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In this paper an approach based on inversion formulae is usedfor the design of lead-lag compensators which satisfy frequency
domain specifications on phase margin, gain margin and phase(or gain) crossover frequency. An analytical and graphicalpro-
cedure for the compensator design on the Nyquist and Nicholsplanes is presented with some numerical examples.
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1 Introduction

Lead, lag and lead-lag compensators are among the most utilised control architectures in industrial and
process engineering, and for this reason they have always received a great deal of attention ‘(Franklin,
Powell and Emami-Naeini 2006)’. The recent literature shows a renewed interest in the design of
lead/lag-type controllers ‘(Messner, Bedillion, Xia and Karns 2007, Messner 2009)’ for classical loop
shaping and weighting functions for automated controller synthesis algorithms ‘(Messner 2009)’. Lead
and lag compensators are characterised by a simple first-order model and, in addition to their DC gain
which is usually selected on the basis of the steady-state performance specifications, they are described
by two parameters, which are the time constants of the real zero and of the real pole. The lead-lag com-
pensator has a richer dynamic structure, since it is characterised by a second-order transfer function with
two poles and two zeros. The additional parameter of lead-lag compensators enables extra specifications
to be imposed, to the expense of the increased complexity. Inthis paper we focus our attention on the
classic frequency domain specifications, i.e., specifications on the phase and gain margins (GPM) and
on the gain and phase crossover frequencies.

Specifications on the phase and gain margins have always beenextensively utilised in feedback con-
trol system design to ensure a desirable performance and to obtain a robust control system. Moreover,
specifications on phase margin and gain crossover frequencyare common because these two parameters
together often serve as a measure of the performance of a control system. Indeed, the phase margin is
loosely related to characteristics of the response such as the peak overshoot and the resonant peak, while
the gain crossover frequency is known to affect the rise timeand the bandwidth, ‘(Franklin et al. 2006)’.

The classical tuning methods for lead, lag and lead-lag compensators employing Bode and Nichols
diagrams are based on trial-and-error and/or heuristic techniques, and are therefore approximate by na-
ture. The main drawback of the trial-and-error method, which is usually based on considerations on the
Bode plot, is that this method often leads to a controller that does not behave as expected. For example,
in the case one wants to obtain a certain phase lead in the loopgain transfer function, the main idea
is to place the frequency where the compensator attains the maximum phase lead at a frequency that

∗Corresponding author. Email: roberto.zanasi@unimore.it

ISSN: 0020-7179 print/ISSN 1366-5820 online
c© 200x Taylor & Francis

DOI: 10.1080/0020717YYxxxxxxxx
http://www.informaworld.com



September 19, 2011 15:59 International Journal of Control 2011˙Int˙Cont˙Journal˙Lead˙Lag˙Compensators

2

is slightly greater than the gain crossover frequency of theplant, because a lead compensator amplifies
the magnitude of the plant over the entire spectrum; this frequency is usually selected by rule of thumb.
However, since in this way we cannot predict what the new crossover frequency of the loop gain will be,
it is far from certain that the loop gain transfer function will have an improvement in the phase margin
with respect to the uncompensated system. A similar problemoccurs for lag and lead-lag compensators.
Another consequence of the clumsiness associated with the classic trial-and-error design method is the
fact that this procedure is difficult to automate into an algorithm, and is therefore unsuited to be used as
a self-tuning strategy.

However, in recent times different methods have been proposed for the computation of the parameters
of the controller to satisfy GPM specifications, for lead, lag, lead-lag compensators as well as for com-
pensators in the family of PID controllers to the end of avoiding the trial-and-error nature of classical
control methods, ‘(̊Aström and Hagglund 1984, Ho, Gan, Tay and Ang 1996, Fung, Wang and Lee 1998,
Wang, Fung and Zhang 1999, Lee 2004, Flores, Valle and Castillejos 2007)’.

The approach proposed in ‘(Yeung, Wong and Chen 1998)’ is based on a graphical construction on
Bode and Nichols plots, and can handle specifications on the steady-state performance, gain and phase
margins and gain or phase crossover frequency.

A control technique recently introduced for the computation of the parameters of the compensator is
based on a closed-form formula that expresses the frequencyresponse of the compensator at a generic
frequency in polar form. Since the GPM and crossover frequency specifications result in the assignment
of the magnitude and argument of the frequency response of the compensator at the desired gain or phase
crossover frequency, these formulae enable the parametersof the compensators to be computed directly
given the frequency domain specifications. These formulae first appeared for generic first-order compen-
sators in ‘(Phillips 1985)’, and their use and geometric interpretation in the context of control feedback
design was detailed in ‘(Marro and Zanasi 1998)’. In the samespirit, a solution of a control problem
with GPM and crossover frequency specifications has recently been proposed for PID controllers in
‘(Ntogramatzidis and Ferrante 2011)’.

Since the approach based on these inversion formulae is exact, in the case of first-order lead and lag
networks – which we recall are characterised by two free parameters if one excludes the DC gain – only
specifications on either the phase margin and the gain crossover frequency or on the gain margin and on
the phase crossover frequency are allowed. Within the context of exact design with frequency domain
specifications, the use of lead-lag compensators – also known asnotch compensators– is particularly
important. Indeed, on the one hand, when the phase margin andgain crossover frequency are imposed,
the lead-lag network can be employed whenever a lead or a lag compensator can solve the problem, but
there are cases in which a lead-lag compensator can satisfy the control specifications whereas a simple
lead or lag network cannot (precisely, when the frequency response of the plant at the desired gain
crossover frequency is such that its magnitude is greater than 1 and the difference between its argument
and the desired phase margin is an angle greater thanπ/2 and smaller thanπ); similar considerations
hold with requirements on the gain margin and phase crossover frequency. On the other hand, the degree
of freedom of the extra parameter in the transfer function ofthe second-order lead-lag compensator can
be exploited to satisfy an additional requirement/specification on the other margin. Notwithstanding the
wealth of results in the area of tuning techniques of standard compensators, to the best of the authors’
knowledge an exact method has never been proposed for the computation of the parameters of lead-lag
networks in case of standard GPM and crossover frequencies specifications.

The method proposed in this paper is both analytic and graphical, in the sense that it can be carried
out both by determining directly the parameters of the compensator as a function of the specifications
and by making use of the Nyquist or Nichols plots. In this way,the advantages of analytic and graphic
procedures are combined together to deliver a method that outperforms the classic techniques based
on trial-and-error considerations. Differently from the method in ‘(Yeung et al. 1998)’, in which the
parameters of the compensator are determined using a graphic construction on a special design chart,
the approach presented in this paper enables the parametersof the compensator to be computedexactly
using simple formulae that are similar in spirit to those given in ‘(Phillips 1985)’ and ‘(Marro and Zanasi
1998)’, thus eliminating a major source of approximation. Moreover, the method proposed in this paper
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enablesall the solutions of the control problem to be computed, whereasall other graphical approaches
such as ‘(Yeung et al. 1998)’ can only deliver a subset of suchsolutions. This is a fundamental difference,
because some of the solutions determined in ‘(Yeung et al. 1998)’ can lead to negative (and therefore
infeasible) values of the compensator parameters. Lastly,in the case of a lead-lag compensator there is
a further educational advantage in the employment of Nyquist plots instead of Nichols or other types
of charts, due to the fact that the polar plot of a lead-lag compensator is a simple circle. Therefore, the
design can be successfully carried out using a compass and a ruler.

