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Abstract: The paper presents a new complex dynamic modeling of multi-phase asynchronous
motors and investigates the Field-Oriented control applied to this type of machines. The new
dynamic model is obtained in the state space using a complex rectangular transformation.
The obtained model is complex, reduced-order and takes into account also the odd harmonic
injection of the motor. The Field-Oriented control is considered and discussed in the multi-phase
general case and then implemented in Matlab/Simulink considering a specific numeric case. The
simulation results validate the obtained complex model and the implemented control design.
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1. INTRODUCTION

The interest in multi-phase asynchronous machines has
considerably increased during last years, see Jones and
Levi (2002) and Levi et al. (2007), especially in traction
and propulsion research fields where high-power perfor-
mances are needed. Moreover, the advantages of the odd
harmonic order injection is well known in literature for
its providing an higher torque density, see Toliyat et al.
(1991) and Duran et al. (2008). Different Field Oriented
control strategies have been implemented and discussed
in the specific case of 5-phases machines, see for instance
Duran et al. (2008) and Xu et al. (2001).

This paper presents a new complex and general dynamic
model of a multi-phase asynchronous motor with an ar-
bitrary number of phases and the odd order harmonic
injection, and then it extends the Indirect Rotor Field-
Oriented (IRFO) control to the multi-phase general case.
The dynamic equations of the system have been obtained
using a “complex and congruent” state space transforma-
tion and graphically represented using the Power-Oriented
Graphs modeling technique. The paper is organized as
follows: Section 2 briefly introduces the basic properties of
the POG technique in the complex case. Section 3 presents
and describes the new complex reduced dynamic equations
of the system and the corresponding model. Section 4
reports the IRFO control equations in the general multi-
phase case. Last Section 5 shows some simulation results.

2. POWER-ORIENTED GRAPHS

The Power-Oriented Graphs, see Zanasi (1991) and Zanasi
(2010), is a graphical modeling technique suitable for
modeling physical systems. The POG are normal block
diagrams combined with a particular modular structure
essentially based on the use of the two blocks shown in
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Fig. 1. POG: a) elaboration block; b) connection block.

Fig. 1: the elaboration block stores and/or dissipates energy
(i.e. springs, masses, dampers, capacities, inductances,
resistances, etc.); the connection block redistributes the
power within the system without storing or dissipating
energy (i.e. any type of gear reduction, transformers,
etc.). The POG schemes can be used both for scalar and
vectorial systems, and for real and complex variables. In
the vectorial case, G(s) and K are matrices: G(s) is always
a square matrix of positive real transfer functions; matrix
K can also be rectangular, time varying and function
of other state variables. The circle present in the e.b.
is a summation element and the black spot represents
a minus sign that multiplies the entering variable. The
main feature of the Power-Oriented Graphs is to keep a
direct correspondence between the dashed sections of the
graphs and real power sections of the modeled systems:
the real part of the scalar product x*y of the two power
vectors x and y involved in each dashed line of a power-
oriented graph, see Fig. 1, has the physical meaning of
the power flowing through that particular section. From
the POG schemes one can directly obtain the state space
equations of the system: Lx = —Ax + Bu, y = B*x. The
energy matriz L is always symmetric and positive definite:
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Fig. 2. Structure of a multi-phase asynchronous motor.

L =L* > 0. When an eigenvalue of matrix L tends to zero
(or to infinity), the system degenerates towards a smaller
dynamic system. The dynamic equations Lz = —Az+
Bu and y = Bz of the “reduced” system can always
be obtained from the original one using a “congruent”
transformation x = Tz (matrix T can also be complex

and/or rectangular) where L = T*LT, A = T*AT =
T*LT and B = T*B. When matrix T is rectangular, the
system is transformed and reduced at the same time.

2.1 Notations

In this paper the following notations are used to denote,
respectively, full, diagonal, column and row matrices:

Rll R12 le Rl
i j Ry1 Roy -+ Ropy | 4
[rod=170 0 R =
Rnl Rn2 an Rn
LR =R Ry Ral™s [By] = [Ry Ry Rl

The symbol §(n)|7* denote the following function:
1l ifnelk, kxtm, k+£2m,...]
S(n)li" =

0 in the other cases

where n,k,m € Z. The symbol I,, denotes an identity
matrix of order m.

