(M,n)= n 08100 1)

0 if M<10~"

wheren is the number of decades considered in the
logarithmic plot. In [3] itisn = 6. This approach gives = =
good results in particular with respect to the problem

of detecting the intersections with the (negative) redfig- 2. Open Logarithmic Nyquist plot &1 (s), G2(s) andG3(s)
axis, but it requires to set the minimum value ofoPtained using functionVz (A1).

|G(jw)| that can be represented and any value of

(G(jw)| lower than this minimum value is located This kind of diagram is called “Closed Logarithmic

in the center of the diagram (i.e. the origin of theNyquist plot” (CLN plot). The CLN plots ofG (s),

complex plane). In the considered case in [3] any valu . ) .
Iowe? thaFr)uO*‘)” is set 1010—5 — —120 dB[a]nd Zny 8‘2(5) and G3(s) obtained using functiod.» (M) are
shown in Fig. 3.

intersection of the polar plot with the real axis in this
region is not shown. In order to avoid any loss of
information, the value of parametermust be chosen
according to the particular form of the considered 2r
function.

In order to face this problem this paper propose
some different logarithmic scaling for Nyquist dia- n
grams.

i i
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Reaf Axis

Closed Logarithmic Nyquist plot
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Ill. OPENLOGARITHMIC NYQUIST PLOT

The amplitudeM of the frequency responsel =
|G(jw)| can be logarithmically deformed in “bagg
using the following functionV, (M):

Ny(M) = Mo810 2 -1

Imaginary Axis
o

The functionNy(M) transforms the powers dfo in -15)
powers of2 as follows:

M=10" — N2(M):(1On)log102 _ 1010g10 2m —9n

—2‘ —l‘.5 —:‘l —0‘.5 R IOA . 0.‘5 i 115 ‘2
eal AXIS

The points with constant modulus defined by function o _

N,(M) are shown in Fig. 2 using blue dotted lines.Fig. 3. Closed Logarithmic Nyquist plots ¥ (s), G2(s) and
htd . . L btained functiorLy (M ).

This kind of diagram is called “Open Logarithmic G3(s) obtained using functiorL» (M)

Nyquist plot”. . . N
Note that this logarithmic Nyquist plot makes theN Th? tm?l? protﬂertfleﬁ O_f the Closed Logarithmic

region about the origin larger. Similarly, the region of *Y 44/t PO are. € O_ owing: _ o _

points with modulus greater than one is contracted. The CLN plot is entirely contained within a circle

However the polar diagram obtained with functionof radius2.

N>(M) has the drawback to be unlimited fof — co. - The phasep(w) = argG(jw) of the frequency
response is preserved as in the ordinary linear polar
IV. CLOSEDLOGARITHMIC NYQUIST PLOT plot.
In order to have a limited logarithmic polar plot - The unit circle is preserved as in the ordinary linear
when the amplitudeM of the frequency response polar plot.
tends to infinity, the following functionLy(M) is - The points of the plot with modulus\/(w) =

introduced: |G(jw)| lower thanl are expanded, i.e. the diagram in
M1o8102 for M <1 the vicinity of the origin is logarithmically expanded.

Ly(M) = { B (2) - The points of the plot having modulud/ (w) =
2_ M-198102 for M >1 |G(jw)| greater than are contracted, i.e. the diagram



Closed Logarithmic Nyquist Plot
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Fig. 4. Log-polar plot ofG4(s) obtained with the MATLAB

function nyql og proposed in [3]. Fig. 5. Closed Logarithmic Nyquist plot af4(s).

is logarithmically contracted for amplitudes between V. QUALITATIVE DRAWING OF THE NYQUIST

and infinity. CURVE
- The points of the plot with infinite modulu¥/ (w) = The Closed Logarithmic Nyquist plot can also be
|G(jw)| = oo lie onto the circle of radius. manually drawn in a qualitative way using the proce-

- The CLN plots of systems with one simple pole algure introduced in [5] for the standard Nyquist plot
the origin do not have asymptotes, as opposite to thghd briefly reported here. Consider a generic transfer

standard linear Nyquist plot where vertical asymptotegnction G(s) expressed in one of the following three
are present for systems with one pole at the origin. equivalent forms:

