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Abstract— This paper deals with the modeling of multi-phase
permanent magnet synchronous motors under open-phase fault
condition. Multi-phase electrical motors offer high reliability
thanks to their capability to operate safely even in case of faults
such the loss of some phase. In this paper the model of a multi
phase PM machine in the case of open phase fault condition is
proposed. The model is suitable for generic number of phases,
generic shape of the rotor flux and the open circuit fault can
occur to any phase. The motor model in fault condition is
presented for faults occurring on one single phase or more than
one phase (both adjacent and not adjacent phases). The use of
a model is very useful both for simulations and implementation
of fault-tolerant control strategies.

I. INTRODUCTION

Multi-phase machines offer some advantages and greater
number of degrees of freedom compared to three-phase
machines, see [1] and [2]. One of these advantages is the
better fault tolerance and this is very important in propulsion
and traction applications where high reliability is a very
important issue. Many kinds of faults can occur in multi-
phase PM machines and the realization of a model can be
helpful in analysis and simulation of the machine in faulty
operation mode. A great number of fault-tolerant control
strategies have been proposed, see [3], [4] and [5], in orderto
make the motor able to operate safely even in case of fault in
particular obtaining ripple-free torque and minimizing losses.
In [10] the modeling and control of a three-phase PMSM
under supply fault conditions is investigated. However in the
literature any effective model for the faulty motor has been
provided yet.

In this paper the model of a multi-phase PM machine
in case of open circuited phase is proposed. The model
is as general as possible, for a generic number of stator
phases and for generic periodic shape of the rotor flux.
The open circuit fault can occur to any of the phases. The
model is obtained with the Power-Oriented Graphs modeling
technique and can be directly implemented in a general-
type simulator. Thanks to this model the different control
strategies for faulty operation of the motor can be tested
before the implementation on a real machine.

The paper is organized as follows. Sec. II introduces the
main features of POG technique, Sec. III shows the details of
the dynamic model of thems-phase synchronous motors, in
Sec. IV the model of the motor in open phase fault condition
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is presented and Sec. V is devoted to simulation results.
Conclusions are given in Sec. VI.

II. POWER-ORIENTED GRAPHS BASIC PRINCIPLES

The Power-Oriented Graphs technique, see [7], is an
energy-based technique suitable for modeling physical sys-
tems. The POG are block diagrams combined with a par-
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Fig. 1. POG basic blocks: a)elaboration block; b) connection block.

ticular modular structure essentially based on the use of the
two blocks shown in Fig. 1.a and Fig. 1.b: theelaboration
block (e.b.) stores and/or dissipates energy, theconnection
block(c.b.) redistributes the power within the system without
storing nor dissipating energy. The c.b. transforms the power
variables with the constraintxT

1y1 = xT
2y2. The circle in the

e.b. is a summation element and the black spot represents
a minus sign that multiplies the entering variable. The POG
keep a direct correspondence between the dashed sections of
the graphs and real power sections of the modeled system:
the scalar productxTy of the two power vectorsx and y

involved in each dashed line of a POG, see Fig. 1, has
the physical meaning ofthe power flowing through that
particular section. Another important aspect of the POG
technique is the direct correspondence between the POG
representations and the corresponding state space descrip-
tions. For example, the POG scheme shown in Fig. 2 can
be represented by the state space equations given in (1)
where theenergy matrixL is symmetric and positive definite:
L = LT > 0. The dynamic model (1) can be transformed and
reduced to system (2) using a “congruent” transformation
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Fig. 2. POG scheme of a generic dynamic system in the complex domain.
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Fig. 3. Basic structure of a multi-phase synchronous motor.

x = Tz (matrix T can also be rectangular and time-varying)
whereL = TTLT, A = TTAT + TTLṪ andB = TTB.

A. Notations

The full and diagonal matrices will be denoted as follows:
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The symbols
i∣
∣
[

Ri

]∣
∣

1:n

and
i∣

∣
[

Ri

]∣
∣

1:n

will denote the column and

row matrices. The symbol
∑b

n=a:d cn = ca +ca+d +ca+2d +
. . . will be used to represent the sum of a succession of
numberscn where the indexn ranges froma to b with
incrementd. The symbol0 and1 will be used to represent
zeros and ones block matrices of proper dimensions.