3. COMPLEX DYNAMIC MODEL OF THE MOTOR

The basic structure of a multi-phase star-connected asyn-
chronous motor is shown in Fig. 2. The electrical and
mechanical parameters of the system are shown in Ta-
ble 1. All the electrical parameters of the machine have
been obtained connecting in series the p polar couples of
the motor. Let 'V, *I,, *V, and ‘I, denote the stator
and rotor voltage/current vectors in the external reference
frame X;:

Vi1 I Vi1 I
tvs = ‘/;92 5 tIs = Ig 5 tVr = ‘/T 3 tIT = IT
Vsnzs Isms ‘/rmr Irmr

ms :number of stator phases;
my :number of rotor phases;
p :number of rotor and stator polar expansions;
vs :stator angular phase displacement (vs = En—’;);
~r :rotor angular phase displacement (v, = %)’
0 :rotor angular position;
wm :rotor angular velocity;
0s :stator voltage angular position;
ws :stator voltage frequency;
0 :electric angle (6 = p0y,);
Rs :stator phases resistance;
Ls :stator phases self inductance;
: maximum mutual inductance of the stator phases;
R, :rotor phases resistance;
L, :rotor phases self inductance;
: maximum mutual inductance of the rotor phases;
M0 : maximum value of the mutual inductance between
stator and rotor phases;
Jm :rotor inertia momentum;
by, :rotor linear friction coefficient;
Tm :electromotive torque acting on the rotor;
Te :external load torque acting on the rotor.

Table 1. Electrical and mechanical parameters
of a multi-phase asynchronous motor.

where Vy; = V;=Vyofori € {1,2, ..., ms}and V,; = V,..—
Vio forie {1, 2, ..., m.}. Using the following generalized
state vector ‘g and extended input vector *V:

1, tv,
tq: tIr — |:tIe:| , tV: tVr — |:tVe:|

Wm —Te
Wm —Te

and applying the “Lagrangian” approach discussed in
Zanasi et al. (2009), one obtains the following dynamic
equations of the multi-phase asynchronous motors:

(o o e S D

7 P =— T + (1)

dt 0 Jm Wm - Ke bm Wm —Te
—— —~— ——

tL(tq) tq tR+ tW tq tV

The structure of the matrices 'L(q), ‘R and *W in (1) are

given in Zanasi and Azzone (2010). In order to take into

account the odd order harmonic injection of the motor, the

self and mutual inductance matrices ‘L,, ‘L, and ‘M,

are supposed to have the following structure:

i ma—2 4
th - LSO Ims + M‘SO Z a’f’b COS(n (Z o '])78) ’
L n=1:2 -
pra 1:mg
i J
my—2 )
'Ly = Lo L, + Mo || Y a, cos(n(i—j)v) ||,
:"rr?fl:Q 1,

%

Mer—2
"My (0) = Mgro Z ay’ cos(n(0 + iy, — jvs)) ]

n=1:2
my-—1

0:ms—1

where mg, = min{mg, m,}, Lso = Ls — Mso and Lo =
L, — M,o. The coefficients a;, a;, and a;" of the Fourier
series are supposed to satisfy the following constraints:

mes—2 my—2 Mer—2
dDolapl <t > apl<1, Y ey <L
n=1:2 n=1:2 n=1:2
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Fig. 3. POG graphical representation of a multi-phase asynchronous motor in the transformed rotating frame %,.

Let ‘T n € C™*(m+1)/2 denote the following matrix:
[ Ty zm } N,. (2)

where T, (m, ) € C™*(m=1)/2 i a “complex” matrix:

'T,n(m,0) = *Ty(m,0) N,

1 h k
Tomey = fL [oro-ma ]
m 0:m—1 1:2:m—2

with v, = 2%, and where vector z,, € R™ and matrix
N,, € Clm+1)/2x(m+1)/2 416 defined as follows:

_h T V2Ln 0
-] 2] |

) N7 =
" [ 0 1
m—1

Based on matrix (2), the following transformation matrix
t,, € Clmstmet)x(matmertl) can he defined as:

I tTQN(mS795) B 0 0 tT O
‘T = 0 "Tun (mr, 0,) |0 :{ OHN 1]
| 0 0 I
[ 'Ty(ms,0s) 0 0] [N,,. 0 |0
= 0 tTg(mr,Hp) 0 0 Nmr 2
| 0 0 1 0 0 |1
[0 [N]O] i
__T‘T } {ﬂT = T.N

where 0, = 6, — 6. All the columns of matrix 'T,, are
orthogonal complex vectors. The complex matrix T, can
be used to perform a “pseudo” state space transformation
tq = 'T,“q from the original external frame %; to a new
complex rotating frame X,. The dynamic equations in the
new complex transformed frame ¥, are:

“L| 0 ][ “Re+ “Fot “Q “K.|[“L][“V.
_te|l=— _telil Vel (4

{ 0 Jm} [wm] —UKD b MWH—TJ @

—— ~ ——

The state space transformation is called “pseudo” because
the transformed matrices “L, “R and “W are obtained
using matrix *T:

wL:tT:tLtTw’ “’R:tT:thTw, wW:tT:tWtTw
while the complex vectors “V and “q are obtained using
matrix ‘Ty:

w\:/s wv wis wi
wV:thtV: wVT — e’ wq:thtq: wIT — e
= o

where “V, 0 because the rotor phases are short-
circuited. The transformed vector “I. has the following
structure:

3 “I, “I,
“I,='T, I, = t?;N(ms’e‘“)tIs | Homa | | O
wl T v (my, 0,) 1T, “I, “I,

- “Trm, 0

where “Igy, = “Im, = 0 because the stator and rotor
phases are star-connected and vectors “I; and “I; are:

_ ko _ k
wIs = |[ wIsk ]| = |[ Idsk +qusk ]'a
1:2:mgs—2 1:2:ms—2
k

_ _ k
“To= [ L )| = [Tars 45 Tore
1:2:m,.—2 1:2:m,.—2

The transformed vector “V, has the following structure:

~ L triw (m 0 )tV ‘“Vs “’VS
w ottt _ wN sy Vs sl |w .
Ve= TQN V.= t,i‘* (m 0 ) tV - M - L
wn (M, Op) "V 0 0

where “V,,, = 0 because the input stator voltages are
balanced, and where vector “V is defined as:

k

JI= [} ves

-2

k
UJVS = ‘L wv:ek
1:2:ms—2
It can be easily proved that the transformed matrix “L
has the following symmetric constant structure:

LSO + W;S MSO ag Msre a;rr 0
“L = Msrc Agy LTO + % MTO ar 0
0 0 | Tm

where ag, a, and ag, are real constant matrices (function
of the Fourier series coefficients) defined as follows:

k
as= [az }, a,= {
1:2emi, —2

mg— 2:my,

k

o Ty I

m,—2 1:2:mgs—2

The energy redistribution matrix “W has the following
skew-symmetric structure:



L50+ MsOas Msrea:r 0 wIs R +.7w.skm3(LaO+ M.s[)as) jwstekma asr 0 Is c'J\_,s
Msreasr Lr0+ MrOar 0 wir = ]prsrekm,.asr R'r +jwpk (Lr0+ MrOar) er +{ 0 (3)
O O ‘ Jm wm ngsrewI;tkaasr *ngsre I km,gasr ‘ bm C?n —Te,

Fig. 4. The complex dynamic equations of a multi-phase asynchronous motor in the transformed rotating frame %,,.

]'Wsk'mS (LSOJF W;S MsOas) j(ws*
wW: j(ws—

T _
%)Ms'rekmsasr “Ks

%)Msrekm,,wasr jwpkm,,«(LrO‘i‘%MrOar) wKr

—YK* —YK= | 0

k
where k,, =[ &k |

1:22m—2

torque vector “K has the following structure:
wK: _ [ wK: wK:]

. In the new frame ¥, the transformed

- p wT*
= |:_,] 5 Mg, Ir kmrasr

. D =
J 5 Msre WI: kmsa;rr ] .
The mechanical torque 7, can be expressed as follows:

r=Re (VK “L,) = Re ([ YK YK [ii ])

e e v,
:ng Re ([—g “Ii Ko, agr | 9T Ky, @l ] [wa

Mgpr—2
= pMs’re Z kazr(-[drkrquk - Idsk:-[qu)' (5)
k=1:2
A POG graphical representation of system (4) is shown in
Fig. 3: section M® represents the state space transforma-
tion Xy < X,,. Function “Re(-)” denotes the “complex to
real conversion” of the input. Section @)- @ represents
the FElectrical part of the system that, in this case, is
described only by complex matrices and complex variables
(the lightly shaded section of Fig. 3). The Mechanical part
of the motor is described by section (®)-() which is char-
acterized only by real values and real variables. Section
@© represents the energy and power conversion (without
accumulation nor dissipation) between the Electrical and
Mechanical parts.