The paper is organized as follows. In Section II, we briefly recall the fundamental characteristics
of lead-lag compensators, and the method based on inversionformulae is presented. In Section III a
graphical interpretation of this method is given on the Nyquist plane. In Section IV, we introduce the five
control problems studied in this paper, in which the parameters of a lead-lag compensator are sought to
satisfy specifications on the GPM and on the crossover frequencies. Numerical examples and conclusions
end the paper.

2 Lead-lag compensators: the general structure

Consider a lead-lag compensator described by the transfer function

C(s) =
s2+2γ δ ωns+ω2

n

s2+2δ ωns+ω2
n
, (1)

whereγ , δ andωn are real and positive. Whenγ δ < 1 and/orδ < 1 the zeros and/or the poles of the
lead-lag compensatorC(s) are complex conjugate with negative real part. The compensator C(s) has a
unity static gainC(0) = 1 which does not change the static behavior (i.e., the steady-state performance)
of the controlled system. The frequency responseC( jω) of the compensatorC(s) is

C( jω) =
ω2

n −ω2+ j 2γ δ ωnω
ω2

n −ω2+ j 2δ ωn ω
, (2)

which, forω 6= ωn, can be written as

C( jω) =
1+ jX(ω)

1+ jY(ω)
(3)

where

X(ω)=
2γ δ ω ωn

ω2
n −ω2 , Y(ω)=

2δ ω ωn

ω2
n −ω2 . (4)

Due to assumptions thatγ , δ andωn are real and positive, functionsX(ω) andY(ω) satisfy

{

X(ω)> 0, Y(ω)> 0 when ω < ωn,

X(ω)< 0, Y(ω)< 0 when ω > ωn.
(5)

The parameterγ is the gain ofC( jω) at frequencyω = ωn. From (2) and (3) we get:

γ =C( jωn) =
X(ω)

Y(ω)

∣

∣

∣

ω 6=ωn
. (6)

The gainγ is the minimum (or maximum) amplitude ofC( jω). The Nyquist and Bode diagrams of
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Figure 1. Nyquist diagrams of functionC( jω) whenωn = 1, (δ = 1.5, γ = [2 : 1 : 7], blue lines) and (δ = 1.5, γ = 1./[2 : 1 : 7], magenta
lines). The thick blue line is forδ = 1.5 andγ = 5.
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Figure 2. Bode diagrams of functionC( jω) whenωn = 1, (δ = 1.5, γ = [2 : 1 : 7], blue lines) and (δ = 1.5, γ = 1./[2 : 1 : 7], magenta lines).
The thick blue line is forδ = 1.5 andγ = 5.

C( jω) for ωn = 1 and for different values of the parametersδ andγ are shown in Fig. 1 and Fig. 2. The
Nyquist diagrams of Fig. 1 satisfy a property which is based in the following definition.

Definition 2.1 : Let C (γ) denote the set of all the lead-lag compensatorsC(s) as defined in (1) charac-
terized by the same parameterγ , that is

C (γ) =
{

C(s) as in(1)
∣

∣

∣
δ > 0,ωn > 0

}

. (7)

Moreover, letCγ(s) ∈ C (γ) denote one element ofC (γ) chosen arbitrarily.

Property 2.2 The shape of the frequency responseCγ( jω) of Cγ(s) on the Nyquist plane is a circle with
centerC0 and radiusR0

C(γ)=C0+R0ejθ , C0=
γ+1

2
, R0=

|γ−1|
2

(8)

whereθ ∈ [0, 2π], see Fig. 1. The intersections ofCγ( jω) with the real axis occur at points 1 andγ . The
shape does not depend onδ > 0 andωn > 0.

Proof: One can easily verify that the distanced= |Cγ( jω)−C0| of the generic pointCγ( jω) from the
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centerC0 is constant and equal toR0:

d2 = |Cγ( jω)−C0|2 =
∣

∣

∣

ω2
n−ω2+ j 2γδωnω

ω2
n−ω2+ j 2δωnω − γ+1

2

∣

∣

∣

2

=
∣

∣

∣

2(ω2
n−ω2+ j 2γδωnω)−(γ+1)(ω2

n−ω2+ j 2δωnω)

2(ω2
n−ω2+ j 2δωnω)

∣

∣

∣

2

=
∣

∣

∣

(1−γ)[(ω2
n−ω2)− j 2γδωnω)]

2(ω2
n−ω2+ j 2δωnω)

∣

∣

∣

2
=

∣

∣

∣

γ−1
2

∣

∣

∣

2
= R2

0.

Variations ofωn andδ modify the distribution of the frequencyω on the Nyquist diagram ofCγ( jω),
but they do not change the diagram shape, which only depends on γ .

Remark 1 : The considered lead-lag compensatorC(s) in (1) is a general form which encompasses the
classical formCr(s) with real poles and real zeros

Cr(s) =
(1+ τ1s)(1+ τ2s)

(1+ατ1s)(1+
τ2
α s)

(9)

with 0< τ1 < τ2 and 0< α < 1. Details on the relations that link the parameters of the general and the
classical formsC(s) andCr(s) are given in Appendix A.

3 The controllable domain of lead-lag compensator C(s)

The concept of controllable domain introduced in this section is useful in the design of the lead-lag
compensatorC(s).

Definition 3.1 : (D−). Let us define the “controllable domain of a lead-lag compensator C(s)” as

D
−= {z∈ C | ∃γ ,δ ,ωn > 0,∃ω ≥ 0 : C( jω) ·z=1}.

Loosely speaking, thecontrollable domainD− can be interpreted as the set of all the pointsz∈ C

that “can be moved” to point 1 on the Nyquist plane by pre-multiplication with the frequency response
C( jω), whereC(s) is as in (1), for someω ≥ 0 and for suitable values of the parametersγ ,δ ,ωn > 0,
see Fig. 3. It can be easily verified that domainD− is given byD− = D

−
1 ∪D

−
2 where

D
−
1 =

{

z= M ej ϕ
∣

∣

∣
− π

2
< ϕ <

π
2
, M >

1
cosϕ

}

,

D
−
2 =

{

z= M ej ϕ
∣

∣

∣
− π

2
< ϕ <

π
2
, 0< M < cosϕ

}

.

DomainD
−
1 is obtained whenγ > 1 and domainD−

2 is obtained when 0< γ < 1. The shape ofD− =
D

−
1 ∪D

−
2 on the Nyquist plane is shown in Fig. 3, see ‘(Marro and Zanasi1998)’.

Definition 3.2 : Let C−(γ) denote the set of lead-lag compensators defined as

C
−(γ) =

{

1
C(s)

∣

∣

∣
C(s) ∈ C (γ)

}

, (10)

with C (γ) defined in (7). Moreover, letC−
γ (s) ∈ C−(γ) denote one element of the setC−(γ) chosen

arbitrarily.
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Figure 3. Controllable domainD− of lead-lag compensatorsC(s) on the Nyquist plane.
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Figure 4. Unity feedback control structure.