III. ELECTRICAL MOTORS MODELING

The basic structure of a multi-phase synchronous motor
is shown in Fig. 3. In this paper we refer to a permanent
magnet synchronous motor with anodd numberms of star
connected concentrated windings [8]-[9] characterized by
the parameters shown in Tab. I. Saturation of iron will be
neglected in this analysis. Let us introduce the following
current and voltage stator vectors:

tIs =
[
Is1 Is2 · · · Isms

]T
, tVs =

[
Vs1 Vs2 · · · Vsms

]T
(3)

whereVsi is the i-th phase voltage:Vsi = Vi − Vs0.
Using a “Lagrangian” approach, see [9], the dynamic model
St of the considered electric motor with respect to the
external fixed frameΣt is the following:
[

tLs 0

0 Jm

][
˙tIs

ω̇m

]

=−

[
tRs

tKτ (θ)
−tKT

τ (θ) bm

][
tIs

ωm

]

+

[
tVs

−τe

]

(4)

where tRs = Rs Ims
and matrix tLs is defined as:

tLs =Ls0 Ims
+ tMs =Ls0 Ims

+ Ms0

i h

|[ cos((i−h)γs) ]|
1:ms 1:ms

with Ls0 = Ls − Ms0. The rotor flux linkage vector is:

Φc(θ)=ϕc

h∣
∣
∣
∣
∣

[
∞∑

n=1:2

an cos[n(θ − h γs)]

]∣
∣
∣
∣
∣

1:ms

(5)

ms number of motor phases
p number of polar expansions

θ, θm electric and rotor angular positions:θ = p θm

ω, ωm electric and rotor angular velocities:ω = p ωm

Rs i-th stator phase resistance
Ls i-th stator phase self induction coefficient

Ms0 maximum value of mutual inductance
φc(θ) total rotor flux chained with stator phase 1
ϕc maximum value of functionφc(θ)
Jm rotor moment of inertia
bm rotor linear friction coefficient
τm electromotive torque acting on the rotor
τe external load torque acting on the rotor
γs basic angular displacement (γs = 2π/ms)

TABLE I

MAIN PARAMETERS OF A MULTI-PHASE SYNCHRONOUS MOTOR.

where the parametersan are the coefficients of the normal-
ized periodic rotor flux function̄φ(θ) expressed in Fourier
seriesφ̄(θ) = φc(θ)/ϕc =

∑∞
n=1:2 an cos(nθ). The torque

vector tKτ (θ) is:

tKτ (θ)=
∂ tΦc(p θm)

∂θm

=pϕc

h∣
∣
∣
∣
∣

[

−

∞∑

n=1:2

nan sin (n(θ−hγs))

]∣
∣
∣
∣
∣

1:ms

.

(6)
The torqueτm and the back-electromotive forcetEs are:

τm = tKT
τ

tIs , tEs = tKτωm =
h

|[ Esh ]|
1:ms

.

The POG block scheme of the synchronous motor in the
fixed reference frameΣt, see eq. (4), is shown in Fig. 4.
The elaboration blocksbetween power sections1 and 2

represent theElectrical part of the system, while the blocks
between sections3 and 4 represent theMechanical partof
the system. Theconnection blockbetween sections2 and
3 represents the energy and power conversion between the

electrical and mechanical parts of the motor.

IV. ELECTRICAL MOTORS MODELING IN
OPEN-PHASE FAULT CONDITION

In this section the model of the motor in open-phase fault
condition is introduced. The simulation of an open-phase
fault has been proposed in [10] where the open circuited
phase failure is simulated by a variable resistor as opening
element. However using this method a system time constant
becomes very high then the simulation needs a very small
step thus increasing the simulation time. To overcome this
problem we propose to simulate the open-phase failure by
supplying the faulty phase with an additional voltage such
that its steady-state current is zero. In order to exploit
this approach in the fixed reference frame it is necessary
to compute the common voltageVs0, but this calculation
is quite complex. Moreover the star connection constraint
must be taken into account. To overcome these problems
a transformation is now introduced. Let us consider the
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Fig. 4. POG block scheme of the dynamic model of a multi-phase
synchronous motor in the fixed reference frameΣt.

following transformation matrixtTc and its inverse:

tTc =

[
Ims−1 0

−1 1

]

, tT−1
c =

[
Ims−1 0

1 1

]

.