- All the intersections of the CLN diagram with the _ polynomial form:

real axis are shown. . _—

- The gain margin and phase margin of funct®(jw) () — b 8™ + bm18™"" 4 ... +bis+bo

can be extracted from the CLN plot. sh(an 8" +an—15" 1+ ...+ a1s+ag)’
- The Nyquist stability criterion holds for CLN plots. _ Zero-pole-gain form:

In this paper we consider only functions without delays
and without poles on the imaginary axis except for G(s) = K, }ES —2)(s—22) - (s — 2m) 7
poles at the origin. Anyway the CLN plot can easily s" (s =p1) (s = p2) -+~ (s —pn)
be extended also to these cases. Consider the followingrime-constant form:

function, given as an example in [3]: (14705) (14758) - - (147, 5)
Gals)= 200(1 + 3s)(1 + 2s) G(s) :Ksh (14718) (14725) - - (1+7ps)’
5(14505)(1 +105)(1 4 0.55)(1 + 0.15) The initial and final points of the polar plot can
The “log-polar” plot ofG4(s) obtained with the MAT- be obtained by computing the functiori,(s) and

LAB function nygl og(sys) provided by the author G (s) that approximateG(s) for |s|] ~ 0T and
of [3] is shown in Fig. 4. The CLN plot of74(s) is |s| ~ oo, respectively. The approximating function

shown in Fig. 5. Go(s) is obtained fromG(s) by neglecting all thes
o _ terms except for zeros and poles at the origin:
A. Closed Logarithmic Nyquist plots: general case K
The Closed Logarithmic Nyquist plot can be ob- Go(s) = ‘ }in%+ G(s) = o (4)
s|—

tained also using a basedifferent from base used
in (2). The general case of the functién (M) is the  The functionG ., (s) is deduced frontZ(s) by consid-

following: ering in the numerator and denominator polynomials
Mlogion i M <1 only the monomials ok of higher degree, i.e.
L,(M)= B (3) . i
{ 2 — M~lgon if M >1 Goo(s) = lim G(s) = — (5)

|s]—o0 s”



wherer = h+n —m is the relative degree of function 6. Total phase variation. Whenw varies from0™* to
G(s). oo, the rotation angle of7(jw) about the origin can
The qualitative Nyquist plot of a generic transferbe calculated as follows

function G(s) can be manually drawn using the fol- T

lowing proE:e)dure, see [5]. ’ ; Ap = _5(%73 ~Mpu = Mz M) 8)
1. Initial point. The initial point of the diagram when \here Np.s» Masr Ny andn., denote the number
w = 0%can be determined by computing magnitudey “stable” and “unstable” poles and zeros 6f(s)
M, and phasey, of the approximating function respectively. Note that the computation Af, only

Go(jw) for w — 0*: requires the knowledge of the amount of stable and
0o ifh>0 unstable poles and zeros but not their numerical value.
_ N T As a consequence, if poles and zeros are not explicitly

Mo = |Go(jw)| = wli%ﬂ wh K] i h =0 given, e.g. in the polynomial form ofi(s), it is

0 ifh<0 sufficient to apply the Routh-Hurwitz criterion to both
. T numerator and denominator 6f(s) to findn, s, 1 s,
po = arg{Go(jw)} = arg (K) — h§ N ANA7L, . P
Note that in the proposed CLN plot the points with /- Computation of G(jw) for some frequency values.

infinite modulus are represented onto the externd} Precise meaningful drawing of the Nyquist plot
circle of radius?. needs the computation of the intersections of the

2. Phase shift (lead or lag) for w ~ 0+. Forw ~ 0+  Curve with the real axis. These points are of great

the Nygquist plot starts with a phase shift concordarifnPortance for many aims: stability analysis of linear

with the following parameten. : systems, stability margins evaluation, stability anaysi
of systems with static nonlinearities, etc. A direct com-

b ar 1 1 putation of such intersections using classical methods
= -8y liys | Rt
by ag oz = pi may require complex calculatiochsThe intersections
moon a (6)  with the real axis can also be obtained in a simpler
= Zﬂ' —Zn way by applying the Routh-Hurwitz criterion to the
i=1 i=1 characteristic equatioh+ kG(s) = 0 of the feedback

