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In this paper an approach based on inversion formulae isfoseke design of lead-lag compensators which satisfy feegy
domain specifications on phase margin, gain margin and ploaggin) crossover frequency. An analytical and graphiceat
cedure for the compensator design on the Nyquist and Niglaiees is presented with some numerical examples.
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1 Introduction

Lead, lag and lead-lag compensators are among the mosedttiontrol architectures in industrial and
process engineering, and for this reason they have alwags#/esl a great deal of attention ‘(Franklin,
Powell and Emami-Naeini 2006)’. The recent literature sh@vrenewed interest in the design of
lead/lag-type controllers ‘(Messner, Bedillion, Xia andrids 2007, Messner 2009)’ for classical loop
shaping and weighting functions for automated controfetisesis algorithms ‘(Messner 2009)'. Lead
and lag compensators are characterised by a simple first-orddel and, in addition to their DC gain
which is usually selected on the basis of the steady-staferpeance specifications, they are described
by two parameters, which are the time constants of the realazed of the real pole. The lead-lag com-
pensator has a richer dynamic structure, since it is cheriaet by a second-order transfer function with
two poles and two zeros. The additional parameter of legaddenpensators enables extra specifications
to be imposed, to the expense of the increased complexithidrpaper we focus our attention on the
classic frequency domain specifications, i.e., specifioaton the phase and gain margins (GPM) and
on the gain and phase crossover frequencies.

Specifications on the phase and gain margins have alwaysdx¢éemsively utilised in feedback con-
trol system design to ensure a desirable performance anot&ina robust control system. Moreover,
specifications on phase margin and gain crossover frequaraommon because these two parameters
together often serve as a measure of the performance of eoteystem. Indeed, the phase margin is
loosely related to characteristics of the response sudiegsgtak overshoot and the resonant peak, while
the gain crossover frequency is known to affect the rise eimathe bandwidth, ‘(Franklin et al. 2006)'.

The classical tuning methods for lead, lag and lead-lag em®gtors employing Bode and Nichols
diagrams are based on trial-and-error and/or heuristlnigaes, and are therefore approximate by na-
ture. The main drawback of the trial-and-error method, Whscusually based on considerations on the
Bode plot, is that this method often leads to a controllet thuees not behave as expected. For example,
in the case one wants to obtain a certain phase lead in thegaioptransfer function, the main idea
is to place the frequency where the compensator attains #xémmm phase lead at a frequency that
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is slightly greater than the gain crossover frequency opthat, because a lead compensator amplifies
the magnitude of the plant over the entire spectrum; thigueeicy is usually selected by rule of thumb.
However, since in this way we cannot predict what the newsmresr frequency of the loop gain will be,

it is far from certain that the loop gain transfer functiorlaave an improvement in the phase margin
with respect to the uncompensated system. A similar problesurs for lag and lead-lag compensators.
Another consequence of the clumsiness associated witHahsictrial-and-error design method is the
fact that this procedure is difficult to automate into an &lpon, and is therefore unsuited to be used as
a self-tuning strategy.

However, in recent times different methods have been peapfis the computation of the parameters
of the controller to satisfy GPM specifications, for lead), lkead-lag compensators as well as for com-
pensators in the family of PID controllers to the end of airgicthe trial-and-error nature of classical
control methods, Astrom and Hagglund 1984, Ho, Gan, Tay and Ang 1996, Fungg/éad Lee 1998,
Wang, Fung and Zhang 1999, Lee 2004, Flores, Valle and E§ati2007)'.

The approach proposed in ‘(Yeung, Wong and Chen 1998)’ isdas a graphical construction on
Bode and Nichols plots, and can handle specifications onttaglg-state performance, gain and phase
margins and gain or phase crossover frequency.

A control technique recently introduced for the computatié the parameters of the compensator is
based on a closed-form formula that expresses the frequespgnse of the compensator at a generic
frequency in polar form. Since the GPM and crossover frequepecifications result in the assignment
of the magnitude and argument of the frequency response abimpensator at the desired gain or phase
crossover frequency, these formulae enable the paranuétibrs compensators to be computed directly
given the frequency domain specifications. These formulsiedppeared for generic first-order compen-
sators in ‘(Phillips 1985)", and their use and geometrieliptetation in the context of control feedback
design was detailed in ‘(Marro and Zanasi 1998)'. In the sapidt, a solution of a control problem
with GPM and crossover frequency specifications has recéetn proposed for PID controllers in
‘(Ntogramatzidis and Ferrante 2011)'.

Since the approach based on these inversion formulae i$, @xaloe case of first-order lead and lag
networks — which we recall are characterised by two freematers if one excludes the DC gain — only
specifications on either the phase margin and the gain aresBequency or on the gain margin and on
the phase crossover frequency are allowed. Within the gbofeexact design with frequency domain
specifications, the use of lead-lag compensators — also rkiagwotch compensators is particularly
important. Indeed, on the one hand, when the phase margiganarossover frequency are imposed,
the lead-lag network can be employed whenever a lead or alagensator can solve the problem, but
there are cases in which a lead-lag compensator can sdtésfyontrol specifications whereas a simple
lead or lag network cannot (precisely, when the frequensparse of the plant at the desired gain
crossover frequency is such that its magnitude is greaaerttand the difference between its argument
and the desired phase margin is an angle greaternidrand smaller tham); similar considerations
hold with requirements on the gain margin and phase crosf@giency. On the other hand, the degree
of freedom of the extra parameter in the transfer functiothefsecond-order lead-lag compensator can
be exploited to satisfy an additional requirement/speatific on the other margin. Notwithstanding the
wealth of results in the area of tuning techniques of stahdampensators, to the best of the authors’
knowledge an exact method has never been proposed for theutation of the parameters of lead-lag
networks in case of standard GPM and crossover frequernméeisations.