Applying the transformationtTc to the electrical part of
system (4), one obtains the following transformed current
and voltage vectorscIs and cVs:

cIs = tT−1
c

tIs =

[

Is1 Is2 . . . Isms−1

ms∑

i=1

Isi

]T

cVs = tTT
c

tVs =










Vs1 − Vsms

Vs2 − Vsms

...
Vsms−1 − Vsms

Vsms
− Vs0










.

Note that the last component of current vectorcIs repre-
sents the star-connection constraint and that only the last
component of voltage vectorcVs is referred to the common
voltageVs0. When the multi-phase motor is star-connected
the last component of vectorcIs is zero, therefore to satisfy
this constraint it is necessary to eliminate the last columnof
matrix tTc and consider only matrixtTc defined as:

tTc = tTc Sms
=

[
Ims−1

−1

]

where Sms
=

[
Ims−1

0

]

.

Applying transformationtTc to the electrical part of system
(4), one obtains the following transformed system:

cLs
cİs = − cRs

cIs −
cEs + cVs (7)

characterized by the following transformed vectorscIs =
ST

ms

tT−1
c

tIs, cVs = tTT
c

tVs, cEs = tTT
c

tEs defined as:

cIs =
i

|[ cIsi ]|
1:ms−1

, cVs =
i

|[ cVsi ]|
1:ms−1

, cEs =
i

|[ cEsi ]|
1:ms−1

,

where: cIsi = Isi , cVsi = Vsi−Vsms
, cEsi = Esi−Esms

.
The transformed matricescRs = tTT

c
tRs

tTc and cLs =
tTT

c
tLs

tTc have the following form:

cRs =
i k

|[ cRsi,k ]|
1:ms−1 1:ms−1

=Rs

i k∣
∣
[

1 + δi,k

]∣
∣

1:ms−1 1:ms−1
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Fig. 5. POG scheme of the electrical part of the faulty motor.

whereδi,k = {1 if i = k, 0 otherwise} and

cLsi,k =Ls0(1+δi,k)+4Ms0 sin(k γs

2 ) sin(iγs

2 ) cos((i−k)γs

2 ).

Note that the transformed inductance matrixcLs is symmet-
ric with respect to both the main and secondary diagonal:

cLsi,k=
cLsk,i=

cLs(m−i)+1,(m−k)+1=
cLs(m−k)+1,(m−i)+1.

We consider two different fault cases: open-phase fault
occurring on a single phase and on two phases (adjacent
or not adjacent).

A. Open-phase fault on a single phase

Let i denote the index of the faulty phase. Thei-th
equation of system (7) can be written as:

ms−1∑

k=1

cLsi,k
cİsk = −

ms−1∑

k=1

cRsi,k
cIsk −

cEsi + cVsi. (8)

When phasei is open the corresponding currentIsi must be
zero. To achieve this condition it is sufficient to add to phase
i the following additional voltagef1Vi:

f1Vi =

ms−1∑

k=1,k 6=i

cLsi,k
cİsk +

ms−1∑

k=1,k 6=i

cRsi,k
cIsk+ cEsi−

cVsi. (9)

In fact, adding (9) to the left part of equation (8) one obtains:

cLsi,i
cİsi = −2Rs

cIsi. (10)

This equation guaranteescIsi = Isi = 0 in steady state
condition without modifying the value ofRs. Putting cİsi =
cIsi = 0 in system (7) and eliminating thei-th equation one
obtains the following reduced system:

f1Ls
f1 İs = − f1Rs

f1Is −
f1Es + f1Vs. (11)

This system can also be obtained from (7) using the trans-
formation cIs = f1TT

c
f1Ic, with matrix f1Tc defined as:

f1Tc =
[
ems−1
1 . . . ems−1

i−1 ems−1
i+1 . . . ems−1

ms−1

]
(12)

where ems−1
h is the h-th vector of the standard basis of

spaceRms−1. The transformed vectorsf1Is, f1Vs and f1Es,
belonging toRms−2, are obtained from vectorscIs, cVs and
cEs eliminating theiri-th component:

f1Is = f1TT
c

cIs , f1Vs = f1TT
c

cVs , f1Es = f1TT
c

cEs.



