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Abstract— The Full Toroidal Variator is the core element X1 Xo xle
in many mechanical hybrid systems for vehicle applications ‘ | ‘ ‘ ‘
like Kinetic Energy Recovery System and Infinitely Variable } } } }
Transmission because it allows to manage the power transfer |G(s)] | |
with continuous variation of the speed-ratio. [ [ [ [

In this paper the model of a Full Toroidal Variator is ‘ ‘ ‘ ‘
addressed using Power-Oriented Graphs (POG) that is an y;‘_"_qy yl‘ ‘y2
energy-based modeling technique. Modeling with POG allows
to easily transform and reduce the model when some dynamics a)e. b. b) c. b.

of the system go to zero. An extended and reduced POG model Fig. 1. POG basic blocks: alaboration block b) connection block
of the Full Toroidal Variator are given. Simulation results of
the modeled system are shown.
based on the use of two blocks: theaboration block
| INTRODUCTION (e.b.) and theconnection block(c.b.). The e.b., shown in
For modeling complex dynamic physical systems thgig. 1.a describes all the physical elements that stores
exploitation of a modeling technique supported by theoaéti and/or dissipates energy (i.e. springs, masses, dampers,
bases is very important. The concept of energy movingapacitors, inductors, resistors, etc.). The circle inethe is
within the system is at the basis of the so called energyebasg summation element and the black spot represents a minus
modeling techniques, many of which have been introducegign that multiplies the entering variable. The c.b., shawn
in the past years: the Bond Graphs (BG) [1], [2], the Powelkig. 1.b, describes all the physical elements that retistes
Oriented Graphs (POG) [3] and the Energetic Macroscopie power within the system without storing nor dissipating
Representation (EMR) [4]. Some comparisons among theg@ergy (i.e. any type of gear reduction, transformers).etc.
techniques can be found in [5] and [6]. The c.b. transforms the power variables satisfying the
In this paper the modeling of a Full Toroidal Variatorconstraintx]y; = x}y,. The e.b. and the c.b. are suitable
(FTV) is addressed using the POG approach. The FTV, s@§ representing both scalar and vectorial systems. In the
[7], [8] and [9], is the key element in vehicle applicationsyectorial caseG(s) and K are matricesG(s) is always a
as Kinetic Energy Recovery System (KERS) and Infinitelquare matrix composed by positive real transfer functions
Variable Transmission (IVT) because it allows power transagnd K can be rectangular and time-varying. The main
fer with continuous variation of the Speed—ratio. The maimeature of the POG is to keep a direct Correspondence
advantages of using the POG technique are: POG blogletween the dashed sections of the graphs and the real
schemes are easy to draw and can be understood evenggyer sections of the modeled physical systems: the scalar
beginners; the power sections and the power flows withigroductx™y of the two power variablesx andy involved
the system are clearly shown; the dissipative behavior @} each dashed line of a POG, see Fig. 1, has the physical

the model is guaranteed; the equations of the model aggeaning ofpower flowing through the section
represented by a POG block scheme which is in direct

correspondence with state space equations; some congruent i

state space transformations can be used to transform dhd POG state space dynamic models

reduce the model, preserving the system properties, whenThe POG schemes are in direct correspondence with state
some dynamics go to zero, see [10]; the POG scheme capace dynamic equations of the system. For example, the
be directly translated into Simulink; the modular struetur

based on power sections allows to build the whole model bx | o
composing subsystems models. ™ . " } 1 {L)’( =—-Ax+Bu

|
} v y=Cx+Du @
|
|
|

1. POWER-ORIENTED GRAPHS(POG)BASIC CONCEPTS

The POG block schemes [3] are standard block diagrams
combined with a particular modular structure essentially |
|
|
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Fig. 3. POG block scheme of the transformed dynamic systgm (3

—|—(—73
POG scheme shown in Fig. 2 can be represented by the state 7 } :l <
space equations (1) whesee R" is the state vectom <
R™ is the input ands € R™ is the output. Thenergy matrix
L is always symmetric and positive definite:= L™ > 0.
The POG form (1) is similar to the notations used for the
port-Hamiltonian equations in co-energy variables [114l an

in generalized state-space equations [12]. Using a canstan o
“congruent” transformatiox = Tz, wherez € RP, p < n

andT € R"*?, the dynamic model (1) can be transformed Kia
into system (2) wherel, = T'LT, A = T'AT, B =T'B, R
C=CT andD =D. =

When matrixT is time-varying, the transformed matricks ;1—)-[ —————— = 701‘} N I

A, B and C are time-varying too and an additional term

C p Ji,b
N.z = —T'LTz appears in the transformed system: DA

TLT z+TLTz=—-TAT z+ T'B u Fig. 4. Schematic of a Full Toroidal Variator.