The method proposed in this paper is both analytic and gecaphn the sense that it can be carried
out both by determining directly the parameters of the camp®r as a function of the specifications
and by making use of the Nyquist or Nichols plots. In this wihg advantages of analytic and graphic
procedures are combined together to deliver a method thtpedarms the classic techniques based
on trial-and-error considerations. Differently from thestmod in ‘(Yeung et al. 1998)", in which the
parameters of the compensator are determined using a grephstruction on a special design chart,
the approach presented in this paper enables the pararaeteescompensator to be computexactly
using simple formulae that are similar in spirit to thosesgin ‘(Phillips 1985)’ and ‘(Marro and Zanasi
1998)’, thus eliminating a major source of approximatiorarbbver, the method proposed in this paper
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enablesall the solutions of the control problem to be computed, wheadiagher graphical approaches
such as ‘(Yeung et al. 1998)’ can only deliver a subset of sodiitions. This is a fundamental difference,
because some of the solutions determined in ‘(Yeung et &8)L¢an lead to negative (and therefore
infeasible) values of the compensator parameters. Lastliie case of a lead-lag compensator there is
a further educational advantage in the employment of Nyqiigs instead of Nichols or other types
of charts, due to the fact that the polar plot of a lead-lagpemsator is a simple circle. Therefore, the
design can be successfully carried out using a compass amera r

The paper is organized as follows. In Section Il, we brieflgatethe fundamental characteristics
of lead-lag compensators, and the method based on inveimioulae is presented. In Section Il a
graphical interpretation of this method is given on the Nggplane. In Section IV, we introduce the five
control problems studied in this paper, in which the paransetf a lead-lag compensator are sought to
satisfy specifications on the GPM and on the crossover frezjes. Numerical examples and conclusions
end the paper.

2 Lead-lag compensators: the general structure

Consider a lead-lag compensator described by the transfetién

_ 24+2ydwns+ WP

Cls)= S +20 nS+ Wi’

(1)

wherey, d andw, are real and positive. Whgnd < 1 and/ord < 1 the zeros and/or the poles of the
lead-lag compensat@(s) are complex conjugate with negative real part. The comgen€4s) has a
unity static gairC(0) = 1 which does not change the static behavior (i.e., the stetadg performance)
of the controlled system. The frequency respdd&jo) of the compensatdz(s) is

W — W+ j2yd tinw

which, for w # wy, can be written as
1+ jX(w)
C =— 0= 3
where
2y 0 W h 20 Wy
X(w)= OJ,%—OL)27 Y(w):aﬁ_wz- (4)
Due to assumptions thgt d andw, are real and positive, function§ w) andY (w) satisfy
X(w)>0, Y(w)>0when w < an, ©)
X(w) <0, Y(w) < 0when w > .
The parametey is the gain ofC(jw) at frequencyw = w,. From (2) and (3) we get:
. X(w)
=C = . 6
y=C(juwn) V(@) o (6)

The gainy is the minimum (or maximum) amplitude €f(jw). The Nyquist and Bode diagrams of
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Figure 1. Nyquist diagrams of functidd(jw) whenw, =1, (6 =1.5,y=[2:1:7, blue lines) andd = 1.5, y=1./[2: 1: 7, magenta
lines). The thick blue line is fod = 1.5 andy = 5.
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Figure 2. Bode diagrams of functi€®( jw) whenw, =1, (6 =1.5,y=[2:1:7, blue lines) andd = 1.5,y=1./[2: 1: 7, magenta lines).
The thick blue line is fod = 1.5 andy = 5.

C(jw) for wn, = 1 and for different values of the parametérandy are shown in Fig. 1 and Fig. 2. The
Nyquist diagrams of Fig. 1 satisfy a property which is basetthé following definition.

Definition 2.1: Let %'(y) denote the set of all the lead-lag compensaigss as defined in (1) charac-
terized by the same paramejetthat is

C(y) = {C(s) asin(1) ‘ 5>0,(qq>0}. (7)

Moreover, leté)(s) € € (y) denote one element &f(y) chosen arbitrarily.

Property 2.2 The shape of the frequency respof#$€j w) of ¢\ (s) on the Nyquist plane is a circle with
centerCy and radiudxp

: 1 _
C=CotRoe®, Co=Y21 R=¥ 3 ®

where6 € [0, 211, see Fig. 1. The intersections 6j( j w) with the real axis occur at points 1 apdThe
shape does not depend dn> 0 andwy, > 0.

Proof: One can easily verify that the distange- |6} (jw)—Co| of the generic poin®)( jw) from the
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centerCy is constant and equal &y:

. 2
_ ; 2 _ |wB-w?+j2ydanw _ y+1
—|(5v(lw)—CO| = | =Pt 26me 2
w2+12v5wnw) (y+1) (0 —w?+ [ 25ahw)
2(w2— w2+126wnw
(02— w?)— j2ydwnw)] |2 .
wﬁ W2+ j 28 wnw) -

‘2

Variations ofa, andd modify the distribution of the frequenay on the Nyquist diagram of)(jw),
but they do not change the diagram shape, which only depengs o |

Remark 1: The considered lead-lag compens&¢s) in (1) is a general form which encompasses the
classical fornC; (s) with real poles and real zeros

(14 118)(1+ 129)
(1+a1s) (14 2s)

Ci(s) = 9)

with 0 < 11 < T2 and O< a < 1. Details on the relations that link the parameters of theeged and the
classical form€(s) andC; (s) are given in Appendix A.

3 Thecontrollabledomain of lead-lag compensator C(s)

The concept of controllable domain introduced in this secis useful in the design of the lead-lag
compensatot(s).

Definition 3.1: (Z7). Let us define thecControllable domain of a lead-lag compensatdisC as
2 ={zeC|3y,0,tnh >0,FJw>0: C(jw)-z=1}.
Loosely speaking, theontrollable domainZ~ can be interpreted as the set of all the pointisC
that “can be moved” to point 1 on the Nyquist plane by pre-iplidtation with the frequency response

C(jw), whereC(s) is as in (1), for somev > 0 and for suitable values of the parametgr§, w, > 0,
see Fig. 3. It can be easily verified that domgin is given by?~ = 2, U Z, where

1
_@1—{2— ej¢‘——<¢< M>w}

~_[,_met | n
2, {z Me ‘ 2<¢<2,0<|\/|<COS¢}.
DomainZ; is obtained whery > 1 and domaire, is obtained when & y < 1. The shape o/~ =

2, U2, onthe Nyquist plane is shown in Fig. 3, see ‘(Marro and Zah@8B)'.

Definition 3.2: Let % (y) denote the set of lead-lag compensators defined as

e -{gg|coeem}. (10)

with €'(y) defined in (7). Moreover, It (s) € ¢~ (y) denote one element of the €t (y) chosen
arbitrarily.
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Figure 3. Controllable domai~ of lead-lag compensato@(s) on the Nyquist plane.
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Figure 4. Unity feedback control structure.