Property 3.3 Givenγ > 0, the two setsC−(γ) andC (1
γ ) coincide, i.e.,

C
−(γ) = C (1

γ ) (11)

and the frequency responsesC−
γ ( jω) andC 1

γ
( jω) of C−

γ (s) andC 1
γ
(s) on the Nyquist plane have the

same shape, see Fig. 3. The property holds also on the Nicholsplane.

Proof: Each elementC−
γ (s) of C−(γ) also belongs toC (1

γ ). In fact, from (7) and (10), it follows that

C−
γ (s) =

s2+2δωns+ω2
n

s2+2γδωns+ω2
n
=

s2+2(1
γ )δωns+ω2

n

s2+2δωns+ω2
n

∈ C (1
γ ),

whereδ = γδ . In the same way it can be easily proved that each elementC 1
γ
(s) of C (1

γ ) also belongs to

C−(γ), and thereforeC −(γ) andC (1
γ ) coincide. Moreover, the shape of the Nyquist diagrams ofC−

γ (s)
andC 1

γ
(s) depend only onγ and therefore they coincide. The extension of this propertyto Nichols

diagrams is straightforward.
From (8) and (11) it follows that the Nyquist diagram ofC −

γ (s) is a circle whose centerC0 = (γ +
1)/(2γ) lies on the real axis, whose radius isR0 = |γ −1|/(2γ) and its intersections with the real axis
occur at pointsa= 1 andb= 1

γ , see Fig. 3.

4 Lead-lag compensators C(s,ωn) moving a point A to a point B

Consider the block-diagram shown in Fig. 4, whereG(s) denotes the transfer function of the linear time-
invariant plant to be controlled, which may have a transientdelay and may include the gain and the
integration terms required to meet the steady-state accuracy specifications. The lead-lag compensator
C(s) has to be designed in order to satisfy phase marginφm, gain marginGm and gain (or phase) crossover
frequency specifications.

Let C( jω0) = M0ejϕ0 denote the value of the frequency responseC( jω) = M(ω)ejϕ(ω) of the com-
pensatorC(s) at frequencyω0, whereM0 = M(ω0) andϕ0= ϕ(ω0). To study howC( jω) affectsG( jω)
at frequencyω0, let us consider two generic pointsA= MAej ϕA andB= MBej ϕB of the complex plane.
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Figure 5. Controllable domainD−
B = D

−
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−
B2 on the Nyquist plane.

Referring to Fig. 5, we say thatpoint A is controllable to point B(or equivalently thatpoint A can be
moved to point B) if a valueC( jω0) exists such that

B=C( jω0) ·A, (12)

that is if and only if the following conditions hold:

MB = MAM0, ϕB = ϕA+ϕ0. (13)

Definition 4.1 : (D−
B ). Given a pointB ∈ C, let us define the “controllable domain of the lead-lag

compensator C(s) to point B” as

D
−
B= {A∈ C | ∃γ ,δ ,ωn > 0,∃ω ≥ 0 : C( jω) ·A=B}.

DomainD
−
B is the set of all the pointsA of the complex plane that can be moved to pointB using the

compensatorC(s). One can easily verify thatD−
B can be expressed asD

−
B = D

−
B1∪D

−
B2 where

D
−
B1 =

{

A= MAej ϕA

∣

∣

∣
− π

2
+ϕB < ϕA <

π
2
+ϕB, MA >

MB

cos(ϕA−ϕB)

}

,

and

D
−
B2 =

{

A= MAej ϕA

∣

∣

∣
− π

2 +ϕB < ϕA < π
2 +ϕB, 0< MA < MBcos(ϕA−ϕB)

}

,

see Fig. 5.

Definition 4.2 : Given B ∈ C, let CB(γ) andC
−
B (γ) denote the sets of lead-lag compensatorsC(s)

defined as

CB(γ) =
{

B ·C(s) |C(s) ∈ C (γ)
}

(14)

C
−
B (γ) =

{

B
C(s)

∣

∣

∣
C(s) ∈ C (γ)

}

(15)
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with C (γ) defined in (7). Moreover, letCBγ(s) ∈ CB(γ) andC
−
Bγ(s) ∈ C

−
B (γ) denote particular elements

of the two setsCB(γ) andC
−
B (γ) chosen arbitrarily.

Property 4.3 Givenγ > 0, the two setsC−
B (γ) andCB(

1
γ ) coincide, i.e.,

C
−
B (γ) = CB(

1
γ ), (16)

and the Nyquist diagram of the frequency responsesC
−
Bγ( jω) andCB1

γ
( jω) of C

−
Bγ(s) andCB1

γ
(s) have

the same shape. The intersectionsp1 andp2 of C
−
Bγ( jω) with the straight liner passing through points 0

andB arep1 = B andp2 =
B
γ . The corresponding graphical representation is shown in Fig. 5.

Proof: Property 4.3 follows directly from Property 3.3 becauseC
−
B (γ) = B ·C−(γ) = B ·C (1

γ ).

Definition 4.4 : (Inversion Formulae). Given two pointsA= MAejϕA andB= MBejϕB of the complex
planeC, the inversion formulaeX(A,B) andY(A,B) are defined as follows

X(A,B) =
M−cosϕ

sinϕ
,

Y(A,B) =
cosϕ− 1

M
sinϕ

,

(17)

where

M =
MB

MA
, ϕ = ϕB−ϕA. (18)

These formulae are similar to the ones used in ‘(Phillips 1985)’ and are the sameinversion formulae
introduced and used in ‘(Marro and Zanasi 1998)’ and ‘(Zanasi and Morselli 2009)’ for the continuous-
time case. The following property shows how theinversion formulaecan be efficiently employed in the
design of a lead-lag compensatorsC(s).

Property 4.5 (From A to B). Given a pointB∈C and chosen a pointA of the frequency responseG( jω)
at frequencyωA belonging to the controllable domainD−

B , i.e.A= G( jωA) ∈ D
−
B , the setC(s,ωn) of all

the lead-lag compensatorsC(s) that move pointA to pointB is obtained from (1) using

γ =
X
Y

> 0, δ =Y
ω2

n −ω2
A

2ωnωA
> 0, (19)

for all ωn > 0 such thatδ > 0 and withX = X(A,B) andY =Y(A,B) obtained using (17).

Proof: For ω = ωA, (4) can be rewritten as

γ =
X(ωA)

Y(ωA)
, δ =Y(ωA)

ω2
n −ω2

A

2ωnωA
.

Substituting in (1) one obtains

C(s,ωn) =
s2+X

ω2
n−ω2

A
ωA

s+ω2
n

s2+Y
ω2

n−ω2
A

ωA
s+ω2

n

,
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Figure 6. Design of the lead-lag compensatorsC( jω ,ωn) moving pointA to pointB.

whereX = X(ωA) andY =Y(ωA). The frequency response ofC(s,ωn) at frequencyωA is equal to the
constant value

C( jωA,ωn) =C( jωA) =
1+ jX
1+ jY

. (20)

From (12) and (13) it is evident thatA= G( jωA) = MAej ϕA can be moved toB= MBej ϕB if and only if

C( jωA) = M ej ϕ =
MB

MA
ej (ϕB−ϕA). (21)

From (20) and (21) we obtain the complex equation

(M cosϕ + jM sinϕ)(1+ jY) = 1+ jX ,

which is equivalent to the following linear system

[

1 −M cosϕ
0 M sinϕ

][

X

Y

]

=

[

M sinϕ
M cosϕ −1

]

.

