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Abstract: In this paper the dynamic structure and the control properties of a new form of lead-lag
compensator with complex zeros and poles are presented. A simple and exact analytical and graphical
method on the Nyquist and Nichols planes for the design of lead-lag compensators satisfying design
specifications on gain margin, phase margin and crossover frequency is proposed. Simulations results
show the good performances of the presented method.
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1. INTRODUCTION

Recent works of Flores et al. (2007) and Messner (2009) show
a renew interest in the design of classical controllers. A new
form of lead and lag compensators with complex poles and
zeros was proposed in Messner et al. (2007). Along this line, in
this paper we present a new structure of lead-lag compensator
with complex poles and zeros, which encompasses the classical
form with real poles and zeros. The gain and phase margins
(GPM) are important measures of the robustness of dynamical
systems, Ho et al. (1995). Different methods can be found in
the literature to satisfy GPM specifications, mostly based on
trial-an-error procedures. Some of them on PID design are
presented in Fung et al. (1998), Wang et al. (1999) and Lee
(2004). A graphical design of lead-lag compensators on GPM
specifications was presented in Yeung et al. (1998). In this paper
we propose an improved graphical procedure for the design
of lead-lag compensators on the Nyquist and Nichols planes.
Moreover, a new numerical procedure to exactly satisfy design
specifications on GPM and gain/phase crossover frequency is
presented. The paper is organized as follows: in Section II
the basic properties of a new form of lead-lag compensator
are presented. In Section III some basic inversion formulae
suitable for the design of lead-lag compensators are described.
In Section IV the solutions of three different lead-lag design
problems satisfying GPM specifications are presented and their
graphical interpretations on Nyquist and Nichols plane are
proposed. Numerical examples and conclusions end the paper.

2. LEAD-LAG COMPENSATORS: THE GENERAL
STRUCTURE

Consider a lead-lag compensator described by the transfer
function
2 2
§7+ 270 wys + o
Cls) = S22t ()
§2+28w,s + 07
where 7, 6 and ®, are real and positive. When yd < 1 and/or
0 < 1 the zeros and/or the poles of the lead-lag compensator

C(s) are complex conjugate with negative real part. The com-
pensator C(s) is written in a general form which encompasses
the classical lead-lag structure with real poles and real zeros.
The compensator C(s) has a unity static gain which does not
change the static behavior of the controlled system. The fre-
quency response of C(s) is

O — 0>+ j2y8 0,0
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which can also be written, for ® # ®,, as
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Since it is assumed that ¥,  and ®, are real and positive, X (®)
and Y (o) are positive when ® < @, and negative when ® > ®,.
The parameter Y is the gain of C(jw) at frequency ® = ®,
(y = C(jw,)) and is the minimum (or maximum) amplitude
of C(jw). The Nyquist diagram of C(jw) for @, = 1 and for
different values of parameters § and ¥ is shown in Fig. 1. The
shape of these diagrams are circles, as the following property
explains.

Definition 1. Let € (y) denote the set of all the lead-lag com-
pensators C(s) as defined in (1) having the same parameter 7,
that is

“(y) = {C(s) asin (1) ] 8> 0,0, > 0}. )

Moreover, let €y(s) € €(y) denote one element of set ¢(y)
chosen arbitrarily. A

Property 1. The shape of the frequency response €y(j®) of
€y(s) on the Nyquist plane, see Fig. 1, is a circle with center Cy
and radius Ry
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Fig. 1. Nyquist diagrams of C(jw) when w, =1, (§ = 1.5,
y=1[2:1:7], blue lines) and (y6 = 1.5, y=1./[2:1:7],
magenta lines). The thick blue line corresponds to 6 = 1.
and y=35.
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Fig. 2. Unity feedback control structure.

G(s) -

where 0 € [0, 2x]. The intersections of €y(jw) with the real
axis occur at points 1 and y. The shape does not depend on o
and @,.

Proof. One can directly verify that the distance d =|%y(j®)—
Co| of the generic point €y(j®) from the center Cp is constant
and equal to radius Ry.