Property 3.3 Giveny > 0, the two set$™ (y) and%(%,) coincide, i.e.,
€ (y)=4(5) (11)

and the frequency responses (jw) and%: (jw) of €, (s) and%1(s) on the Nyquist plane have the
Y y
same shape, see Fig. 3. The property holds also on the Niclawis.

Proof: Each element, (s) of ¥~ (y) also belongs t@”(%,). In fact, from (7) and (10), it follows that

_ P425ws+a? _ S+2(5)0ws+ax
S+2y0whs+ Wi 2+ 280hS+ W2

%, (9) €4(3),

whered = yd. In the same way it can be easily proved that each elef#igfs) of %”(%,) also belongs to
y

¢~ (y), and therefor&~ (y) and%(%,) coincide. Moreover, the shape of the Nyquist diagranis ofs)
and %1 (s) depend only ory and therefore they coincide. The extension of this proptrtiNichols
y

diagrams is straightforward. |

From (8) and (11) it follows that the Nyquist diagram@f (s) is a circle whose cente = (y+
1)/(2y) lies on the real axis, whose radiusRgs = |y — 1| /(2y) and its intersections with the real axis
occur at pointa =1 andb = %, see Fig. 3.

4 Lead-lag compensatorsC(s, w,) moving a point Ato a point B

Consider the block-diagram shown in Fig. 4, whéx(s) denotes the transfer function of the linear time-
invariant plant to be controlled, which may have a transaglay and may include the gain and the
integration terms required to meet the steady-state acg@ecifications. The lead-lag compensator
C(s) has to be designed in order to satisfy phase maggigain marginGy, and gain (or phase) crossover
frequency specifications.

Let C(jan) = Moel% denote the value of the frequency respoBsgw) = M(w)el?@ of the com-
pensatoC(s) at frequencywy, whereMg = M (awp) and@o= ¢ (ap). To study howC( jw) affectsG( jw)

at frequencyu, let us consider two generic poimts= Mael %A andB = Mge! 8 of the complex plane.
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Figure 5. Controllable domaify = Zg; U Zg, on the Nyquist plane.

Referring to Fig. 5, we say th@int A is controllable to point Bor equivalently thapoint A can be
moved to point Bif a valueC(jay) exists such that

B=C(jwn)-A, (12)
that is if and only if the following conditions hold:

Mg = Ma Mo, ¢ = Pa+ do. (13)

Definition 4.1: (Zg). Given a pointB € C, let us define the Controllable domain of the lead-lag
compensator () to point B’ as

P5={AcC|3y,0,wnh>0,3w>0: C(jw) -A=B}.

DomainZg is the set of all the pointa of the complex plane that can be moved to p@ntsing the
compensatoC(s). One can easily verify tha¥z can be expressed &; = Zg; U Zg, Where

Dy = {A— Mael #A

m m Mg
—§+¢B<¢A< §+¢B, MA>m}7

and

Do = {AZMAej¢A — 5+ ¢ <Pa< T+, 0<Ma< MBCOS(¢A—¢B)}>

see Fig. 5.

Definition 4.2: GivenB € C, let 4g(y) and ¢ (y) denote the sets of lead-lag compensa@(s)
defined as

“(y)={B-C(s) |C(s) € %)} (14)

%)= { ey |CO e} (15)
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with ¢’(y) defined in (7). Moreover, le€gy(s) € ¢g(y) and%g,(s) € 45 (Y) denote particular elements
of the two set&g(y) and%g (y) chosen arbitrarily.

Property 4.3 Giveny > 0, the two set$; (y) and(fg(%,) coincide, i.e.,

@ (¥) = %a(3), (16)

and the Nyquist diagram of the frequency resporggsjw) and 1 (jw) of ¢ (s) and %y (s) have
y y

the same shape. The intersectigaandp, of %”gy(jw) with the straight ling passing through points 0

andBarep; =Bandp;, = %. The corresponding graphical representation is showngn5-i

Proof: Property 4.3 follows directly from Property 3.3 becatgg(y) =B- ¢ (y) = B-(f(%,). |

Definition 4.4: (Inversion Formulae). Given two pointsA = Mael?A andB = Mgei?® of the complex
planeC, the inversion formula& (A, B) andY (A, B) are defined as follows

X(A> B) = W>
cos¢—% (17
Y(AB) = W’
where
N (18)

These formulae are similar to the ones used in ‘(Phillips5)98nd are the samiaversion formulae
introduced and used in ‘(Marro and Zanasi 1998)’ and ‘(Zaaad Morselli 2009)’ for the continuous-
time case. The following property shows how theersion formulaean be efficiently employed in the
design of a lead-lag compensatoxs).

Property 4.5 (From Ato B). Given a poinB € C and chosen a poirt of the frequency responX j w)
at frequencywa belonging to the controllable domai , i.e. A= G(jwa) € Zg , the seC(s, wy) of all
the lead-lag compensatdZsgs) that move poinf to pointB is obtained from (1) using

2 2
sy % g (19)
2wn

X
= — 0
=y Y

for all e, > 0 such thad > 0 and withX = X(A,B) andY = Y (A, B) obtained using (17).

Proof: Forw = wa, (4) can be rewritten as

X(an) W — Wi
= , 0=Y(w .
y Y(OOA) ( A) 2Wnwa
Substituting in (1) one obtains
—R
24 XU g o
C(s.an) = @ ST
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Figure 6. Design of the lead-lag compensatf$w, w,) moving pointA to pointB.

whereX = X(wa) andY =Y (wa). The frequency response Gfs, wn) at frequencyws is equal to the
constant value
1+jX

C(jwn,wn) =C(jwn) = T (20)

From (12) and (13) it is evident that= G(jwa) = Mael ?A can be moved t& = Mge! %8 if and only if

Cljcon) = Mel® = MBgi(bo—0a) (21)
Ma

From (20) and (21) we obtain the complex equation
(Mcosp + jMsing)(1+jY) =1+ X,
which is equivalent to the following linear system

o wans) v |~ [meoep 1

Solving forX andY, one directly obtains (17)

Msing —Mcosp
Mcosp —1 Mpsing M — cosp
X= Msing - sing '
1 Msing 1
OMww—J cosp — o
V= Msing B sing

The assumption thak belongs to the controllable domai; ensures that there exist admissible lead-

lag controllersC(s, c,) moving pointA to pointB which are characterized by positive parameterd

andwy, see Definition 4.1. All the admissible valueswaf are those that satisy > 0 in (19). |
From (19) and (17) it follows that the gajnof C(s, wn) atw = w, is

X M-—cosp
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Table 1. Design Problems and design specifications addfesse

in the paper.
Gain Phase
Design Phase | Gain | crossover| crossover
Problem || margin | margin | frequency frequency
n Gm Wp wy

A X X

B X X

C X X X

D X X X

E X X

Note thaty does not depend ama andw,, but only on the position of andB.