Solving forX andY, one directly obtains (17)

X =

∣

∣

∣

∣

M sinϕ −M cosϕ
M cosϕ −1 M0sinϕ

∣

∣

∣

∣

M sinϕ
=

M−cosϕ
sinϕ

,

Y =

∣

∣

∣

∣

1 M sinϕ
0 M cosϕ −1

∣

∣

∣

∣

M sinϕ
=

cosϕ − 1
M

sinϕ
.

The assumption thatA belongs to the controllable domainD−
B ensures that there exist admissible lead-

lag controllersC(s,ωn) moving pointA to pointB which are characterized by positive parametersγ , δ
andωn, see Definition 4.1. All the admissible values ofωn are those that satisfyδ > 0 in (19).

From (19) and (17) it follows that the gainγ of C(s,ωn) at ω = ωn is

γ =
X
Y

=
M−cosϕ
cosϕ − 1

M

. (22)
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Table 1. Design Problems and design specifications addressed
in the paper.

Design
Problem

Phase
margin

φm

Gain
margin

Gm

Gain
crossover
f requency

ωp

Phase
crossover
f requency

ωg

A × ×
B × ×
C × × ×
D × × ×
E × ×

Note thatγ does not depend onωA andωn, but only on the position ofA andB.

Property 4.6 Given two pointsA andB such thatA∈ D
−
B , the gainγ in (19) can be graphically deter-

mined as shown in Fig. 6:

1) draw the unique circleAC
−
B that passes through pointsA andB having its diameter on the straight line

r which passes through points 0 andB;
2) the circleAC

−
B intersects the straight liner at pointsp1 = B andp2 = B/γ ;

3) the gainγ is equal to the modulus of pointB over the modulus of pointp2: γ = |B|/|p2|.
Proof: It follows directly from Property 4.3 because the circleAC

−
B on the Nyquist plane coincides with

the frequency responseC−
Bγ( jω) of C−

Bγ(s)∈C
−
B (γ) and because the intersections of these functions with

the straight liner occur at pointsB andp2 = B/γ .

5 Synthesis of lead-lag compensators

In this section and in Sec. 6 we will address five different Design Problems, concerning the synthesis of
lead-lag compensatorsC(s) based on the following design specifications, see Tab. 1:A) phase margin
φm and gain crossover frequencyωp; B) gain marginGm and phase crossover frequencyωg; C) phase
marginφm, gain marginGm and gain crossover frequencyωp; D) phase marginφm, gain marginGm and
phase crossover frequencyωg; E) phase marginφm and gain marginGm.

Design Problem A: (φm,ωp). Given the control scheme of Fig. 4, the transfer functionG(s) and
the design specifications on the phase marginφm and on the gain crossover frequencyωp, design the
lead-lag compensatorC(s) such that the loop gain transfer functionC( jω)G( jω) passes through point
Bp = ej(π+φm) for ω = ωp.

Solution A: Let Ap = G( jωp) denote the value of G( jω) at the desired gain crossover frequency
ω = ωp and let Bp = ej(π+φm) denote the point corresponding to the desired phase marginφm. The set
Cp(s,ωn) of all the compensators C(s) which solve Design Problem A is obtained from (1) using the
parameters

γ =
Xp

Yp
> 0, δ =Yp

ω2
n −ω2

p

2ωnωp
> 0 (23)

for all ωn > 0 such thatδ > 0 and with Xp = X(Ap,Bp) and Yp =Y(Ap,Bp) obtained using (17).

Proof: The design specifications on the phase marginφm and gain crossover frequencyωp can be
satisfied if and only if the loop gain frequency responseC( jω)G( jω) at ω = ωp is equal toBp, that is
if and only if Bp =C( jωp) ·Ap. According to Definition 4.1, Design Problem A has a solutiononly if
point Ap belongs to the controllable domainD−

Bp
, see the grey region in Fig. 7. The parameters (23) of

all the compensatorsCp(s,ωn) which move pointAp to pointBp are obtained from Property 4.5 when
ωA = ωp, A= Ap andB= Bp.

Examples of the loop gain frequency responseHp( jω ,ωn) =Cp( jω ,ωn)G( jω) obtained from (23) for
different values ofωn are plotted in red in Fig. 7 and 8. The blue circleC

−
Bpγ( jω) represents the frequency
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Figure 7. Graphical solution of Design Problem A on the Nyquist plane.
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Figure 8. Graphical representation of the solution of Design Problem A on the Bode diagrams.

response of all the functionsC −
Bpγ(s) ∈ C

−
Bp
(γ) with γ = Xp/Yp given in (23). The free parameterωn of

Cp(s,ωn) can be used to satisfy an additional constraint such as, for example, a desired gain marginGm

as shown in Design Problem C.

Design Problem B: (Gm,ωg). Given the control scheme of Fig. 4, the transfer functionG(s) and
design specifications on the gain marginGm and phase crossover frequencyωg, design the lead-lag
compensatorC(s) such thatC( jω)G( jω) passes through pointBg =−1/Gm for ω = ωg.

Solution B: Let Ag = G( jωg) denote the value of G( jω) at the desired phase crossover frequency
ω = ωg and let Bg =−1/Gm= MBg ejϕBg denote the point corresponding to the desired gain margin Gm.
The set Cg(s,ωn) of all the compensators C(s) which solve the Design Problem B is obtained from (1)
using

γ =
Xg

Yg
> 0, δ =Yg

ω2
n −ω2

g

2ωnωg
> 0, (24)

for all ωn > 0 such thatδ > 0 and with Xg = X(Ag,Bg) and Yg =Y(Ag,Bg) obtained using (17).

Proof: The design specifications on the gain marginGm and phase crossover frequencyωg are satisfied
if and only if Bg = C( jωg) ·Ag. According to Definition 3.1, Design Problem B has a solutiononly if
Ag belongs toD−

Bg
, see the grey region in Fig. 9. The parameters (24) of all the compensatorsCg(s,ωn)

which moveAg to Bg are obtained from Property 4.5 whenωA = ωg, A= Ag andB= Bg.
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Figure 9. Graphical solution of Design Problem B on the Nyquist plane.
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The loop gain frequency responsesHg( jω ,ωn) = Cg( jω ,ωn)G( jω) obtained from (24) for different
values ofωn are plotted in red in Fig. 9 and 10. The blue circleC

−
Bgγ( jω) in Fig. 9 represents the fre-

quency response of all the functionsC
−
Bgγ(s) ∈ C

−
Bg
(γ) with γ = Xg/Yg given in (24). The free parameter

ωn of Cg(s,ωn) can be used to satisfy, for example, a constraint onφm.

Design Problem C: (φm , Gm , ωp). Given the control scheme of Fig. 4, the transfer functionG(s)
and design specifications on the phase marginφm, gain marginGm and gain crossover frequencyωp,
design a lead-lag compensatorC(s) such thatC( jω)G( jω) passes throughBp = ej(π+φm) for ω = ωp

andBg =−1/Gm.