It can be easily proved that in (4) the term “K.wy, is
simplified by the term “F. “I., so the dynamics of the
system can be rewritten in the following simplified form:

L 01E] [“Ret“@.] 07 [“L]  [“V.
[ 0 Jm} L‘Jm:| o { =YK [bm] [wm * —Te (6)
——— N~ —— ——
YL wfl wR+ W uuq wy
The expanded form of system (6) is shown in Fig. 4 where:

MSTO\/ msmy
Msre = #7

Wp = Ws — W.

Let us now consider the case mys = m, = mg, and let P,
denote the following permutation matrix:

h

Pﬂ' = ‘[ €n ©em.+h ]‘ -
1: el

(7)
where e, denotes a column vector of length mg,—1 with 1
in the ht" position and 0 in every other position. Applying
the transformation “I, = P, “I,, to the electrical part of
system (6), one obtains the followmg reordered system:

“Le,| 0 “’iek _ “Re, + 9, | 0] [“I, n “V,
0 [Jm|| om -“K;, ‘bm W, —T.
—_— —_—— ——

“Ly “ “Ri+ “Wy “qr “Vi,

_ _ (3
where “L,, = PT“L, Py, “R,, = PI“R. P, “,, =
PI“Q. P, “I., —PTwIe, ©V, =PIV,

k ko _ _
wf; _ Lg Mgrgk wi _ Isk w\—/_ _ sk

ck Msrek L'rek * WI_T/c ’ * w_rk ’
Msr—2 1:2:mg,—2 1:2:mg,—2

k k
vb Rs 0 e jwskLsek jwskMsrek
e — er — i .
g 0 R, " jwpk Mo, jwpkLpe,
1:2:mgp— 2iMgr o

k

S| B Mae, T )|
1:2:mg,—2

and Lsek = LsO +";S az Ms()7 Lrek = Lr(] +’";T alrg Mr()a
Msre,, = Mgre 3" . Equations (8) clearly show that a multi-
phase asynchronous motor with an odd order harmonic
injection can be mathematically described by % sets
of decoupled equations in the frame ¥, , i.e. the system
can be seen as the set of mTfl three-phase asynchronous
motors respectively supplied by balanced voltages at fre-
quencies k ws. The total mechanical torque of the motor 7,,
is the sum of the torques generated by the M internal
decoupled motors:

“KZ, = [ kM,

Mgr—2 Msr—2
WET* WT
= E Ty, = g Re (YK, “Ic,)
k=1:2 k=1:2

Msr—2
:Re Z‘[—j%kMsrekwI*k‘j kM@T‘Pk Iek :IiJ

k —
k wlsk
uj'rk:
2:m g p—:

Clearly, this expression is equal to the one given in (5).

k=1:2 12—
Mgr—2
:pMsre § kazr(ldrqusk - Idsqurk)-
k=1:2

4. INDIRECT FIELD ORIENTED CONTROL

Let “P, = “L, “I, denote the fluxes vector in the frame
Y. The steady-state equations of the electrical part of
system (6) can also be written as follows:

“V, “Re 0 |[“L| [jwskm, O Y,
= _ T+ 7.

0 0 “R, ||“I, 0 jwkm ||“®,
The considered multi-phase asynchronous motor has been
controlled using the Indirect Rotor Field-Oriented (IRFO)

control technique, see Leonard (2001) and Vas (1990),
obtaining the following equations:
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Fig. 5. Indirect Rotor Field-Oriented control including
fundamental plus odd harmonic injection.