Property 4.6 Given two pointsA andB such thatA € &g, the gainy in (19) can be graphically deter-
mined as shown in Fig. 6:

1) draw the unique circlé%; that passes through poimtsandB having its diameter on the straight line
r which passes through points 0 ad

2) the circle”%y intersects the straight lineat pointsp; = B andp, = B/y;

3) the gainy is equal to the modulus of poiBover the modulus of poirpy: y = |B|/|p2|.

Proof: It follows directly from Property 4.3 because the ciréFéB‘ on the Nyquist plane coincides with
the frequency responsg (jw) of 65 (s) € 45 (v) and because the intersections of these functions with
the straight line occur at point®8 andp, = B/y. |

5 Synthesisof lead-lag compensators

In this section and in Sec. 6 we will address five differentipe$roblems, concerning the synthesis of
lead-lag compensato€(s) based on the following design specifications, see TaB) Iithase margin
@m and gain crossover frequenay,; B) gain marginGn, and phase crossover frequenay, C) phase
margin ¢, gain marginGy, and gain crossover frequenay,; D) phase margim,, gain marginGny, and
phase crossover frequenay, E) phase margimg, and gain margitGn.

Design Problem A: (@m, wp). Given the control scheme of Fig. 4, the transfer funcii&(s) and
the design specifications on the phase maggirand on the gain crossover frequerwy, design the
lead-lag compensat@(s) such that the loop gain transfer functiGfjw)G(jw) passes through point
Bp = /™) for w = wy,

Solution A: Let A, = G(jwp) denote the value of Gw) at the desired gain crossover frequency
w=wpandletB = el(m+@n) denote the point corresponding to the desired phase maggifThe set
Cp(s,an) of all the compensators (G) which solve Design Problem A is obtained from (1) using the

parameters
X 2 _ 02
y:Y—p>o, 5:Yp“2’hah%p>o (23)
p

for all a, > O such thatd > 0 and with X, = X(Ap,Bp) and Y, = Y (Ap, Bp) obtained using (17).

Proof: The design specifications on the phase marginand gain crossover frequency, can be
satisfied if and only if the loop gain frequency respo@$¢w) G(jw) at w = wy, is equal toBy, that is

if and only if By = C(jwy) - Ap. According to Definition 4.1, Design Problem A has a solutiory if
point Ap belongs to the controllable doma@gp, see the grey region in Fig. 7. The parameters (23) of
all the compensatoiG, (s, wn) which move pointA, to point B, are obtained from Property 4.5 when
wa = wp, A= Ap andB = By,. |

Examples of the loop gain frequency respoHgej w, wn) = Cp(jw, wh)G(jw) obtained from (23) for
different values otu, are plotted in red in Fig. 7 and 8. The blue cir%fgpy(jw) represents the frequency
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Figure 7. Graphical solution of Design Problem A on the Nggpiane.
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Figure 8. Graphical representation of the solution of De$lgoblem A on the Bode diagrams.

response of all the functioﬁés‘py(s) € %‘p(y) with y = Xp/Yp given in (23). The free parameter, of
Cp(s, an) can be used to satisfy an additional constraint such asxtonple, a desired gain marg@m,
as shown in Design Problem C.

Design Problem B: (Gm, ay). Given the control scheme of Fig. 4, the transfer functi&(s) and
design specifications on the gain mardi, and phase crossover frequenay, design the lead-lag
compensato€(s) such thaC(jw)G(jw) passes through poily = —1/Gp, for w = ay,.

Solution B: Let Ay = G(juy) denote the value of Gw) at the desired phase crossover frequency
w=wyandletB = —1/Gn = Mg, el%8 denote the point corresponding to the desired gain margin G
The set @(s, an) of all the compensators(S) which solve the Design Problem B is obtained from (1)
using

2 2
X RV
0, 0=Yy
Yy 200n 0y

>0, (24)

for all w, > 0such thatd > 0 and with Xy = X(Ag, Bg) and \§ = Y (Ag, Bg) obtained using (17).

Proof: The design specifications on the gain mai@inand phase crossover frequengyare satisfied
if and only if By = C(jay) - Ag. According to Definition 3.1, Design Problem B has a solutioty if
Ag belongs to@gg, see the grey region in Fig. 9. The parameters (24) of all tmepensator€y(s, wh)
which moveA to By are obtained from Property 4.5 when = wy, A= Ag andB = By. |
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Figure 9. Graphical solution of Design Problem B on the Nggplane.
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Figure 10. Graphical representation of the solution of Bes$troblem B on the Bode diagrams.

The loop gain frequency respondeg( jw, wn) = Cy( jw, wh)G(jw) obtained from (24) for different
values ofay, are plotted in red in Fig. 9 and 10. The blue cirﬁggy(jw) in Fig. 9 represents the fre-
qguency response of all the functioﬁg‘gy(s) € CKB‘g(y) with y = Xg/Yg given in (24). The free parameter
wh of Cy(s, an) can be used to satisfy, for example, a constrainien

Design Problem C: (¢, Gm, wp). Given the control scheme of Fig. 4, the transfer functys)
and design specifications on the phase maggingain marginGy, and gain crossover frequenay,
design a lead-lag compensa@(s) such thatC(jw)G(jw) passes througB, = el(mtam) for o = Wp

Solution C: Let A, = G(jwp) denote the value of Gw) at the desired gain crossover frequency
@ = wp, and let B, = el and By = —1/Gp, = Mg, /%% denote the complex points corresponding
to the desired phase margim, and gain margin G, respectively. The set/(s, ay) of all the lead-lag
compensators (3) which solve Design Problem C is obtained from (1) using

Xp Wi — W
=—>0 o=Y,
y Yp> ) P 2%

>0, (25)
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Figure 11. Functiongy(w) (blue line) andyp(w) (black line).