Solution C: Let Ap = G( jωp) denote the value of G( jω) at the desired gain crossover frequency
ω = ωp, and let Bp = ej(π+φm) and Bg =−1/Gm = MBg ejϕBg denote the complex points corresponding
to the desired phase marginφm and gain margin Gm, respectively. The set Cp(s,ωg) of all the lead-lag
compensators C(s) which solve Design Problem C is obtained from (1) using

γ =
Xp

Yp
> 0, δ =Yp

ω2
n −ω2

p

2ωnωp
> 0, (25)
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Figure 11. Functionsγg(ω) (blue line) andγp(ω) (black line).

ωn =

√

√

√

√

Yg ωg−Yp ωp
Yg
ωg

− Yp
ωp

> 0, (26)

where the coefficients Xp = X(Ap,Bp), Yp =Y(Ap,Bp), Xg = X(Ag,Bg) and Yg =Y(Ag,Bg) are obtained

using the inversion formulae (17) with Ag = G( jωg) = MAg(ωg)ejϕAg(ωg), for all the frequenciesωg

satisfying

γ = γg(ωg), (27)

whereγg(ωg) = Xg/Yg is defined as

γg(ωg) =

MBg
MAg(ωg)

−cos(ϕBg −ϕAg(ωg))

cos(ϕBg −ϕAg(ωg))−
MAg(ωg)

MBg

. (28)

A solution Cp(s,ωg) of Design Problem C exists only if: 1) the set Sωg of all theωg satisfying (27) is not
empty; 2) Ap ∈ D

−
Bp

and Ag ∈ D
−
Bg

; 3) ωn andδ in (25) and (26) are real and positive.

Proof: The design specifications completely define the position of pointsBp, Ap andBg. According to
Solution A, the lead-lag compensatorsCp(s,ωn) which move pointAp ∈ D

−
Bp

to pointBp are obtained
using the parametersγ andδ in (25). The free parameterωn can now be used to force the loop gain
frequency responseCp( jω ,ωn)G( jω) to pass through pointBg. This condition can be satisfied only if a
frequencyωg exists such thatCp(s,ωn) moves pointAg = G( jωg) ∈ D

−
Bg

to pointBg, that is only if

γ =
Xg

Yg
=

X(Ag,Bg)

Y(Ag,Bg)
. (29)

This relation does not depend onωn, but only on the design specificationsφm, Gm andωp. Substitution
of (17) and (18) into (29) yields (27)-(28). The frequenciesωg ∈ Sωg satisfying (27) are acceptable only
if the compensatorCg(s,ωn) obtained using Solution B is equal toCp(s,ωn). This condition is satisfied
only if the two compensators share the sameδ , that is only if

δ =Yp
ω2

n −ω2
p

2ωnωp
=Yg

ω2
n −ω2

g

2ωnωg
> 0. (30)

Solving (30) with respect toωn leads to (26).
The solution of (27) can also be obtained graphically by plotting γg(ω) and by finding all the fre-

quenciesωg ∈ Sωg for which γg(ωg) intersects the horizontal lineγ , see Fig. 11. In the example
of Fig. 11 it is Sωg = {ωg1, ωg2} and therefore there are two solutions:Cp(s,ωg1) andCp(s,ωg2).
The corresponding loop gain frequency responsesH21( jω) = Cp( jω ,ωg1)G( jω) (thin blue line) and
H22( jω) = Cp( jω ,ωg2)G( jω) (red line) on the Nyquist and the Bode diagrams are shown in Fig. 12
and 13. Both solutions satisfy the design specifications andare acceptable becauseδ > 0 andωn > 0.
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Figure 12. Graphical solution of Design Problem C on the Nyquist plane.
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Property 5.1 The frequenciesωg ∈ Sωg satisfying (27) can be graphically determined on the Nyquist
plane as shown in Fig. 12:

1) draw the circleC−
Bpγ( jω) on the Nyquist plane passing through pointsAp andBp with its diameter on

the segment(Bp,
Bp
γ );

2) determine the gainγ of the lead-lag compensatorsCp(s,ωg) as described in Property 4.6 whenA= Ap

andB= Bp;

3) draw the circleC−
Bgγ( jω) having its diameter on the segment(Bg,

Bg
γ );

4) the intersectionsAgi of C
−
Bgγ( jω) with G( jω) correspond to the frequenciesωgi belonging to the set

Sωg.

Proof: The circlesC−
Bpγ( jω) (black line) andC−

Bgγ( jω) (blue line) shown in Fig. 12 represent, respec-

tively, the frequency responses ofC
−
Bpγ(s)∈C

−
Bp
(γ) andC

−
Bgγ(s)∈C

−
Bg
(γ) with γ = Xp/Yp = Xg/Yg given

in (27) and (29). These two circles can be easily determined on the Nyquist plane becauseAp, Bp and
Bg are known (they follow from the design specifications) andγ is given by the graphical construction
described in Property 4.6. A frequencyωg satisfying (27) exists only if

G( jωg)Cγ( jωg) = Bg, (31)

whereCγ(s) is the lead-lag compensator (1) with the value ofγ determined as described above. Relation
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(31) can be rewritten as

G( jω) =
Bg

Cγ( jω)
= C

−
Bgγ( jω), (32)

with ω = ωg, and therefore it can be solved graphically on the Nyquist plane by finding the intersections
ωg of G( jω) with C

−
Bgγ( jω).

Design Problem D: (φm , Gm , ωg). Given the control scheme of Fig. 4, the transfer functionG(s)
and the design specifications on the phase marginφm, gain marginGm and phase crossover frequency
ωg, design a lead-lag compensatorC(s) such thatC( jω)G( jω) passes through pointBg = −1/Gm for
ω = ωg and passes through pointBp = ej(π+φm).

Solution D: The given design specifications completely define the pointsAg = G( jωg), Bp = ej(π+φm)

and Bg = −1/Gm = MBg ejϕBg . The set Cg(s,ωp) of all the lead-lag compensators C(s) which solve
Design Problem D is obtained from (1) using

γ =
Xg

Yg
> 0, δ =Yg

ω2
n −ω2

g

2ωnωg
> 0, (33)

ωn =

√

√

√

√

Yg ωg−Yp ωp
Yg
ωg

− Yp
ωp

> 0, (34)

where Xg = X(Ag,Bg), Yg =Y(Ag,Bg), Xp = X(Ap,Bp) and Yp =Y(Ap,Bp) are obtained using (17) with

Ap = G( jωp) = MAp(ωp)ejϕAp(ωp), for all the frequenciesωp satisfying

γ = γp(ωp), (35)

whereγp(ωp) = Xp/Yp is defined as

γp(ωp) =

MBp
MAp(ωp)

−cos(ϕBp −ϕAp(ωp))

cos(ϕBp −ϕAp(ωp))−
MAp(ωp)

MBp

. (36)

A solution Cg(s,ωp) of Design Problem D exists only if: 1) the set Sωp of all theωp satisfyingγ = γp(ωp)

is not empty; 2) Ag ∈ D
−
Bg

and Ap ∈ D
−
Bp

; 3) ωn andδ in (34) are real and positive.