Similarly, the transformed inductance and resistance matrices
f1Rs and f1Ls are obtained fromcRs and cLs eliminating
the i-th row and thei-th column:

f1Rs = f1TT
c

cRs
f1Tc , f1Ls = f1TT

c
cLs

f1Tc.

Equation (9) can be rewritten in vectorial notation as:

f1Vi =(ems−1
i )T

[
cLs

f1Tc
f1 İs+cRs

f1Tc
f1Is+cEs−

cVs

]

.

(13)
where the time derivative of the reduced current vectorf1İs

can be calculated from the reduced system (11) as follows:

f1 İs = f1L-1
s(−

f1Rs
f1Is −

f1Es + f1Vs). (14)

So, the open-phase conditioncIsi = Isi = 0 can be obtained
adding the following voltage vectorcVFs to system (7):

cVFs =
[
0 · · · 0 f1Vi 0 · · · 0

]T
(15)

where f1Vi is obtained substituting (14) in (13).

B. Open-phase fault on two phases

Using the same method it is possible to simulate also a
second fault occurring at thej-th phase. In order to obtain
the additional voltagef2Vj it is necessary to consider the
following reduced system:

f2Ls
f2 İs = − f2Rs

f2Is −
f2Es + f2Vs (16)

obtained from (7) using a transformation matrixf2Tc which
is equal to the identity matrix of dimensionms without the
i-th andj-th columns. The reduced vectorsf2Is = f2TT

c
cIs,

f2Vs = f2TT
c

cVs and f2Es = f2TT
c

cEs, belonging
to Rms−3, are obtained from vectorscIs, cVs and cEs

eliminating thei-th andj-th components, while the reduced
inductance and resistance matricesf2Rs = f2TT

c
cRs

f2Tc

and f2Ls = f2TT
c

cLs
f2Tc are obtained fromcRs and cLs

eliminating the i-th and j-th rows, and thei-th and j-th
columns. The additional voltagef2Vj to be added to thej-th
phase of system (7) is:

f2Vj =(ems−1
j )T

[
cLs

f2Tc
f2 İs+cRs

f2Tc
f2Is+cEs−

cVs

]

.

(17)
where the time derivative of the reduced current vector in
double fault conditionf2 İs can be calculated as:

f2 İs = f2L-1
s(−

f2Rs
f2Is −

f2Es + f2Vs).

In this case, in order to have the currentcIsi = Isi = 0, the
additional voltagef1Vi given in (13) must be recalculated
taking into account the additional voltagef2Vj computed in
(17) for phasej, then the vectorf1 İs must be recalculated
adding vectorf1VFs to the voltage vectorf1Vs:

f1 İs = f1L-1
s(−

f1Rs
f1Is −

f1Es + f1Vs + f1VFs) (18)

Vector f1VFs ∈ Rms−1 is: f1VFs =
[
0 · · · 0 f2Vj 0 · · · 0

]T

where the only component different from zero off1VFs

is the j-th componentf2Vj related to the second broken
phase. Note that it is still possible to calculatef1Vi using

(13) because the adding term(ems−1
i )T f1Tc

f1VFs is zero.
Now the voltage vectorcVFs added to system (7) is:

cVFs =
[
0 · · · 0 f1Vi 0 · · · 0 f2Vj 0 · · · 0

]T
(19)

where the only two components different from zero aref1Vi

and f1Vj . Note that in (19) the relative position of the two
non-zero elements depends on the values of indicesi andj.
The POG block scheme representing the dynamics of the
electrical part of the motor in fault condition is shown in
Fig. 5: this part substitutes the electrical part of the POG
model motor shown in Fig. 4. The element denoted byOP is
an internal input which defines the instants at which the faults
occur and the indexes of the open phases. The blockΨ(·) is
the function that calculates the voltage vectorcVFs added
to the system starting from the vectorscIs, cVs and cEs.
In healthy condition vectorcVFs is zero, while in faulty
condition it is given by equations (15) or (19) and it is the
voltage vector which guarantees zero currents through the
faulty phases.