Y =Y,
g ap

where the coefficientspé= X(Ap, Bp), Yp = Y (Ap, Bp), Xg = X(Ag, Bg) and Y = Y (Ag, By) are obtained
using the inversion formulae (17) withyA= G(jwy) = MAg(ab)e”’Ag(‘*’g), for all the frequenciesy
satisfying

y= Vg(wg), (27)
whereyy(wy) = Xq/Yy is defined as

Mg

T — co B, — Pag (@)

= MAg( .
cog @B, — Pay(wy)) — MAﬁé:)g)

Yo(Cg) (28)

A solution Gy(s, ay) of Design Problem C exists only if: 1) the sgf, $f all the wy satisfying (27) is not
empty; 2) A € .@B‘p and Ay € Qgg; 3) w, andd in (25) and (26) are real and positive.

Proof: The design specifications completely define the positioroaitp By, Ap andBg. According to
Solution A, the lead-lag compensat@gs(s, awh) which move pointA, € Zg_ to pointBy, are obtained
using the parametengandd in (25). The free parameten, can now be used to force the loop gain
frequency responggy(jw, wn)G(jw) to pass through poirg. This condition can be satisfied only if a
frequencycy, exists such thaty(s, wh) moves pointyy = G(jay) € Zg, to pointBy, that is only if

X X(AgBy)
Y=Y = Y(AgBy)’ (29)

This relation does not depend o, but only on the design specificatiops, G, andwp. Substitution
of (17) and (18) into (29) yields (27)-(28). The frequenaigs= S, satisfying (27) are acceptable only
if the compensatdCy(s, wn) obtained using Solution B is equal @(s, wn). This condition is satisfied
only if the two compensators share the sadnéhat is only if

2 _ 002 2_ o2
sy, h "% _ -, (30)
200nwp 2000y

Solving (30) with respect tay, leads to (26). |
The solution of (27) can also be obtained graphically bytigty;(w) and by finding all the fre-
quencieswy € Sy, for which yy(ay) intersects the horizontal ling, see Fig. 11. In the example
of Fig. 11 it is Sy, = {wy1, wye} and therefore there are two solutior®;(s, wy1) and Cp(s, wyp)-
The corresponding loop gain frequency resportdgs jw) = Cp(jw, wy)G(jw) (thin blue line) and
Hao(jw) = Cp(jw, wy2)G(jw) (red line) on the Nyquist and the Bode diagrams are showngn F2

and 13. Both solutions satisfy the design specificationssaa@dcceptable becaude> 0 andaw, > 0.
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Figure 12. Graphical solution of Design Problem C on the Nsfplane.

Magnitude diagram

1
250} Wp Wy G
Frequencyw[rad/s]

Figure 13. Graphical representation of the solution of Bes$troblem C on the Bode diagrams.

Property 5.1 The frequenciesy € S, satisfying (27) can be graphically determined on the Nytquis
plane as shown in Fig. 12:

1) draw the circlesg \(jw) on the Nyquist plane passing through poiAgsandBy, with its diameter on
the segmentBy, B—yp);
2) determine the gaipof the lead-lag compensatdlg(s, ay) as described in Property 4.6 whae= A,
andB = By,
3) draw the circl%ggy(jw) having its diameter on the segmeB;, B—;’);
4) the intersectionsy; of g (jw) with G(jw) correspond to the frequencieg; belonging to the set
Siy-
Proof: The circles%gpy(jw) (black line) and%ggy(jw) (blue line) shown in Fig. 12 represent, respec-
.tively, the frequency response.s%gpy(s) € %,gp(y) .and%ggy(s.) € %gg(y) Wi.'[h y = Xp/Yp = Xg/Yg given
in (27) and (29). These two circles can be easily determimethe Nyquist plane becaugg, B, and

By are known (they follow from the design specifications) grid given by the graphical construction
described in Property 4.6. A frequenay satisfying (27) exists only if

G(juy)Cy(jwy) = By, (31)

whereC,(s) is the lead-lag compensator (1) with the valug/oetermined as described above. Relation
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(31) can be rewritten as

| B -
G(jw) = ﬁ = Cogy (i), (32)

with w = wy, and therefore it can be solved graphically on the Nyquiaelby finding the intersections
wy of G(jw) with %B‘gy(jw). [

Design Problem D: (¢, Gm, wy). Given the control scheme of Fig. 4, the transfer functiys)
and the design specifications on the phase maggirgain marginG,, and phase crossover frequency
wy, design a lead-lag compensa@ys) such thatC(jw)G(jw) passes through poifty = —1/Gn, for
w = wy and passes through poiBp = el ™),

Solution D: The given design specifications completely define the pajrtsG(jay), Bp = el ()

and B = —1/Gm = Mg, el?. The set G(s, wp) of all the lead-lag compensators(§} which solve
Design Problem D is obtained from (1) using

2 _ (2
20n 0y

Yg
Yoy —Y,
w= [2FS® >0 (34)
Wy Wp

where X = X(Ag,Bg), Yg =Y (Ag, Bg), Xp = X(Ap,Bp) and Y, =Y (Ap, By) are obtained using (17) with
Ap = G(jwp) = Ma, (wp) €1%(“P), for all the frequencieso, satisfying

>0, (33)

Y= Yp(Wp), (35)

wherey,(wp) = Xp/Yp is defined as

% — cog¢s, — P, (wp))

- CoquBp - ¢Ap(wp)) - MAp(wp) .

Mg,

Yp(@wp) (36)

A solution G(s, wp) of Design Problem D exists only if: 1) the sgt, ®f all the wy, satisfyingy = yp(wp)
is not empty; 2) f < Qgg and A, € .@gp; 3) w, andd in (34) are real and positive.