Proof: The proof is similar to that of Solution C. The positions ofBp = ej(π+φm), Bg = −1/Gm and
Ag = G( jωg) are directly determined by the given design specifications.The parametersγ and δ in
(33) define the structure of the lead-lag compensatorsCg(s,ωn) which moveAg ∈ D

−
Bg

to Bg. The loop
gainCg( jω ,ωn)G( jω) passes throughBp only if a frequencyωp exists such thatCg(s,ωn) movesAp =

G( jωp) ∈ D
−
Bp

to Bp, that is only if the relationγ =
Xp
Yp

= γp(ωp) given in (35) holds. The frequencies
ωp ∈ Sωp satisfying (35) are acceptable only if (30) holds. From thisrelation one directly obtains (34).

The graphical solution of (35) can be obtained, see Fig. 11, by plotting γp(ω) (the black line) and
by finding all the frequenciesωp ∈ Sωp whereγp(ωp) intersects the horizontal lineγ . In Fig. 11 it is
Sωp = {ωp1, ωp2}. The corresponding loop gain frequency responsesH11( jω) = Cp( jω ,ωp1)G( jω)
andH21( jω) =Cp( jω ,ωp2)G( jω) on the Nyquist and Bode diagrams are the thin blue lines shownin
Fig. 14 and 15. These solutions are acceptable only ifδ > 0 andωn > 0 in (33) and (34).
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Figure 14. Graphical solution of Design Problem D on the Nyquist plane.
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Figure 15. Graphical representation of the solution of Design Problem D on the Bode diagrams.

Property 5.2 The frequenciesωp ∈ Sωp satisfying (35) can be graphically determined on the Nyquist
plane as follows, see Fig. 14:

1) draw the circleC−
Bgγ( jω) on the Nyquist plane passing through pointsAg andBg with its diameter on

the segment(Bg,
Bg
γ );

2) determineγ as described in Property 4.6 whenA= Ag andB= Bg;

3) draw the circleC−
Bpγ( jω) having its diameter on the segment(Bp,

Bp
γ );

4) the pointsApi where circleC−
Bpγ( jω) intersectsG( jω) correspond to the frequenciesωpi ∈ Sωp.

This graphical construction holds because a frequencyωp satisfies (35) only if

G( jωp)Cγ( jωp) = Bp. (37)

This relation can be rewritten as

G( jω) =
Bp

Cγ( jω)
= C

−
Bpγ( jω), (38)

with ω = ωp, and can be solved graphically on the Nyquist plane by findingthe intersectionsωp of
G( jω) with C

−
Bpγ( jω).
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6 Design Problem (φm , Gm) and Graphical Representations.

Let us now consider the following Design Problem E which is a relaxed version of Design Problem C
and Design Problem D.

Design Problem E: (φm, Gm, γ). Given the control scheme of Fig. 4, the transfer functionG(s) and
the design specifications on the phase marginφm and gain marginGm, design a lead-lag compensator
C(s) such that the loop gain transfer functionC( jω)G( jω) passes through pointsBp = ej(π+φm) and
Bg =−1/Gm for a value ofγ chosen arbitrarily.

Solution E: Let Bp = ej(π+φm) and Bg =−1/Gm = MBg ejϕBg denote the points corresponding to the
desired phase marginφm and gain margin Gm. The set Cγ(s,ωp,ωg) of all the compensators C(s) which
solve Design Problem E is obtained as follows:

a) find all the pairs(ωp, ωg) ∈ Sγω of frequencies which solve

γ = γp(ωp) = γg(ωg), (39)

whereγ > 0 is chosen arbitrarily, Sγω is the set of all the pairs(ωp, ωg) satisfying (39), andγp(ωp)

and γg(ωg) are defined in (36) and (28) with Ap = G( jωp) = MAp(ωp)ejϕAp(ωp) and Ag = G( jωg) =

MAg(ωg)ejϕAg(ωg), respectively.

b) for each pair(ωp, ωg) ∈ Sγω compute

ωn=

√

√

√

√

Xgωg−Xpωp
Xg
ωg
− Xp

ωp

=

√

√

√

√

Yg ωg−Yp ωp
Yg
ωg
− Yp

ωp

> 0, (40)

and

δ =Yp
ω2

n −ω2
p

2ωnωp
=Yg

ω2
n −ω2

g

2ωnωg
> 0, (41)

where the coefficients Xp = X(Ap(ωp),Bp), Yp = Y(Ap(ωp),Bp), Xg = X(Ag(ωg),Bg) and Yg =
Y(Ag(ωg),Bg) are obtained using the inversion formulae (17).

A solution Cγ(s,ωp,ωg) of Design Problem E exists only if: 1)γ satisfies

0< γ < min[max(γp(ωp)),max(γg(ωg))] (42)

2) Sγω is not empty; 3) points Ap(ωp) and Ag(ωg) belong, respectively, to the controllable domainsD
−
Bp

andD
−
Bg

; 4) parametersωn in (40) andδ in (41) are real and positive.

Proof: The design specifications on the phase marginφm and gain marginGm completely define the
position of pointsBp andBg on the complex plane. A solutionCγ(s,ωp,ωg) exists only if the frequencies
ωp andωg satisfy (31) and (37), that is only if they satisfy (39) whereγp(ωp) = Xp/Yp andγg(ωg) =
Xg/Yg. For each value ofγ satisfying (42), one can find the setSγω of all the solutions(ωp,ωg) of
(39). This relation does not depend onδ andωn, but only on the frequencies(ωp,ωg) and points (Bp,
Bg). Each solution(ωp,ωg) ∈ Sγω corresponds to an acceptable regulatorCγ(s,ωp,ωg) only if ωn andδ
given in (40) and (41) are real and positive. The expressionsof ωn andδ in (40) and (41) are obtained as
described in the Solution of Design Problem C by taking into account (39),Xp = γ Yp andXg = γ Yg.

The numerical solution of (39) can be obtained graphically by plotting γp(ω) and γg(ω) and by
finding, for each admissible value ofγ , all the pairs(ωp,ωg) ∈ Sωp whereγp(ωp) and γg(ωg) inter-
sect the horizontal lineγ , see Fig. 11. In the example of Fig. 11 there are four different solutions:
Sγω = {(ωp1,ωg1), (ωp1,ωg2), (ωp2,ωg1), (ωp2,ωg2)}. The loop gain frequency responsesH11(s), H12(s),
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Figure 16. Graphical solution of Design Problem E on the Nyquist plane.

H21(s) andH22(s) of these four solutions on the Nyquist plane are shown in Fig.16. These solutions are
acceptable only ifδ > 0 andωn > 0 given in (40) and (41) are satisfied.

6.1 Graphical representations on Nyquist and Nichols planes.

The solution of the Design Problem E can also be performed graphically on the Nyquist and Nichols
planes. Five different graphical representations are now described.

a) G( jω)-graphical representation on Nyquist plane. The frequencies(ωp,ωg) ∈ Sωp can also be
determined on the Nyquist plane using the graphical construction shown in Fig. 16:

1) given pointsBp andBg and a desired value forγ > 0, draw the circlesC −
Bpγ( jω) andC

−
Bgγ( jω) having

their diameters on the segments(Bp, Bp/γ) and(Bg, Bg/γ);
2) if the frequency responseG( jω) does not intersect both circlesC−

Bpγ( jω) andC
−
Bgγ( jω), the chosen

value ofγ is not acceptable.
3) otherwise, each pair(ωp,ωg) corresponding to the intersections ofG( jω) with circlesC

−
Bpγ( jω) and

C
−
Bgγ( jω) is a possibile solution for Design Problem E.