3. LEAD-LAG COMPENSATORS C(s, ®,) MOVING A
POINT A TO A POINT B

Consider the block-diagram shown in Fig. 2, where G(s) de-
notes the transfer function of the LTI plant to be controlled,
which may include the gain and the integration terms required
to meet the steady-state accuracy specifications. Let C(jwy) =
My e/® denote the value of the frequency response of the com-
pensator C(s) at frequency @y, where My = M(ay) and ¢y =
(). To study how C(jay) affects G(j) at frequency @y, let
us consider two generic points A = My e/%4 and B = Mpe/ 8
of the complex plane. Referring to Fig. 3, we say that point
A can be moved to point B if a value C(jay) exists such that
B =C(jmp) - A, that is if and only if the following conditions
hold:

Mp = My My, OB = Qs+ Q. @)

Definition 2. Given a point B € C, let us define “admissible
domain of lead-lag compensator C(s) for reaching point B” as

5= {Aeqa%a,mn>o,amzo . C(jo) -A:B}
A
The domain %, on Nyquist plane is shown in gray in Fig. 3.

It can be easily shown that the domain 95 on Nyquist plane
can always be obtained as the union of the disk Py, having its
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Fig. 3. Admissible domain %, and graphical design of lead-lag
compensators C(j®, ®,) moving point A to B.

diameter on the segment BO and the external half-plane 7
delimited by the straight line q passing through point B and
perpendicular to segment BO.

Definition 3. Given a point B € C, let ¢3(y) and 6 () denote
the sets of lead-lag compensators C(s) defined as follows

() = {B-C(s) | Cl) e 6 ()| ®)
G0 ={ ot |CO <o) ©

with €(y) defined in (5). Moreover, let €py(s) € ¢p(Y) and
©py(s) € ¢ () denote particular elements of the two sets
¢B(y) and €y (y) chosen arbitrarily.

Property 2. Given y > 0, the two sets €y (y) and (53(71,)
coincide, i.e.,

G (1) =6s(b)
and the Nyquist diagram of the frequency responses ‘KB_Y( jo)

10)

and 6, 1 (jw) corresponding to 6y, (s) and €, 1 (s), respec-

tively, have the same shape, see Fig. 3. The intersections p and
P2 of ‘KB_),( J) with the straight line r passing through points 0

and B are py =B and py = 5;,, respectively.

Proof. Each element 67, (s) of the set ¢ (7) also belongs to
the set %B(%,). In fact, from (5), (8) and (9) it follows that

5%+ 28w, + @?
5%+ 2y8 wys + ©?

‘KB}(S) =B
V6>0
Y, >0

S +2(3)8wus + o
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V>0
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where 8 = 8. In the same way it can be easily proved that each
element €, ! (s) of CKB(%) also belongs to €5 (7), and therefore
¢y (y) and %B()l,) coincide. Moreover, the shape of the Nyquist
diagrams of ¢, (s) and 6}, ! (s) depend only on ¥ and therefore

they coincide. From (6) and (10) it follows that the Nyquist
diagram of %7, (s) is a circle whose center Co = B(y+1)/(27)
lies on the straight line r passing through points 0 and B, see



Fig. 3, whose radius is Ry = |y — 1|/(2y) and its intersections
with the straight line 7 occur at points p; = B and p; = 5;. ]

Definition 4. (Inversion Formulae) Given two points A =
My e/%4 and B = Mp e/?8 of the complex plane C, the inversion
formulae X (A, B) and Y (A, B) are defined as

M—
X(A7B) — ﬂ
sin @
1 (1)
cosQp——
Y(A,B) = S-7M7
ing@
where M = B andq) @B — ®4. Moreover, from (11) it follows
“u
that y(A,B) = WL“? A

These formulae are similar to the ones used in Phillips (1985)
and are the same Inversion Formulae introduced and used in
Marro and R. Zanasi (1998) and Zanasi and Morselli (2009) for
the continuous-time case.

Property 3. (From A to B) Given a point B € C and chosen
a point A of the frequency response G(jo) at frequency M4
belonging to the admissible domain 9y, i.e, A = G(jws) €
Dy, the set C(s,m,) of all the lead-lag compensators C(s)
that move point A to point B is obtained from (1) using the
parameters

X(AvB) 0)3 — a)g
v=YAB) = o 20 S=YABS

Sor all @, > 0 such that § > 0 and with parameters X (A, B) and
Y(A,B) obtained using (11).