Proof: The proof is similar to that of Solution C. The positionsByf = e/(™ @), By = —1/Gp, and
Ag = G(jay) are directly determined by the given design specificatidie@ parameterg and d in
(33) define the structure of the lead-lag compensaigfs, w,) which moveAq € Qgg to By. The loop
gainCy( jw, wnh)G(jw) passes througB,, only if a frequencywy, exists such thaty(s, w,) movesAy =
G(jwp) € Qgp to Bp, that is only if the relatiory = )é—S = Yp(wp) given in (35) holds. The frequencies
wp € Sy, satisfying (35) are acceptable only if (30) holds. From teigtion one directly obtains (34).
|

The graphical solution of (35) can be obtained, see Fig. §plbtting y(w) (the black line) and
by finding all the frequenciesy, € S, wherey,(wp) intersects the horizontal ling In Fig. 11 it is
Swp = {Wp1, wpz}. The corresponding loop gain frequency responsggjw) = Cp(jw, wp1)G(jw)
andHa1(jw) = Cp(jw, wp2)G(jw) on the Nyquist and Bode diagrams are the thin blue lines stiown
Fig. 14 and 15. These solutions are acceptable ordy:f0 andw, > 0 in (33) and (34).
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Figure 14. Graphical solution of Design Problem D on the Ngtplane.
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Figure 15. Graphical representation of the solution of Bres$iroblem D on the Bode diagrams.

Property 5.2 The frequenciesy, € S, satisfying (35) can be graphically determined on the Nytquis
plane as follows, see Fig. 14:

1) draw the circlegg \(jw) on the Nyquist plane passing through poiAgsandBg with its diameter on
the segmentBg, B—yg);

2) determiney as described in Property 4.6 whanr= Aq andB = By,

3) draw the circl%,gpy(jw) having its diameter on the segmeBt,, B—y");

4) the pointsA,; where circleﬁKB‘py(jw) intersect<5(jw) correspond to the frequenciap € Sy,

This graphical construction holds because a frequengcyatisfies (35) only if

G(jwp)Cy(jwp) = Bp. (37)
This relation can be rewritten as
Gjw) = —2— =% (jw) (38)
y(jo) — BV

with w = wp, and can be solved graphically on the Nyquist plane by findegintersectiongv, of
G(jw) with %B‘py(jw).
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6 Design Problem (@n , Gn) and Graphical Representations.

Let us now consider the following Design Problem E which iglaxed version of Design Problem C
and Design Problem D.

Design Problem E: (@n, Gm, ¥). Given the control scheme of Fig. 4, the transfer functis) and
the design specifications on the phase maggirand gain margirGy,, design a lead-lag compensator
C(s) such that the loop gain transfer functi@jw)G(jw) passes through poing, = el(mten) and
By = —1/Gn, for a value ofy chosen arbitrarily.

Solution E: Let By = e/(™ %) and B, = —1/Gm = Mg, /%8s denote the points corresponding to the
desired phase margi@, and gain margin G, The set (s, wp, wy) of all the compensators(S) which
solve Design Problem E is obtained as follows:

a) find all the pairs(wp, wy) € Sy of frequencies which solve

Y= Yo(wp) = Yg(wy), (39)

wherey > 0 is chosen arbitrarily, &, is the set of all the pairgwp, wy) satisfying (39), and/,(wp)
and yy(wy) are defined in (36) and (28) withpA= G(jwp) = Ma, (wp) el?p(@) and A =G(juy) =
Ma, (@) el?(@) respectively.

b) for each pair(wp, wy) € Sy compute

—X Yq oy—Yp @)
N e e e el ()
Wy wp Wy wp
and
2 _ 002 2 _ R
5:prh P %h 2 >0, (41)

20y 9 2000y

where the coefficients pX= X(Ap(wp),Bp), Yp = Y(Ap(wp),Bp), Xy = X(Ag(wy),Bg) and g =
Y (Ag(wy),By) are obtained using the inversion formulae (17).

A solution G(s, wp, wy) of Design Problem E exists only if: })satisfies

0 <y < min[max(yp(wp)), max yy(wy))] (42)

2) Siw is not empty; 3) points K wp) and Ay(wy) belong, respectively, to the controllable doma@@p
and Qgg ; 4) parametersu, in (40) andd in (41) are real and positive.

Proof: The design specifications on the phase maggirand gain margirG,, completely define the
position of pointsB, andBgy on the complex plane. A solutid®y (s, wp, wy) exists only if the frequencies
wp and ay satisfy (31) and (37), that is only if they satisfy (39) whgpgwy) = Xp/Yp andyy(wy) =
Xg/Yy. For each value o satisfying (42), one can find the s8f, of all the solutions(wy, wy) of
(39). This relation does not depend &rand w,, but only on the frequenciggup, ay) and points By,
Bg). Each solutior{wp, wy) € Sy, corresponds to an acceptable regul@lgs, wy, ay) only if w, andd
given in (40) and (41) are real and positive. The expressibng andd in (40) and (41) are obtained as
described in the Solution of Design Problem C by taking irteaaint (39) Xp = yYp andXy = yYy. W

The numerical solution of (39) can be obtained graphicaitypbotting y,(w) and yy(w) and by
finding, for each admissible value ¢f all the pairs(wp, wy) € S, Where yp(wp) and yg(wy) inter-
sect the horizontal ling/, see Fig. 11. In the example of Fig. 11 there are four diffesmtutions:
Syw = {(Wp1, Wy1), (Wp1, Wy2), (Wp2, Wy1), (Wp2, wy2)}. The loop gain frequency respondes(s), Hiz(s),
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Figure 16. Graphical solution of Design Problem E on the Nsiopiane.

Hz1(s) andH22(s) of these four solutions on the Nyquist plane are shown in FsgThese solutions are
acceptable only i® > 0 andwy, > 0 given in (40) and (41) are satisfied.

6.1 Graphical representations on Nyquist and Nichols planes.

The solution of the Design Problem E can also be performeghgeally on the Nyquist and Nichols
planes. Five different graphical representations are reseibed.

a) G(jw)-graphical representation on Nyquist plane. The frequenciegwy, wy) € Sy, can also be
determined on the Nyquist plane using the graphical cocttrushown in Fig. 16:

1) given pointsB, andBy and a desired value for> 0, draw the circles.ﬁgpy(jw) and%”ggy(jw) having
their diameters on the segme(By, By/y) and(Bg, Bg/Y);

2) if the frequency responsg( jw) does not intersect both cwcl%‘B (jw) andég_ V(Jw) the chosen
value ofy is not acceptable.

3) otherwise, each pafp, wy) corresponding to the intersections®fjw) with circles%”gpy(jw) and
%B‘gy(jw) is a possibile solution for Design Problem E.