ParameterA,. > 0 implies an initial phase lead with system. As a matter of fact, #* denotes a value of
respect topg while A, < 0 produces an initial phase gaink which makes the system marginally stable, and
lag with respect tapy. therefore nullifies an element of the first column of the
Routh table, an intersection of the Nyquist plot with
3. Final point. The final point of the diagram can be the real axis occurs it (jw) = ——.
determined by computing magnitudd., and phase *

e 4 8. Nyquist plot drawing f f Tt . O
Yoo Of the approximating functiols (jw) for w — yquist plot drawing for w from 0 to oo nee

that initial and final segments of the polar curve are

oo _ known, the qualitative Nyquist plot can be obtained
K 0 if 7 >0 by connecting them with a continuous curve which
My = |Goo(jw)| = lim LS =S |Ky| ifr=0 performs a rotation of an anglAy about the origin
weo Wh o ifr<0 and crosses the points computed in the previous step.

Obviously, the exact computation of some points of the

Voo = arg{Goo(jw)} = arg (K1) — P frequency response contributes to improve the preci-

2 sion of the polar plot, but a qualitative sketch/analysis

4. Phase shift (lead or lag) for w ~ co. Forw ~ oo only based on initial and final directions and on the
the Nyquist plot ends with a phase shift concordanghase shiftAy may be sufficient for many goals,

with the following parameten,: including stability analysis and correct interpretation
4t byt m o " of the diagrams qbtained with numerical software.
A, = Z — Z - _ Z —+ Z — 9. Complete Nyquist plot. The frequency response for
n ™ =1 't = 't negative values ofv is the complex-conjugate of
_ iz B Xn:p' function G(j|wl|). Therefore, the Nyquist plot fow
! ! ranging from—oo to 0~ can be deduced from that of

(7) G(jw) obtained for positive values of by reflecting

ParameterA,, > 0 implies a final phase lead with this plot with respect to the real axis. Finally, if the

respect top.., while A, < 0 produces a final phase curve starts from infinity forv ~ 0, i.e. from the
lag with respect tQoo.. external circle in the CLN plot, the complete CLN plot

5. Presence of asymptotes. For systems withh = 1 N _ _ _ ,
Usually the intersection with the real axis are deduced by

the_ ”n_ear polar curve exhibits a vertical asympt.Ot%omputingG(jw*) for those frequencies* which satisfy relation
while in the proposed CLN plot no asymptotes existim{G(jw*)} = 0.




is obtained by connecting poin(j0~) with point
G(j07) with h clockwise semicircles lying on the
external circle of radiu® (h is the number of poles
at the origin).

VI. LEAD AND LAG COMPENSATORS DESIGN

The design of first order lead and lag compensators
can be performed by means of graphical methods
based on Nyquist plot, see [6], [7]. These methods
can also be addressed using the Closed Logarithmic
Nyquist plot. The structure of the considered first order
compensator is the following:

A. Example
Consider the following function
20(5s + 1) ©)
s(3s+1)(3s5+1)

The approximating functions and the initial and finaWhen > 7 function C(s) represents a lead com-

147

Gs(s) = =
5(5) 14 708’

C(s)

points are: pensator, whem; < 7 it represents a lag compen-
sator. The admissible domaif®; andD, correspond-
Gol(s) = 20 N {MO - OOW ing to a desired phase margid, = 60° on the linear
s Yo ="3 and logarithmic Nyquist planes are shown in Fig.7:
point B is B = e/(™*M¢) domainDy (light red) is
Goo(s) = 12 N {Moo =0 the set of all the points that can be moved to point
52 Poo =—T B by using a lead compensator and dom&in (light

green) is the set of all the points that can be moved to

The values of the two parametefs. and A, are - -
point B by using a lag compensator.

Ar_i—<l+1>——0.73<0

: ist pl - .