>0 (12)

Proof. For @ = wy, relations (4) can be rewritten as
_ X((JJA) ) (D}% — (Di

Y(wa)' 20,04

Substituting in (1) yields

2
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The frequency response of C(s, @,) at frequency @y is equal to
the constant value

1+ X (an)
14jY (@a)
From equations B = C(jay) - A and (7) it is evident that point

Cjon, @,) = C(jon) = 13)

A = G(jwa) = My e/? can be moved to point B = Mpe’ 95 if
and only if
: o _ M3 j(ps—o1)
Cljon) =Mel? = “Beilos—0a), (14)
My

Solving equations (13) and (14) with respect to X(@s) and
Y(wa), one obtains the Inversion Formulae X = X(A,B) and
Y = Y(A,B) introduced in Definition 4. The hypothesis that
point A belongs to the admissible domain %, ensures, see
Definition 2, that there exist admissible lead-lag controllers
C(s, ®,) moving point A to point B which are characterized by
positive parameters ¥, 0 and ®,. All the admissible values of
@, are those satisfy 6 > 0 in (12). O

4. SYNTHESIS OF LEAD-LAG COMPENSATORS

Design Problem A: (¢, , G,,). Given the control scheme of
Fig. 2, the transfer function G(s) and the design specifications

/Y%

Fig. 4. Functions ¥, (@) (blue line) and ¥, () (black line).
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Fig. 5. Graphical solution of the DPA on the Nyquist plane.

on the phase margin ¢,, and gain margin G,,, design a lead-
lag compensator C(s) such that the loop gain transfer function
C(jo)G(jw) passes through points B, = e/(m+0m) and By =

Gp.

Solution A. Let B, = ¢/™* %) and By = —1/G,, = Mg, e’
denote the points corresponding to the desired phase margin
O and gain margin G,,. The set Cy(s, @y, @,) of all the com-
pensators C(s) which solve the Design Problem A (DPA) is
obtained as follows:

a) find all the pairs (®,, ®y) € Sye of frequencies which solve
the equation

Y= Yp(wﬂ) = ’yg(wg)v (15)
where the gain 'y > 0 is chosen arbitrarily, Syq is the set of all
the pairs (@p, ) satisfying (15), and functions v,(®,) and
Y. (®g) are defined as

V(@) = );1[:7 Yo(g) = );:a
where the coefficients X, =X (Ap(®p),Bp), Y, =Y (A,(@p),Bp),
X, =X(Ag(wg),B,) and Y, =Y (A4(wy), Bg) are obtained using
the inversion formulae (11), A, = G(j@,) = My, (® )ej(pAl’(w”)
and Ag = G(jog) = Ma, (@) /%),

b) for each pair (®,, 0g) € Sy compute

(16)

XeWg—Xp0p | YoW;—Y, 0p

w, = X % ST >0, (17)
Wg  Wp Wg  Wp
o7 — 0’ a),%—a)é?
§=7, = >0. (18)
Za)na)p 2w,,a)g

A solution Cy(s, @y, ®,) of Design Problem (¢,
only if: 1) y satisfies

0 <y < min[max(y,(@p)), max(y,(@,))];

G,,) exists

19)



Fig. 6. Graphical solution of the DPA on the Nichols plane.

2) Sy is not empty; 3) Ap(@p) € Qgp and Ay (@g) € @B;; 4) w,
in(17) and 6 in (18) are real and positive.

The proof hinges on the fact that C(s) has to be designed to
move point A, = G(jw),) to point B, and point A, = G(j,)
to point B,. Parameters ¥ and & are obtained as described in
Property 3 for wy = w,, A = A, and B = B, to satisfy the first
condition, and for @y = w,, A = A, and B = B, to satisfy the
second condition.

The solution of (15) can also be obtained graphically by
plotting ¥,(®) and ¥,(®) and by finding, for each admissi-
ble value of ¥, all the pairs (@p,@;) € S, where 7,(@)p)
and 7, (w,) intersect the horizontal line 7y, see Fig. 4. In
the example of Fig. 4 there are four different solutions:
Syo = {(@p1, 0c1), (Op1, O2), (D2, Wg1), (02, 02)}. The loop gain fre-
quency responses Hyi(s), Hio(s), Hyi(s) and Hy(s) of these
four solutions on the Nyquist plane are shown in Fig. 5. These
solutions are acceptable only if constraints § > 0 and ®, > 0
given in (17) and (18) are satisfied.

4.1 Graphical Solutions on Nyquist and Nichols planes.

The graphical solution of (15) can also be obtained by using the
graphical constructions shown in Fig. 5 and Fig. 6.

a) Graphical Solution on Nyquist plane. The graphical con-
struction shown in Fig. 5 is obtained as follows:

1) given points B, and B, and a desired value for y > 0, draw the
circles having their diameters on the segments (B,,, B,/7) and
(Bg, Bg/7). From Property (2) they coincide with the frequency
responses %B_py(ja)) and %B;y(ja)).