This graphical construction hinges on the fact thay and wy satisfy relation (39) only if
G(jwp)Cy(jwp) = Bp andG(jwy)Cy(jwy) = By. These relations can be rewritten as

Bp

G(jw)|ge wp Cy(pr)_CngV(jw)‘w_wp
X (43)
By o

G(jw)le- @y~ Cy(jwy) — Cgﬁ‘@ﬁ’“(‘))‘w—wg

These relations can be solved graphically on the Nyquisieptey finding the frequenciés,, ay) where
G(jw) intersectsg. V(Jw) and%”* yiw).

Using the graphlcal constructlon of Fig. 16 it is also easylébermine the maximum valug of
parametey for which a solution of Design Problem E exists: it is the afor which the cwcléﬁBpW@

is tangent ta5(jw), see the dashed red circles and pdipin Fig. 16.
b) G(jw)-graphical representation on Nichols plane. The graphical construction described above can
be carried out also on the Nichols plane, see Fig. 17. The&shaMB‘py(jw) and %B‘gy(jw) on the

Nichols plane are not circles, but the intersection poys Ap2, Ag1, Ag2 With G(jw) can still be
determined. An advantage of working on the Nichols planmﬁ%gpy(jw) and %B‘gy(jw) have the

same shape and the same dimension. In fact, these functiffesfdr just a constant%B;y(jw) =
(Bg/Bp)%E;py(jw), and therefore they differ for just a translation on the Mistplane.
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Figure 18.%,3;)y(jw)-graphical representation on Nyquist plane.

C) CKB*’)V(jw)—graphical representation on Nyquist plane. Multiplying the second equation of system
(43) by the constari, /By one obtains

(44)

Itis evident that these relations can be solved graphicallthe Nyquist plane by finding the frequencies
(p, wy) where%B‘py(jw) intersectsG(jw) andG(jw)Bp/By. A graphical representation of (44) on the

Nyquist plane is shown in Fig. 18: the intersection%ggy(jw) with G(jw) provide the frequenciasy;,
Wp2, etc.; the intersections &g | (jw) with G(jw)Bp/By provide the frequencieay, wy, etc. The

loop gain transfer functiond:,( jw) andHzo(jw) corresponding to solutionvpr, wy2) and(wp2, wyp)
are shown in magenta and in red in Fig. 18.

d) 6y(jw)-graphical representation on the Nyquist plane. Using simple mathematical manipulations,
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Figure 19. %) (jw)-graphical representation on the Nyquist plane.
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Figure 20. 6, (jw)-graphical representation on Nichols plane.

system (43) can be rewritten as

By o

G(j0) | omc, GO o us)
B .

16y~ I

These equations can be solved graphically on the Nyquisieptsy finding the frequencigguy, wy)
where?),(jw) intersectsB,/G(jw) andBy/G(jw). A graphical representation of (45) on the Nyquist
plane is shown in Fig. 19. The intersections wWBthy G( jw) provide the frequenciesy, wpy, etc. and
the intersections witlBy/G(jw) provide wy, wy, etc. Note that in Fig. 19 the pointsB, and —By,
and the two loop gain frequency responsés;o(s) and —Hax(s) have also been reported: the relative
position of these points and functions with respect to pbiistthe same of point8, andBg andH;,(s)
andHay(s) with respect to-1.

€) 6y(jw)-graphical representation on Nicholsplane. Equations (45) can be solved graphically on the
Nichols plane as well, as shown in Fig. 20. In this case thpehafs,(jw) are not circles, but the
graphical representation is more precise for small valfidlseomodulus. This graphical representation
is similar to the one presented in ‘(Yeung et al. 1998)’ far siolution of Design Problems C and D.
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7 Numerical examples

Example 1. All the graphical representations from Fig. 7 to Fig. 20 usethe solutions of Design
Problems A, B, C, D and E refer to the system

40(s+1)
(s+1.5)2(s+3)

G(s) = S

with the following design specifications: phase margin= 42°, gain marginGn, = 3, gain crossover
frequencywy = 2.1 and phase crossover frequenay = 4.05. The modulus and the phase of points
Bp= MBpeJ‘pBP _ ei(mram) and By = MBgeJ¢Bg =—-1/Gy are Mg, = 1, ¢g, = 222°, Mg, = 0.333 and
¢s, = 180°. The value ofy obtained in (23), (24), (27), (33) and used in Design Protieis

% _Y
Yoo X
The frequenciesuy;, Wp2 = Wp, Wy = Wy and wye (27), (35) and (39) arevyy = 1.57, wp2 = 2.1,

wy1 = 2.77 andwy = 4.05. The corresponding poinfs,: = G(jwp1), Ap2 = Ap = G(jwp2), Agt =
Ag = G(jay1) andAgp = G(jay2) on the frequency respon& jw) are

=0.315

Apt = 2.97e 11527 A, =1.82¢711694
Agr =1.05e/174% Ay = 0.44e153%,

Let us now consider the solutions of the previously desdribesign Problems separately.

Design Problems A: (¢gm, wp). The parameterX, Y, andy corresponding tdAp, andB, are X, =
—0.5824,Y, = —1.8491 andy = Xp/Y, = 0.315. The set of regulatoG(s, wn) satisfying Design Prob-
lems A are

2 2
P+ XpP_ P54 2
Co(s,wh) = 2 (46)

2 Y
& +Y|o—w"wp s+ w?

for 0 < wh < wp = 2.1. The loop gain transfer functidip( jw, wh) = Cp(S, wh)G(jw) for wh = {[0.6:
0.1:11]} is represented by red lines in Fig. 7 and 8.

Design Problems B: (Gm, wy). The parameterXg, Yy andy corresponding tddg and By are Xy =
—0.295,Yy = —0.937 andy = Xy/Yg = 0.315. The set of regulatoiSy(s, wn) satisfying the Design
Problems B are

32+Xga€;g“ﬁs+aﬁ

— w2 )
52+Yg—“€%w“ s+ wd

for 0 < an < wy = 4.05. The loop gain transfer functiddy(jw, wh) = Cy(s, wn)G(jw) is represented
by red lines in Fig. 9 and 10 fap, = {[1.2: 0.1 : 1.6]}.