This graphical construction hinges on the fact thatωp and ωg satisfy relation (39) only if
G( jωp)Cγ( jωp) = Bp andG( jωg)Cγ( jωg) = Bg. These relations can be rewritten as











G( jω)|ω=ωp
=

Bp
Cγ ( jωp)

= C
−
Bpγ( jω)

∣

∣

∣

ω=ωp

G( jω)|ω=ωg
=

Bg
Cγ ( jωg)

= C
−
Bgγ( jω)

∣

∣

∣

ω=ωg

(43)

These relations can be solved graphically on the Nyquist plane by finding the frequencies(ωp,ωg) where
G( jω) intersectsC−

Bpγ( jω) andC
−
Bgγ( jω).

Using the graphical construction of Fig. 16 it is also easy todetermine the maximum valuēγ of
parameterγ for which a solution of Design Problem E exists: it is the value for which the circleC−

Bpγ̄( jω)

is tangent toG( jω), see the dashed red circles and pointAp in Fig. 16.

b) G( jω)-graphical representation on Nichols plane. The graphical construction described above can
be carried out also on the Nichols plane, see Fig. 17. The shapes ofC−

Bpγ( jω) andC
−
Bgγ( jω) on the

Nichols plane are not circles, but the intersection pointsAp1, Ap2, Ag1, Ag2 with G( jω) can still be
determined. An advantage of working on the Nichols plane is that C−

Bpγ( jω) andC
−
Bgγ( jω) have the

same shape and the same dimension. In fact, these functions differ for just a constant,C−
Bgγ( jω) =

(Bg/Bp)C
−
Bpγ( jω), and therefore they differ for just a translation on the Nichols plane.
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Figure 17. G( jω)-graphical representation on Nichols plane.
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Figure 18.C −
Bpγ ( jω)-graphical representation on Nyquist plane.

c) C
−
Bpγ( jω)-graphical representation on Nyquist plane. Multiplying the second equation of system

(43) by the constantBp/Bg one obtains















G( jω)|ω=ωp
= C

−
Bpγ( jω)

∣

∣

∣

ω=ωp

G( jω)Bp

Bg

∣

∣

∣

∣

ω=ωg

= C
−
Bpγ( jω)

∣

∣

∣

ω=ωg

(44)

It is evident that these relations can be solved graphicallyon the Nyquist plane by finding the frequencies
(ωp,ωg) whereC

−
Bpγ( jω) intersectsG( jω) andG( jω)Bp/Bg. A graphical representation of (44) on the

Nyquist plane is shown in Fig. 18: the intersections ofC
−
Bpγ( jω)with G( jω) provide the frequenciesωp1,

ωp2, etc.; the intersections ofC−
Bpγ( jω) with G( jω)Bp/Bg provide the frequenciesωg1, ωg2, etc. The

loop gain transfer functionsH12( jω) andH22( jω) corresponding to solutions(ωp1,ωg2) and(ωp2,ωg2)
are shown in magenta and in red in Fig. 18.

d) Cγ( jω)-graphical representation on the Nyquist plane. Using simple mathematical manipulations,
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Figure 19. Cγ ( jω)-graphical representation on the Nyquist plane.
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Figure 20.Cγ ( jω)-graphical representation on Nichols plane.

system (43) can be rewritten as



















Bp

G( jω)

∣

∣

∣

∣

ω=ωp

= Cγ( jω)
∣

∣

ω=ωp

Bg

G( jω)

∣

∣

∣

∣

ω=ωp

= Cγ( jω)
∣

∣

ω=ωg

(45)

These equations can be solved graphically on the Nyquist plane by finding the frequencies(ωp,ωg)
whereCγ( jω) intersectsBp/G( jω) andBg/G( jω). A graphical representation of (45) on the Nyquist
plane is shown in Fig. 19. The intersections withBp/G( jω) provide the frequenciesωp1, ωp2, etc. and
the intersections withBg/G( jω) provideωg1, ωg2, etc. Note that in Fig. 19 the points−Bp and−Bg,
and the two loop gain frequency responses−H12(s) and−H22(s) have also been reported: the relative
position of these points and functions with respect to point1 is the same of pointsBp andBg andH12(s)
andH22(s) with respect to−1.

e) Cγ( jω)-graphical representation on Nichols plane. Equations (45) can be solved graphically on the
Nichols plane as well, as shown in Fig. 20. In this case the shapes ofCγ( jω) are not circles, but the
graphical representation is more precise for small values of the modulus. This graphical representation
is similar to the one presented in ‘(Yeung et al. 1998)’ for the solution of Design Problems C and D.
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7 Numerical examples

Example 1. All the graphical representations from Fig. 7 to Fig. 20 usedin the solutions of Design
Problems A, B, C, D and E refer to the system

G(s) =
40(s+1)

s(s+1.5)2(s+3)

with the following design specifications: phase marginφm = 42◦, gain marginGm = 3, gain crossover
frequencyωp = 2.1 and phase crossover frequencyωg = 4.05. The modulus and the phase of points
Bp = MBpejϕBp = ej(π+φm) andBg = MBgejϕBg = −1/Gm areMBp = 1, ϕBp = 222◦, MBg = 0.333 and
ϕBg = 180◦. The value ofγ obtained in (23), (24), (27), (33) and used in Design ProblemE is

γ =
Xp

Yp
=

Yg

Xg
= 0.315.

The frequenciesωp1, ωp2 = ωp, ωg1 = ωg and ωg2 (27), (35) and (39) areωp1 = 1.57, ωp2 = 2.1,
ωg1 = 2.77 andωg2 = 4.05. The corresponding pointsAp1 = G( jωp1), Ap2 = Ap = G( jωp2), Ag1 =
Ag = G( jωg1) andAg2 = G( jωg2) on the frequency responseG( jω) are

Ap1 = 2.97e− j152.7◦, Ap2 = 1.82e− j169.4◦,

Ag1 = 1.05ej174.3◦, Ag2 = 0.44ej153.3◦.

Let us now consider the solutions of the previously described Design Problems separately.

Design Problems A: (φm, ωp). The parametersXp, Yp andγ corresponding toAp andBp are Xp =
−0.5824,Yp =−1.8491 andγ = Xp/Yp = 0.315. The set of regulatorsCp(s,ωn) satisfying Design Prob-
lems A are

Cp(s,ωn) =
s2+Xp

ω2
p−ω2

n
ωp

s+ω2
n

s2+Yp
ω2

p−ω2
n

ωp
s+ω2

n

, (46)

for 0< ωn < ωp = 2.1. The loop gain transfer functionHp( jω ,ωn) =Cp(s,ωn)G( jω) for ωn = {[0.6 :
0.1 : 1.1]} is represented by red lines in Fig. 7 and 8.

Design Problems B: (Gm, ωg). The parametersXg, Yg and γ corresponding toAg and Bg are Xg =
−0.295,Yg = −0.937 andγ = Xg/Yg = 0.315. The set of regulatorsCg(s,ωn) satisfying the Design
Problems B are

Cg(s,ωn) =
s2+Xg

ω2
g−ω2

n
ωg

s+ω2
n

s2+Yg
ω2

g−ω2
n

ωg
s+ω2

n

, (47)

for 0 < ωn < ωg = 4.05. The loop gain transfer functionHg( jω ,ωn) = Cg(s,ωn)G( jω) is represented
by red lines in Fig. 9 and 10 forωn = {[1.2 : 0.1 : 1.6]}.