2) if the frequency response G(j®) does not intersect both
circles ¢, (j®) and €y ,(j), the chosen value of y is not
acceptable.

3) otherwise, each pair (@,,®,) corresponding to the inter-
sections of G(jw) with circles ‘ﬁliﬁ,(ja)) and %B;y(ja)) is a
possibile solution for Design Problem A (¢, , Gy,).

This graphical solution hinges on the fact that frequencies
o, and o, satisfy (15) only if G(jw,)Cy(j®w,) = B, and
G(jw,)Cy(jw,) = B,. These relations can be rewritten as
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Fig. 7. Graphical solution of the DPB on the Nyquist plane.
By

G(jw)‘CO:a)p:W - %B;Y(jw)‘w:wp
(20)
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b) Graphical Solution on Nichols plane. The graphical con-
struction described above for the Nyquist plane can be car-
ried out also on the Nichols plane, see Fig. 6. The shapes
of %B_ﬂ( jo) and %B_gy( jo) on the Nichols plane are not cir-
cles, but the intersection points Ap1, Ay, Agr and Ag with
G(jo) can still be determined. An advantage of working on
the Nichols plane is that %B;y( jo) and ©p, ,(j®) have the same
shape and the same dimension. In fact, these functions differ for
just a constant, %B;y(ja)) = (Bg/Bp)%Bpr(jw), and therefore
they differ for just a translation on the Nichols plane.

4.2 Solutions of other Design Problems.

The value of y in the Design Problem A can also be chosen
to satisfy other requirements. Let us consider, for example, the
following Design Problems.

Design Problem B: (¢, , G, , ®,). Given design specifi-
cations on the phase margin ¢,,, gain margin G, and gain
crossover frequency @,, design a lead-lag compensator C(s)
such that the loop gain transfer function C(j®)G(jo) passes

through point B, = el (m+0m) for @ = @, and through point
By =—1/Gp.

Solution B. The design specifications completely define the
points A, = G(j,), B, = ¢/™9) and B, = —1/G,, =
Mp, ¢/ The set Cy(s,mg) of all the lead-lag compensators
C(s) which solve Design Problem B (DPB) is obtained from (1)
using the parameters

ey

(22)

where the coefficients X, = X(A,,Bp), Y, =Y(A,,Bp), X, =
X(Ag,Bg) and Yq =Y (Ag,Bg) are obtained using the inversion
formulae (11) with Ay = G(jw,) = MAg(wg)ej(pAg(wg), Sor all
the frequencies @y satisfying the relation
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Fig. 8. Graphical solution of the DPC on the Nyquist plane.

Y=Y (@,), (23)
where Y, (@) = Xg /Y, is defined as
M,
W% —cos(pp, — Pa, (o))
Yo(@g) = — 24)

Myq (a)
cos(95, — Pa, (@) — =3

A solution Cy(s,0,) of Design Problem B exists only if: 1) the
set S, of all the g satisfying (23) is not empty; 2) Ap € @gp
and Ay € .@}; 3) w, and & in (21) and (22) are real and
positive.

The graphical solution of the Design Problem B (DPB) on the
Nyquist plane is shown in Fig. 7. The two loop gain frequency
responses Hpj(s) (blue line) and Hy(s) (red line) satisfy the
gain margin G, at frequencies @, and ®,.

Design Problem C: (¢, , G, , ®g). Given design specifi-
cations on the phase margin ¢,,, gain margin G, and phase
crossover frequency @,, design a lead-lag compensator C(s)
such that the loop gain transfer function C(j®)G(j®) passes
through point B, = —1/G,, for @ = @, and through point
B[J — ej(ﬂ"!‘@n)'

Solution C. The design specifications completely define the
points Ag = G(jay), B, = /™) and B, = —1/G,, =
Mg, e'?:. The set Cy(s,w,) of all the lead-lag compensators

C(s) which solve Design Problem C is obtained from (1) using
the parameters

- o — 0 25

Y= =Y, 20,0, > (25)
Y

Y <0 (26)

where the coefficients X, = X(Ag,Bg), Yo, = Y (Ag,By), X, =
X(Ap,By) andY, =Y (A,,B)) are obtained using the inversion
formulae (11) with A, = G(jw,) = My, (®,) /P @) for all
the frequencies ), satisfying Y = Y,(@,) where y,(®,) =
X, /Y, is defined as

M,
% - COS((po - (pAp(a)P))

M )(w ) ’
cos(@n, — 91, (@) —

Yp(@p) = (27)

Fig. 9. €y(s)-graphical representation on Nyquist plane.