N—— N—— N—— ~—~

L —N2 A B (3)
y = CTz+ D u J1 shaft moment of inerfia
—~ —~ b1 shaft linear friction coefficient
C D w1 shaft angular velocity
System (3) can be represented by the POG scheme ¢f 7 torque gctmg on the shaft
; X ; ; 1 gear radius

Fig. 3: note that blockN is structurally connected with the yep STimess coaTicient between Shaft and innar disk

dynamic blockL, therefo_re only_ the two _blocks con_sidered 72, J5 | inner and outer disks moments of ineffia
together properly describe a time-varying dynamic block.[ 5., b3 inner and outer disks Tinear friction coefficients
When L is constant, it can be proved that the symmetric| w2, ws | Inner and outer disks angular velocities

; T3 forque acfing on the outer disk
part Ny, of Ny is Ta inner disk radius
> [ filt angle of the rollers
.
Ny, = Ny + Nj _ _E (4) r20, T30 contact radial positions
s 2 2 Koy, K, | contact stifiness coefficients
. . . L= = = Ty rollers moment of inerfia

Whenp =1 (i.e. T is a column matrix) matricek, A, B, D rollers linear friction coefficient
C and N, degenerate to scalars and from (4) it follows wp rollers angular velocity

B 7 rollers radius

L T toroid centerline radius

Ny =—— )
2 TABLE |

When an eigenvalue of matrix tends to zero (or to infinity), = PARAMETERS AND VARIABLES OF THEFULL TOROIDAL VARIATOR.
system (1) degenerates towards a lower dimension dynamic

system. In this case the reduced and transformed system can

be obtained using a “rectangular” matfix see [10].

1. DYNAMIC MODEL OF AFULL TOROIDAL VARIATOR  The meaning of parameters and variables of the system is
reported in Table I.

The Full Toroidal Variator is the key element in VehiCIeThe two toroidal cavities contain six rollers (three for leac
applications, see [7], [8] and [9]. In KERS applications the

FTV manages the power flows between the vehicle and cavity) that transfer the power from the inner disc to thesout
fivwheel (thge kineticpener is stored in the flvwheel durin isc and viceversa. The variator speed-ratio is a functfon o
ywr 9y € Ty '"%e rollers inclination: a change of the tilt angleof the
braking and then reused under acceleration of the vehicle), . - .

o . X -~ “TOllers causes a speed-ratio variation. The contact radial
In IVT applications the FTV is coupled with an epicyclic o - )

: . positionsryg andrsy are related to radit; andry, as follows:

gear to allow the control of power flows in the powertramp
by a continuous change of the speed-ratio over a wide range.
A schematic of the considered FTV is shown in Fig. 4. 199 = ry + rpsiné, r39 = Tt — Tp Sin 6.
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The procedure to write the state space equations from a POG
scheme is explained in [14]. When the stiffneséés, Ko

and K3 tend to infinity, the POG model can be transformed
and reduced to a one-dimensional time-varying dynamic

The gear ratid?(9) relating the angular speeg of the inner
disk to the angular speed; of the outer disk is function of
the tilt angled as follows:

R(6) = w3 _T2e _ TpF7psind 1+ asing ©6) system by using a congruent transformation, as stated in
wa  T3g ry —rpsind 1 — asiné Section II-A.
wherea = . A plot of the gear ratior(9) for different When Kiz — oo, Ky — oo and Kp; — oo the state
values ofa € (0.1 : 0.1 : 0.9] is given in Fig. 5. The variables are related by the following relations:
FTV is a non-linear and time-variant system and writing "
its lumped parameter dynamic model can be a non trivial w2 = Ewla
problem: the POG approach makes this task easier. The POG , -
model of a physical system can be obtained in this way: wp = iewg =21 , (8)
identify the power sections of the system and, following the T TbT2
power flows, draw the POG scheme from left to right putting wy = =TT
between each pair of adjacent power sections the POG T30 T30 T2

block of the considered physical element. The POG blooﬁ]e following state space congruent transformation is used

scheme of the considered FTV system is shown in Fig. 6.
The introduction of fictitious dynamic elements, that can be