Design Problems C: (φm, Gm, ωp). The parametersXp, Yp and γ corresponding toAp and Bp are
Xp = −0.582,Yp =−1.849 andγ = Xp/Yp = 0.315. The two solutions of (27) areSωg = {ωg1,ωg2} =
{2.77,4.05}. Substitution into (25) and (26) yieldsδ =−0.571 andωn = 2.85 whenω = ωg1; δ = 5.14
andωn = 0.37 whenω = ωg2. Only the second solution whereδ > 0 is acceptable:

Cp(s,ωg2) =
s2+1.186s+0.134
s2+3.765s+0.134

. (48)
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Figure 21. Step responsesy1(t) (magenta line) andy2(t) (red line) of the closed loop system when, respectively, regulatorsCγ (s,ωp1,ωg2) in
(49) andCp(s,ωg2) in (48) are used.

The corresponding loop gain transfer functionH22( jω) = Cp(s,ωg2)G( jω) is plotted in red in Fig. 12
and 13.

Design Problems D. (φm, Gm, ωg). The parameters which correspond to pointsAg and Bg are
Xg = −6.778,Yg =−21.52 andγ = Xp/Yp = 0.315. The two solutions of (35) areSωp = {ωp1,ωp2} =
{1.57,2.1}. Substitution into (33) and (34) yieldsδ =−8.82 andωn = 4.13 whenω =ωp1; δ =−0.571
andωn = 2.85 whenω = ωp2. Neither solution is acceptable because in both casesδ < 0. The loop gain
transfer functionsH11( jω) andH21( jω) are the blue lines shown in Fig. 14 and 15.

Design Problems E: (φm, Gm, γ). GivenBp, Bg andγ , the four solutions(ωpi,ωg j) of equation (39) can
be graphically determined as shown in Fig. 11. By substitution into (40) and (41) one obtains only two
acceptable and stable regulatorsCγ(s,ωp,ωg). The first one is obtained for(ωp1,ωg2), δ = 1.691 and
ωn = 1.338:

Cγ(s,ωp1,ωg2) =
s2+1.065s+1.791
s2+3.382s+1.791

. (49)

The corresponding loop gain transfer functionH12( jω) = Cγ( jω ,ωp1,ωg2)G( jω) is shown on the
Nyquist plane in Fig. 16 and on the Nichols plane in Fig. 17. The second acceptable solution
Cγ(s,ωp2,ωg2) is obtained for(ωp2,ωg2), δ = 5.14 andωn = 0.37, and it coincides with theCp(s,ωg2)
given in (48). The other two solutions are not acceptable. The step responsesy1(t) and y2(t) of the
closed loop system when, respectively, regulatorsCγ(s,ωp1,ωg2) in (49) andCp(s,ωg2) in (48) are used,
are shown in Fig. 21.

Example 2. Let us consider the transfer function proposed in ‘(Yeung etal. 1998)’:

G(s) =
5000

s(s+5)(s+10)
, (50)

with the following design specifications: phase marginφm= 42◦, gain crossover frequencyωp = 9 rad/s
and gain marginGm = 4. The synthesis of the lead-lag controllersCp(s,ωg2) follows the lines described
in Design Problem C. The modulus and the phase ofBp = MBpejϕBp = ej(π+φm), Ap = MApejϕAp =

G( jωp) andBg = MBgejϕBg =−1/Gm areMBp = 1, ϕBp = 222◦, MAp = 4.01,ϕAp = 167.1◦, MBg = 0.25
andϕBg = 180◦. FromAp andBp one obtainsXp =−0.397,Yp =−4.198 andγ = Xp/Yp = 0.0946. The
two solutions of (27) areSωg = {ωg1,ωg2}= {11.37,20.71}, see Fig. 22. Only the one corresponding to
ωg2 is acceptable, and givesδ = 17.68> 0 andωn = 2.28. The corresponding lead-lag regulator is

Cp(s,ωg2) =
s2+3.347s+5.198
s2+35.36s+5.198

. (51)

The graphical constructions corresponding to the synthesis of the lead-lag compensatorCp(s,ωg2) on
the Nyquist, Bode and Nichols planes are shown in Fig. 23-Fig. 25. The loop gain transfer function
H2( jω) =Cp( jω ,ωg2)G( jω) is the red line shown in the figures.
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Figure 22. Example 2: functionγg(ω) intersects the valueγ at frequencies{ωg1, ωg2}= {11.37,20.71}.
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Figure 23. Example 2: synthesis and graphical interpretation of the lead-lag compensatorsCp(s,ωg2) on the Nyquist plane.
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Figure 24. Example 2: graphical representation of the solution on the Bode diagrams.

8 Conclusion

In this paper a general structure for a second order lead-lagcompensator has been given and the analytical
and graphical solutions of five different Design Problems, given in terms of phase margin, gain margin
and phase or gain crossover frequency, have been presented.The analytical solutions of the Design
Problems are based on the use of theinversion formulaeapproach, and the graphical solutions have been
given both in the Nyquist and Nichols planes.

The design of lead-lag compensators using the analytical and graphical method presented in this pa-
per is simple and suitable both for educational and practical purposes. It has also been shown that the
techniques presented here for the design of lead-lag compensators with standard specifications on the
stability margins and the crossover frequencies outperform the existing ones.

Future works will include an important extension of the techniques presented in this paper to situations
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Figure 25. Example 2: Graphical determination on the Nichols plane of the frequencies(ωg1,ωg2) where Cγ ( jω) intersects function
Bg/G( jω).
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Figure 26. Asymptotic amplitude Bode diagram of compensator Cr (s).

in which only one or two of the specifications considered hereare assigned (e.g., the phase margin and
the gain crossover frequency), and the remaining degree of freedom is exploited to reduce/minimize
additional parameters such as the settling time, the damping ratio or to increase the sensitivity margin.
We also aim to adapt the analytical, numerical and graphicaltechniques presented in this paper to the
discrete-time domain.

Appendix A: Lead-lag compensators with real poles and real zeros

The classical formCr(s) of the lead-lag compensator with real poles is

Cr(s) =
(1+ τ1s)(1+ τ2s)

(1+ατ1s)(1+
τ2
α s)

(52)

with 0< τ1 < τ2 and 0< α < 1. The asymptotic amplitude Bode diagram ofCr( jω) is shown in Fig. 26.
The relations that link the parametersτ1, τ2 andα of compensatorCr(s) to parametersγ , δ andωn of
compensatorC(s) are

τ1 =
γδ −

√

γ2δ 2−1
ωn

, τ2 =
γδ +

√

γ2δ 2−1
ωn

,

α =
δ −

√
δ 2−1

γδ −
√

γ2δ 2−1
; γ =

τ1+ τ2

ατ1+
τ2
α
,

ωn =
1√
τ1τ2

, δ =
ωn

2

(

ατ1+
τ2

α

)

.
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For compensatorCr(s) the controllable domainD− coincides with the controllable domainD−
1 of com-

pensatorC(s), see Fig. 3.
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