A solution C,(s, @,) of Design Problem C exists only if: 1) the
set S, of all the w, satisfying v = v,(w,) is not empty; 2)
A, € @B; and A, € @gp; 3) w, and 6 in (26) are real and
positive.

The graphical solution of the Design Problem C (DPC) on the
Nyquist plane is shown in Fig. 8. The two loop gain frequency
responses Hjj(s) and Ha;(s) (thin blue lines) satisfy the phase
margin ¢, at frequencies p; and @;.

4.3 Other Graphical Representations.

The graphical solutions on Nyquist and Nichols planes shown
in Fig. 5, Fig. 6, Fig. 7 and Fig. 8 can also be performed graph-
ically in other ways. The following two cases are considered.

1) €(s)-graphical representation on Nyquist plane. Using
simple mathematical manipulations, system (20) can be rewrit-
ten as:

Bp _ .
G(jo) 0= B %Y(]w”w:wp 28)
Bg .
. =6 (jo)|,
G(]a)) o—a, Y(J )|o)7wg

The graphical representation of (28) on the Nyquist plane is
shown in Fig. 9: the intersections of €y(j®) with B,/G(jw)
provide the frequencies @, and @, while the intersections of
¢y(jo) with By /G( jw) provide the frequencies @, and @,>. In
Fig. 9 the points —B), and —B,, and the two loop gain frequency
responses —H2(s) and —Hpo(s) are also reported: the relative
position of these functions with respect to point 1 is the same
of functions H,»(s) and Hy,(s) with respect to point —1.

2) ¢y(s)-graphical representation on Nichols plane. The
graphical representation of relations (28) can also be done on
the Nichols plane as shown in Fig. 10. In this case the shapes
of €y(jw) are not circles, but the graphical representation is
more precise for small values of the modulus. This graphical
representation is quite similar to the one presented by Yeung
et al. (1998) for the solution of Design Problems B and C.

5. NUMERICAL EXAMPLES

Let us consider the transfer function, see Yeung et al. (1998):
5000
G(s)

=G5 10) 29



Fig. 11. Graphical solution of the numerical example on the
Nichols plane.

with the following design specifications: phase margin ¢, =42°,
gain crossover frequency w, = 9 rad/s and gain margin G, = 4.

The synthesis of the lead-lag controllers Cy (s, @y ) follows the
line described in the Design Problem B. The design specifi-
cations define points B, = ¢/2?*, A, = G(jw,) = 4.01¢/1971"
and B, = 0.25¢/13%° From points Ap and B, one obtains X, =
—0.397,Y, = —4.198 and y = X,,/Yp = 0.0946. The two solu-
tions of equation (23) are S, = {@,1, We2} = {11.37,20.71}.
Only the solution corresponding to frequency @y is admissible:
6 = 17.68 and @, = 2.28. The corresponding lead-lag compen-
sator is:
s2+3.3475+5.198

52435.365+5.198"
The graphical solutions on the Nichols and Nyquist planes
corresponding to the synthesis of the lead-lag compensator
Cp(s,mg) are shown in Fig. 11 and Fig. 12, respectively. The
red line plotted in the two figures corresponds to the loop gain
transfer function H> (jw) = Cp,(jo, 0 )G(jo).

CI’(S’ (Dgz) =

(30)

Final Remark. The graphical solution of the Design Prob-
lems B and C for a lead-lag compensator with real poles and
zeros was given by Yeung et al. (1998) using a “design chart”
similar to the graphical construction shown in Fig. 11. The main
differences with the solution proposed in this paper are the fol-
lowing: 1) in Yeung et al. (1998) the parameters 77, > and 3 of
the lead-lag compensator are graphically determined using the
“design chart” and the intermediate parameters 7, 1 and €2;;

Fig. 12. Graphical solution of the numerical example on the
Nyquist plane.

In our method the compensator’s parameters ¥, 8 and @, are
exactly determined using simple formulae. 2) In both methods
the set S, is determined in similar way, but in Yeung’s method
only one of the two admissible solutions of (23) is determined;
3) No constraints are introduced in Yeung et al. (1998) on the
parameters Ty, T> and 3, so the obtained compensator can also
be unstable; 4) The design method presented in this paper has a
nice graphical interpretation on the Nyquist plane which is not
discussed in Yeung et al. (1998).
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