1
afterwards eliminated from the model, is useful to simplify }Jllz 0 é
the writing down of a dynamic model characterized only ws n R,
by integral causality (mandatory to have a model suitablg _ TO)w o | fo]| = 5 Wy = 0 wi
for simulation). For this reason the gear ratios are here W T17T20 Ry(6)
modeled by using “fictitious” elastic elements (i.e. theyonl Fus T2 0
dynamic element that can be put between two masses or ws r1T20 R5(0)
inertias respecting integral causality) that can be elatdd —_—— 2780 - -
simplifying the model and obtaining, with the reduction X T(6) T(6)

method explained in this section, both the equations of
the model without the fictitious elements and the explicitvhere gear ratiofRz, R(¢) and R3(6) are the following:
expressions of parameters of the reduced model.

The state space dynamic model of the POG system shown Ry = 1 Ry(6) = rire _ T (re +7rpsinf)
in Fig. 6 is: Ty’ T2 Th T2 Th ’
Lx=-Ax+Bu 7
where matrices and vectols A, B, x, u are defined as: Ry(0) =120 1 (re + 1 5in 9),
_ _ rorsg o (ry — rpsin)
J1
Ky Since the transformation matri¥'(6) is a column matrix,
J2 the transformed and reduced model is a first order dynamic
L= K3, ; model that can be written in the followingxplicit form:
Jp
Kblg = . : - T
Js L(6’) w1 — Ng(e, 6‘) Wy, = —A(G) w1+ [1 —Rg(o)] 5 (9)
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Fig. 6. POG block scheme of the Full Toroidal Variator.

where coefficientd.(f) = T'LT and A(¢) = T"AT are:
E(b’) = J; +R% J2+R§(9) Jb—l—R%(@) J3 1
2 2 2 2 2
= LW+ L+ 2 h+33 0
2 2 b 2

2
T30

A(0) = b1+ R3by+ RZ(0) by + R3(0) by

T K T K T
= bi+Fbo+F b+ B bs

> 2
T2 Ty T3 T30

and coefficientV, (6, §) is obtained applying relation (5):

Ny (6,6) = _L®) = —rog 73 0 cos 0 R (is + QTEJS) .
2 T g
The POG scheme of the transformed and reduced system
(9) is shown in Fig. 7. Note that the input and output power
sections @ and of the POG in Fig. 7 are the same ofto a new angled according to the new speed ratio (self
the POG scheme shown in Fig. 6. Another example of modalignment); viceversa the roller tilt angte can be set by
reduction obtained by using a POG congruent transformati@pplying hydraulic pressure causing a variation of the dpee
can be found in [10] for a planetary gear. This methodologsatio and accelerating the inner/outer disks.
to reduce model order is somehow similar to the Singuldsince the focus of the paper is to show the modeling metho-
Perturbation approach, see [13], when the dynamics of tll®logy, in this simplified model the self alignment propesty
additional fictitious elements is assumed to be much fasteeglected. The POG block scheme representing the torsional
than the dynamics of the physical elements present in tisynamics of the rollers together with the hydraulic actorati
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Fig. 7. POG scheme of the transformed and reduced system (9).

reduced order system. system is shown in Fig. 8.
] ] By modulating the external pressure. a volume flow
A. Torsional dynamics of the rollers rate ), enters into the hydraulic capacity; generating a

In the FTV the speed ratio defined in (6) is a functiorpressureP; within the mechanical circuit that makes the
of the tilt angled. This angle can change in two ways:roller tilt. Pressure?;, multiplied by h;, generates the torque
when the inner/outer disks speeds change, the rollers stegracting on the inertia/; of the rollers. The parametér;
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Fig. 8. POG block scheme of the hydraulic actuation and doegidynamics of the rollers.

is a proper “angular area” that describes the effect of th

castor angle. A first reaction torque acting on the inestia T s> . v T -
is given by the torsional frictioh,. A further reaction torque  weaw ’ , e
7, IS generated at the contact point between the rollers ai i Rolers
the disks. This contact interaction is modeled by an elast[w.}—a: ™ PRl 2O
element, see Fig. 9, characterized by the lumped stiffhgss “ e s [
that generates the load forge that, multiplied by the roller Full Toroigal Vartor CQf’D

radiusry, gives the torque;,. The elastic elemerk’; has two
terminals:z, on the roller andry moving on the disk. The
velocity of the second terminaly is expressed by relation
Zo = q(wsp) fr whereg(wy) is a function (even nonlinear) of
the angular speed; of the rollers. This model takes into
account that if the rollers are not rotating, i@, = 0, then
the requested torque to tilt the roller must be very high. In
normal operating mode the roller tilt anglaés changed only
when the roller angular speed is different from zero.