C. Example:5-phase motor

Let consider the example of a5-phase motor where a
first failure occurs at timet1 on the phasei = 2 and a
second failure occurs at timet2 > t1 on the phasej = 4.
The transformation matricestTc, f1Tc and f2Tc have the
following structure:

tTc =









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
−1 −1 −1 −1









, f1Tc =







1 0 0
0 0 0
0 1 0
0 0 1







, f2Tc =







1 0
0 0
0 1
0 0







.

The transformed system (7) can be written explicitly as:
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7
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7

7

7

7
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6

6

6

6

6

6
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Is1

Is2

Is3

Is4

3

7

7

7

7

7

7

5

−

2

6

6

6

6

6

6

4

Es1−Es5

Es2−Es5

Es3−Es5

Es4−Es5

3

7

7

7

7

7

7

5

+

2

6

6

6

6

6

6

4

Vs1−Vs5

Vs2−Vs5

Vs3−Vs5

Vs4−Vs5

3

7

7

7

7

7

7

5

.

(20)
When t1 ≤ t ≤ t2, using the congruent transformation
f1Is = f1Tc

cIs one obtains the following reduced system:





L11 L13 L14

L13 L22 L12

L14 L12 L11






︸ ︷︷ ︸

f1Ls






İs1

İs3

İs4






︸︷︷ ︸

f1 İs

=−






2Rs Rs Rs

Rs 2Rs Rs

Rs Rs 2Rs






︸ ︷︷ ︸

f1Rs






Is1

Is3

Is4






︸︷︷ ︸

f1Is

−






Es1−Es5

Es3−Es5

Es4−Es5






︸ ︷︷ ︸

f1Es

+






Vs1−Vs5

Vs3−Vs5

Vs4−Vs5






︸ ︷︷ ︸

f1Vs

.

which is obtained from the previous one eliminating the2nd
row and the2nd column. The time derivativef1İs of the
current vector necessary to calculate the voltagef1V2 defined
in (13) can be obtained using eq. (14). The voltagef1V2 has
the following structure:

f1V2 = (e4
2)

T

[
cLs

f1Tc
f1 İs+cRs

f1Tc
f1Is+cEs−

cVs

]

= L12İs1 + L23İs3 + L13İs4 + RsIs1 + RsIs3+
+RsIs4 + Es2 − Es5 − Vs2 + Vs5.



The vector cVFs to be added to system (7) is:cVFs =
[
0 f1V2 0 0

]T
. In this case equation (10) is:L22

cİs2 =
−2Rs

cIs2 and the conditioncIs2 = Is2 = 0 is reached
with settling timeTa =3L22/2Rs.

When t > t2 the reduced system (11) has the following
structure:

[

L11 L13

L13 L22

]

︸ ︷︷ ︸

f2Ls

[

İs1

İs3

]

︸︷︷︸

f2 İs

=−

[

2Rs Rs

Rs 2Rs

]

︸ ︷︷ ︸

f2Rs

[

Is1

Is3

]

︸︷︷︸

f2Is

−

[

Es1−Es5

Es3−Es5

]

︸ ︷︷ ︸

f2Es

+

[

Vs1−Vs5

Vs3−Vs5

]

︸ ︷︷ ︸

f2Vs

.

which can be obtained from (20) eliminating the2nd and4th
rows and columns, i.e. by applying the transformationf2Tc.
The voltagef2V4 is given by:

f2V4 = (e4
4)

T

[
cLs

f2Tc
f2 İs+cRs

f2Tc
f2Is+cEs−

cVs

]

= L14İs1 + L12İs3 + RsIs1 + RsIs3+
+Es4 − Es5 − Vs4 + Vs5

The new additional voltagef1V2 applied to the first broken
phase2 must be recalculated considering also the additional
voltage f2V4 given to phase4. In this case the new time
derivative of current vectorf1İs is obtained using (18) and
considering the following reduced system:
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Hence the new voltagef1V2 has the following structure:

f1V2 = L12İ
′
s1 + L23İ

′
s3 + L13İ

′
s4 + RsIs1 + RsIs3+

+RsIs4 + Es2 − Es5 − Vs2 + Vs5,

in which the new componentṡI ′s1, İ ′s3 and İ ′s4 of vector
f1İs obtained from (18) are different from the previous one
İs1, İs3 and İs4. Using f2V4 and f1V2 calculated above
the vector cVFs to be added to system (7) iscVFs =
[
0 f1V2 0 f2V4

]T
. In this way the steady state condition

Is2 = Is4 = 0 is achieved.