10 3 92 , Linear Nyquist plane - Logarithmic Nyquist plane
Ay=-10—(-3-2)=-5<0 P e

therefore the initial point of CLN plot ofi5(s) hasa = o S os

phase lag with respect tay = —3 and the final point £ £.0 @

has a phase lag with respectiq, = —7 , see Fig. 6. £ £ 4

Considering Fig. 6 a straightforward application of -2 15 v

Complete Closed Logarithmic Nyquist Plot Real Axis 7 Real Axis'

Fig. 7. Admissible domainsD, and D, for lead and lag
compensators on the linear and logarithmic Nyquist planes.
1.5F
Let us consider, for example, the design of a lag
compensatorC,(s) able to stabilize systentis(s)
imposing a phase margin/, = 60°, see Fig. 8.
The point A must belong to the admissible domain
D, and to the frequency responék (jw). The loga-
rithmic module M 4 and the phase 4 of point A =
(—0.56, —1.58) on the CLN plot areM 4 = 1.67 and
pa = 250.4°. The moduleM 4 of point A on the
linear Nyquist plot can be determined using the inverse
of function Lo(M) defined in (2):

Imaginary Axis
o

-15F

My = L3(Ma) = (2 — My)~ 108210 = 40.6.

From pointsA and B one obtains the parameters:

M
. o . M =5 = 0.0246,
Fig. 6. Complete Closed Logarithmic Nyquist plot 6% (s). My

-2 -15 -1 -0.5 0.5 1 15 2

0
Real Axis

p=pp—pa=—104°

. . . where Mp = 1 and ¢op = 240° are the module
the Nyquist stability criterion suggests that the system 4 the phase of poinB. Parameters, and 7, of
Gs(s) in a unity feedback configuration is unstable : ; .

_ . " the compensator (9) which moves poidtin B are
(the complete polar plot encircles the critical point

"1+ 70) while it will be stable only for values of obtained using the following inversion formulae [6]:

the gain0 < k£ < k* (when the complete polar plot
does not encircle the critical poirtl + ;5 0).

s — L
= COS Y — 77 (10)

wsin @

M —cosyp
= ———
wsin g



Closed Logarithmic Nyquist Plot Closed Logarithmic Nyquist Plot
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Fig. 8. Design of the lag compensatof, (s) on the logarithmic  Fig. 9. Design of the lead compensatdy(s) on the logarithmic
Nyquist plane: plots of function€'s (s) andLg(s) = Cy(s)Gs(s).  Nyquist plane: plots of function&'s (s) andL4(s) = C4(s)G5(s).

Step response
14 T T T

wherew = wy = 0.474 is the frequency of point: 12} B e 1
71=11.2 and 2 =462.9. The lag compensator is: 16;** a0 T e S S
(5= L1125 E ]
S) = —F7—71—. /
J 144629 oar 1
The frequency response of functiod,(s) = '00 ol e
Cy(s)G5(s) is shown in Fig. 8. In a similar way one Time [s]

can deSign a Ie_ad compensa@{_(s) able t(_) impose Fig. 10. Step response of closed loop syst€msés)Gs (s) (dashed
the phase margin/, = 60°, see Fig. 9. In this case the line) andC(s)G5(s) (solid line).

point A" = (—0.383, 0.093) is chosen within domain
Da: My = 0.394 and o4 = 166.4°. The linear o ) )
module M 4 of point A’ can be determined using the Zooming in and out as for linear Nyquist plot, the

inverse of functionZ, (M) defined in (2): frequency response curve is entirely shown in a finite
. . circle, the Nyquist stability criterion can be applied,
Mar = Ly(Mar) = (Mar) %27 = 0.0455. the properties of polar plots (gain and phase margins,

From pointsA’ and B one obtains the parameters:interse_‘_:tion pqints with th_e re_al axis_, encirclements _of

M = Mp/Ma = 2197, ¢ = g5 — par = T3.6°. the critical point) are maintained, it can be used in

Substituting, ¢ andw = wa = 17.3 in (10) one the design of first order lead and lag compensatqr and
for many other control purposes. A MATLAB function

obtains the following lead compensator ) ; .
implementation has been made available for users.
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