Fig. 10. Simulink scheme of the position controlled Full didal Variator.

Fig. 11. Simulink scheme of the subsystem “Full Toroidalistar”.

angled is changed fron15° to —25° at the timet = 0.03 s.
The main parameters used in simulation are shown in

Table Il. The tilt angled(t), the angular speed of the rollers
w(t) and pressure®;(¢) and P.(t) are shown in Fig. 13.
The oscillation of the tilt anglé(t) is caused by both the
elastic contact interaction of the rollers and the contfble

Fig. 9. Elastic interaction between the rollers and the .disk angular speeds); (the shaft),w, (the roller) andw; (the
outer disks) are shown in Fig. 14. The gear rati@),

IV. SIMULATION

The two POG models shown in Fig. 7 and Fig. 8 have been TABLE Il
implemented in Matlab using the Simulink model shown in MAIN PARAMETERS OF THE SYSTEM
Fig. 10. The Simulink schemes of the two subsystems “Full 7T 260 | kgon?
Toroidal Variator” and “Rollers” are shown in Fig. 11 and Jo | 18 | kgcn?

Fig. 12, respectively. Note that there is a direct corredpon Js | 18 | kgcn?
ce between the POG models and Simulink schemes. A posi- Jy | 17 | kgen?
tion control on the angular positicghhas been implemented ;ff 11702 k%]c;ﬁ
by using a proportional controllef’,. The control pressure > 515 mm
P, is saturated to a maximum value,,,, = =40 bar. The Ty, | 27.5| mm

input torques are zers, = 5 = 0 Nm and the reference tilt re | 343 mm
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dashed line represents the theoretiB&) and the portion of

the curve in red solid line is the one obtained in S|mulat|on.[5] R. Zanasi, G. H. Geitner, A. Bouscayrol, W. Lhomme, “Bifént

energetic techniques for modelling traction drives”, EIEFIMACS
2008, Qubec, Canada, June 8-11 2008.
V. CONCLUSION [6] R. Zanasi, F. Grossi, Differences and common aspectsQ® Rnd

_Ori _ _ EMR energy-based graphical techniques, Proc. of IEEE \éeFower
The Power-Oriented Graphs (POG) energy-based mode- _ Propulsion Conference VPPC 2011, pp.1.6

I|ng teChniqUe is here exploited to model a Full Toroidal [7] R. Fuchs, Y. Hasuda, and I. James, “Dynamic performanmayais
Variator. Taking advantages from the POG property of tran- ofa f_uII toroidal_ IV_T: A theoretical approach”, Internatial CVT and
sforming and reducing dynamic systems, both an extendeg, g?’g&fhgr??g‘rfj'r‘;” ﬁ?ﬁé%sjléiicriweaggfﬁgbsfgﬁﬁ&%
and reduced model for the Full Toroidal Variator have been " of the Full Toroidal Variator”, JTEKT Engineering Journahdish
given. Also the modeling of torsional dynamics of the  Edition No. 1006E, 2009, pp 31-36. . _
rollers has been addressed. Some Simulink simulations df! Eg?g“gi’gﬁgeﬂfgg’J:gﬁxgllog%?gthOéé}gr:/mat%gggmggsgi
the modeled system with a simple control of the roller tilt g, ' ' ’
angle have been reported, showing the effectiveness of tl€] R.Zanasi, F.Grossi “Modelling Hybrid Automotive Sgsts with the

POG Technique”, Journal of Asian Electric Vehicles, Vol. 2010),
proposed model. NF. 1, pp. 1379-1384

[11] R. V. Polyuga, A. van der Schaft, Structure preservingdei reduc-
tion of port-Hamiltonian systems by moment matching at ihfin
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