V. SIMULATION

The POG model of the electric motor shown in Fig. 4
with the electrical part modeled as in Fig. 5 has been imple-
mented in Simulink. The motor considered for simulations
is a 5-phase permanent magnet synchronous motor. The
main electrical and mechanical parameters are the following:
ms = 5, p = 1, Rs = 2Ω, Ls = 0.03 H, Ms0 = 0.02
H, ϕr = 0.02 Wb, Jm = 1.6 kg m2, bm = 0.8 Nm s/rad,
Vmax = 100 V, a1 = 0.87, a3 = 0.13 and the external
torqueτe = 0 Nm. The motor is controlled using a vector-
field control described in [6]. The simulation results shown
in Fig. 6-8 correspond to the case of two open-phase faults
occurring on two non adjacent phases, in particular phase
i = 2 opens at timet = 8 s and phasej = 4 opens at
time t = 12 s. Fig. 6 shows the stator currentstIs, the sum
of stator currents (always equal to zero because the motor
is star-connected) and the number of faulty phases (i = 2,
j = 4). The zoom of the stator currentstIs when the faults
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Fig. 6. a) Stator currentstIs, b) Sum of stator currents, c) Number of
faulty phases (i = 2, j = 4).
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Fig. 7. Zoom of stator currents when the faults occur: phasei = 2 opens
at time t = 8 s and phasej = 4 opens at timet = 12 s.

occur is shown in Fig. 7: note that at timet = 8 s the phase
2 opens and the currentIs2 goes to zero, then at timet = 12
s the phase4 opens and the currentIs4 goes to zero. The
motor velocityωm and the motor torqueτm (with its mean
value) are shown in Fig. 8. Note that when the first open-
phase fault occurs the mean value of the torque reduces to
the 82.9% and the torque ripple is56.6%. When the second
fault occurs on a non adjacent phase the mean value of the
torque reduces to the64.9% and the torque ripple is57.6%.
The second set of simulation results is shown in Fig. 9-11,
corresponding to the case of open-phase fault occurring on
two adjacent phases: phasei = 3 opens att = 8 s and phase
j = 2 opens att = 12 s. Fig. 9 shows the stator currentstIs,
the sum of stator currents and the number of faulty phases.
The zoom of stator currents when the faults occur is shown
in Fig. 10. The motor velocityωm and the motor torqueτm

(with its mean value) are shown in Fig. 11. Note that when
the first open-phase fault occurs the mean value of the torque
reduces to the82.8% and the torque ripple is56.7%. When
the second fault occurs on an adjacent phase the torque mean
value reduces to the54.9% and the torque ripple is192.4%.



0 2 4 6 8 10 12 14 16
0

5

10

15

20

25

0 2 4 6 8 10 12 14 16
0

5

10

15

20

25

30

Motor velocity ωm

Motor torqueτm

Time [s]

ω
m

[r
ad

/s
]

τ
m

[N
m

]

Fig. 8. Motor velocityωm and motor torqueτm (the solid line indicates
the mean value of the torque).
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Fig. 9. a) Stator currentstIs, b) Sum of stator currents, c) Number of
faulty phases (i = 3, j = 2).

VI. CONCLUSIONS

In this paper the modeling of multi-phase permanent mag-
net synchronous motors under open-phase fault condition has
been investigated. The proposed model is suitable for multi-
phase motors with generic number of phases and the open
circuit failure can occur to any of the phases. The model of
the motor can be used for failures occurring on one single
phase or more phases and for adjacent and not adjacent
phases. The use of the POG modeling technique allows
to directly implement the model in Simulink. Using the
proposed approach the simulation time is quite short. Some
simulation results show the effectiveness of the proposed
model in case of open-phase fault of two adjacent and non
adjacent phases of a five phase motor. The use of this model
is very useful both for simulations and implementation of
fault-tolerant control strategies.
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