Msr— kaar
pMsre Z (I)d'r‘k Iqsk (9)
k=1:2 Lrey
w(}dr = Msre Agp wIds (10>
Iqsl
= 11
“r Tr Idsl ( )

where “®;. = Re(“®,), “I;s = Re(*I,) and T, =
L../R, is the rotor constant. The corresponding IRFO
control scheme is shown in Fig. 5: the PI, regulator
controls the angular velocity w,, generating a torque
reference 77¢/ and tracking a defined speed reference

wref. The PIdk and PI,, controllers regulate the rotor
ﬂux components “®,. and the mechanical torque 7,
respectively, according to the equations (9) and (10), and

generating the voltage references “’Vg‘;f and Vel

In the previous section it has been shown that the multi-
phase asynchronous motor can be described as a set
of m5571 decoupled machines. These machines can be
controlled separately or, equivalently, one can control
only the first machine, corresponding to the fundamental
harmonic, and then scaling the obtained voltage references
V;:lf and V5 ! by using a scaling coefficient, see Duran
et al. (2008) The first solution is more flexible because
one can define a custom control for each machine, but its
implementation has an higher cost in terms of number of
controllers and tuning. The second solution has a simpler
structure, but it is limited to the first machine only. The
trade-off that has to be considered is between the control
degrees of freedom and the control computational and
implementation costs.

5. SIMULATION RESULTS

The simulation results presented in this section have
been obtained in Matlab/Simulink by implementing the
proposed complex and reduced model of the system and
using the IRFO control strategy. The following electrical
and mechanical parameters have been considered: my = 5,
m, =5, p=1 Ly = 0.12H, Mgy = 0.1 H, Ry, = 39,
L. =012H, M,y = 0.1 H, R, = 39Q, Mg = 0.09 H,
Jn = 0.03kgm?, b, = 0.05 Nms/rad and V. =
100 V. V42 is the maximum value of the stator voltage
vector “ V. The following sum of balanced voltage inputs
has been considered:

qsl

ref
Vs

s

dsl

dsB

Fig. 6. Indirect Rotor Field-Oriented control (see Fig. 5)
of a 5-phases machine: control of the fundamental
harmonic and scaling of the third one.

Mutual inductance: 1" + 37¢ harmonic.
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rounds

Fig. 7. Mutual inductance between the first stator phase
and the rotor phases.
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where k indicates the injected harmonic order and h the
number of stator phases. The following Fourier series
coefficients, to define the shape of the self and mutual
inductances, have been used:
_10.8
1021

o - [0.8} B [0.8}

S710.2) 0.2
The TRFO control scheme used in simulation is shown
in Fig. 6: only the control of the first subspace corre-
sponding to the fundamental harmonic has been con-
sidered, while the third harmonic injection contribution
has been obtained by scaling the voltage reference values
Vol = ks Ve and VY = ks V) with ks = 0.15. The
mutual inductance MST between the first stator phase
and the rotor phases is shown in Fig. 7: the 1%* and 3"¢
harmonic components are summed using the coefficients
a,, as weights.

The time behaviors of the stator and rotor currents I
and ‘I, in the original reference ¥; are shown in Fig. 8:
their amplitudes and their frequencies change according to
the velocity tracking of Fig. 10. The generated mechanical
torque 7, and the applied load torque profile 7. are
shown in Fig. 9: for t € [0,1][s and ¢ € [9,10[s, the
torque 7, settles to the corresponding value of the load
torque 7. because a null velocity is tracked. For t €
[1,2] s and ¢ € [8,9]s, a positive and negative torque
Tm are generated, respectively, following the corresponding
increase and decrease of the velocity wy, (see Fig. 10). The
control variables wy,, I4s1 and I, are reported in Fig. 10:
their actual values (blue solid) optimally overlap the
corresponding reference values (black dashed) providing
low and limited control errors shown in Fig. 11.
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Fig. 8. Stator and rotor currents in the original reference
frame X;.

Mechanical torque 7,

0 1 2 3 4 5 6
Time 3]

Fig. 9. Mechanical torque 7, and load torque 7.
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Fig. 10. IRFO control variables: actual values (blue solid)
and reference values (black dashed).

6. CONCLUSION

In the paper a new complex dynamic model of a multi-
phase asynchronous motor has been presented and a gener-
alized form of the Field-Oriented control has been applied
to the motor. The complex and reduced-order model has
been obtained using a complex rectangular transformation
and considering the odd harmonic injection. The Field-
Oriented control has been considered and discussed in
the multi-phase general case, and then it has been im-
plemented in Matlab/Simulink considering a motor with
5 phases. The simulation results have shown the good

Angular velocity error e,
\ \ \ \ :

2
~
=}
<
— 0 Ve
13
3
kY
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Current error ey,
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Current error ey,
:

1 I I I I I I I I I

1 2 3 4 5
Time [s]
Fig. 11. IRFO control error variables e, , er,,, and eg,_, .

behaviors of the presented model and the implemented
control design.
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