Design Problems C: (¢, Gm, wp). The parameterX,, Y, andy corresponding toA, and B, are
Xp = —0.582,Y, = —1.849 andy = X,/Yp = 0.315. The two solutions of (27) a&y, = {wy1, w2} =
{2.77,4.05}. Substitution into (25) and (26) yields= —0.571 andu, = 2.85 whenw = wy1; 6 = 5.14
andw, = 0.37 whenw = wy. Only the second solution whede> 0 is acceptable:

_ $°+1.1865+0.134
- 24+3.76%+0.134

CP(S> (")92) (48)
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Figure 21. Step responsggt) (magenta line) anghx(t) (red line) of the closed loop system when, respectively,legrsCy (s, wp1, wy2) in
(49) andCp(s, wy2) in (48) are used.

The corresponding loop gain transfer functidgp(jw) = Cy(s, wy)G(jw) is plotted in red in Fig. 12
and 13.

Design Problems D. (¢, Gm, wy). The parameters which correspond to poifds and By are
Xg = —6.778,Yg = —21.52 andy = X,/Y, = 0.315. The two solutions of (35) a®y, = {wp1, W2} =
{1.57,2.1}. Substitution into (33) and (34) yields= —8.82 andw, = 4.13 whenw = wp1; 6 = —0.571
andw, = 2.85 whenw = wy. Neither solution is acceptable because in both case$. The loop gain
transfer function$d11(jw) andH;1(jw) are the blue lines shown in Fig. 14 and 15.

Design Problems E: (¢, Gm, ¥). GivenBy, By andy, the four solutiongwy;, ayj) of equation (39) can
be graphically determined as shown in Fig. 11. By substituiinto (40) and (41) one obtains only two
acceptable and stable regulat@gs, wp, wy). The first one is obtained fdiwp:, wy2), & = 1.691 and
wh = 1.338:

2+ 1.065%+1.791

c _ : 49
V(S W, W2) = 53 3en T 701 )

The corresponding loop gain transfer functiblz(jw) = Cy(jw, wp1, wy2)G(jw) is shown on the
Nyquist plane in Fig. 16 and on the Nichols plane in Fig. 17eT8econd acceptable solution
Cy(s, wp2, wyp) is obtained for wy2, wyp), 6 = 5.14 andw, = 0.37, and it coincides with th€p(s, wy2)
given in (48). The other two solutions are not acceptable Jiep responseg(t) andys(t) of the
closed loop system when, respectively, regula@s, wy1, wyp) in (49) andCp(s, wyp) in (48) are used,
are shown in Fig. 21.

Example 2. Let us consider the transfer function proposed in ‘(Yeungl .€t998)":

69~ - 5000 (50)

(s+5)(s+10)’

with the following design specifications: phase margin= 42°, gain crossover frequeney, = 9 rad/s
and gain margitGy, = 4. The synthesis of the lead-lag controll€ss, wy) follows the lines described
in Design Problem C. The modulus and the phas®pf= MBpe“”Bp = el (Tt Ay — MApe’¢Ap =
G(jwp) andBy = MBgeJ¢Bg =—1/GmareMg, =1, ¢pg, = 222, Ma, = 4.01, s, = 167.1°, Mg, = 0.25
and¢g, = 180°. FromA; andBy, one obtains(, = —0.397,Y, = —4.198 andy = Xp/Yp = 0.0946. The
two solutions of (27) ar&,, = {wy, e} = {11.37,20.71}, see Fig. 22. Only the one corresponding to
wy is acceptable, and givés= 17.68 > 0 andw, = 2.28. The corresponding lead-lag regulator is

_ $°+3347s+5.198

Cy(s = -
p(S, wy2) %+ 35.36s+5.198

(51)

The graphical constructions corresponding to the syrshefsihe lead-lag compensatp(s, wy2) on
the Nyquist, Bode and Nichols planes are shown in Fig. 23-F%g The loop gain transfer function
Ho(jw) = Cp(jw, wy)G(jw) is the red line shown in the figures.



September 19, 2011 15:59 International Journal of Control 0112nt Cont Journal Lead Lag' Compensators

23

J n N,
; i@

iy

PR I3
Freq Gh cyw[rad/s]

Figure 22. Example 2: functiopy(w) intersects the valug at frequencieg wyr, wy} = {11.37,20.71}.
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Figure 23. Example 2: synthesis and graphical interpretaif the lead-lag compensatdZg(s, wy2) on the Nyquist plane.
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Figure 24. Example 2: graphical representation of the moludn the Bode diagrams.

8 Conclusion

In this paper a general structure for a second order leadeiagpensator has been given and the analytical
and graphical solutions of five different Design Probleniggig in terms of phase margin, gain margin
and phase or gain crossover frequency, have been presdiiednalytical solutions of the Design
Problems are based on the use ofitiversion formula@pproach, and the graphical solutions have been
given both in the Nyquist and Nichols planes.

The design of lead-lag compensators using the analytichteaphical method presented in this pa-
per is simple and suitable both for educational and pradgbiegoses. It has also been shown that the
techniques presented here for the design of lead-lag cosapms with standard specifications on the
stability margins and the crossover frequencies outperfbe existing ones.

Future works will include an important extension of the taiglhies presented in this paper to situations
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Figure 25. Example 2: Graphical determination on the Nighulbne of the frequenciegwy, wye) where %), (jw) intersects function
By/G(jw).

G (jo)

Figure 26. Asymptotic amplitude Bode diagram of compensat(s).

in which only one or two of the specifications considered laecassigned (e.g., the phase margin and
the gain crossover frequency), and the remaining degreeetiém is exploited to reduce/minimize
additional parameters such as the settling time, the dagmatio or to increase the sensitivity margin.
We also aim to adapt the analytical, numerical and graphédiniques presented in this paper to the
discrete-time domain.

Appendix A: Lead-lag compensatorswith real poles and real zeros

The classical forn€; (s) of the lead-lag compensator with real poles is

(14 118)(1+ 129) (52)

()= (1+a1ms)(1+ 2s)

with 0 < 71 < T and 0< a < 1. The asymptotic amplitude Bode diagranCpfjw) is shown in Fig. 26.
The relations that link the parametears 12 anda of compensato€; (s) to parametery, é and w, of
compensatot(s) are

1

Yo — /Y202 -1 . yo++/y20% -1
= , = ;
Wh Wh

o — 0—vo2-1 . y= 1+1T2
Yo —/y?262 -1 at+ &’
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For compensatdg; (s) the controllable domaity~ coincides with the controllable domais,~ of com-
pensato(s), see Fig. 3.
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