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Abstract— This paper deals with the torque control of five- %m
phase permanent magnet synchronous machines with first and O Jm [
third harmonics injection. A new vectorial approach to describe =
the voltage and current limits is proposed. Starting from the Tm To

transformed dynamic equations and using the voltage and
current constraints, the optimal current references minimizing
the dissipation and maximizing the torque is obtained. The
proposed control law holds for an arbitrary shape of the rotor
flux. Some simulation results validate the proposed control law. \ R&Z”
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I. INTRODUCTION Fig. 1. Basic structure of a star-connected five-phase sgnolis motor.

Multi-phase machines posses many advantages over the
three-phase machines as the higher torque-to-volume ratjo’s | number of motor phasesu, = 5
due to the injection of higher order current harmonics fer th || humber of polar expansions _
machines with concentrated winding and nearly rectangul J 0m | electric and rotor angular positions:= p 0rn

w, wm| electric and rotor angular velocities: = p wy,

back-emf, see [1], [2] and [3]. In [4] and [5] the effects |~ == 7n stator phase resistance
of the Voltage and current limits on the third harmonic L, 1-th stator phase self induction coefficient
injection are considered. Although the amplitude of the M,, | maximum value of the stator mutual inductance
injected harmonics is tied to the harmonic spectrum of the ;, | mutual induction coefficient oh-th and:-th phases:
back-emf, it is not clear in the cited papers how the current _ f\gt’gr:mj‘g;ﬁgfyéf?sgrg:)%)+“MS cos(3(h=i)7s)]
ref?rences are obtained. . . b., | rotor linear friction coefficient
ThIS paper uses a new vectorlal 'approach to obtain the op- 7. | electromotive forque acting on the rofor
timal current references COﬂSlderlng the VOItage and ntirre Te external load torque acting on the rotor
limits. The paper is organized as follows. Sec. Il shows the ~, | basic angular displacement,(= 27 /5)
details of the dynamic model of th&phase synchronous |¢.(f) | total rotor flux chained with stator phase 1
motors. In Sec. Il the current and voltage constraints ar¢ ¥ | Maximum value of functior.(0) _
considered and their effects onto the torque producing ca-gy) | normalized rotor flux(6) = e (0) =" a4, cos(n6)
pability are shown in Sec. IV. The proposed torque contro e =,
is given in Sec. V. Some simulation results are presented in rig 2. parameters of the multi-phase synchronous motor.
Sec. VI and conclusions are given in Sec. VII.

Il. ELECTRICAL MOTORS MODELING Fig. 3 shows how the originab-dimension modelS; in

The basic structure of a permanent magnet synchronotie fixed frameX; has been transformed and reduced to
motor with five concentrated winding in star connection i€ 2-dimension complex modeb, in the rotating frame
shown in Fig. 1 and its parameters are shown in Tab. 2 In this frame the5-phase motor can be seen as a set

A complex and reduced model expressed in the rotatin%f 2 independent electrical machines rotating at velocity
frame ¥, can be obtained using the following complex<m and 3wy, within the complex subspaces,; and ¥,
transformation matri¥T,,, see [7]: respectively. The dynamic equations of the electrical part

, . . 4 . of system (1) are equivalent to the following two equations
2[6_]9 eI (1:70) I (2700 I (37 20) 61(4%_9)] defined in the complex subspacss,, with k € {1,3}:

tra*
Ton=\5| -3 i30.-0) pinzr.—0) I3(37:—0) £73(47:—0) .
The transformed systerf,, expressed in the complex re- Lol sk (B ¥ Gpom L)Lt = Koiom Vi (2)
duced rotating framé&,, has the following form: where: Ly, = L+ Mo (%=any — 1). Note that, according
— B T W or - to [2], the first two odd componentsy;; M,y and a3 Mg
{E‘L} “L :_{ ES‘ KTN] [ IS} J{ VS} . (1) of the mutual inductance (see Tab. 2) are explicitly consid-
0 [Jim]|wm —“Kn| b Wm —Te ered. The componenis ., andK ,3 of torque vector K, x
) ) ) ) o are function of the coefficients,, of the rotor flux Fourier
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Fig. 3.

componentsk ,; and K .5 are constant, see [9]:

e K Kap+jKg , 5| ay

K.v=|_ |= T =ipecy/ = )
2 3(13

K3 Kaz+jKgs

The motor torque:,, and the transformed back-electromotive 1.

force “E are:
T = Re (‘”KiN wL) . “E=“Kywm. (4

= ] i 5 — _

Ia Rt jpwm Lo 0 ]p@c\/gch Iq Vs
753 =— 0 Rs+j3pw'rn L3 jp<,0c\/§3a3 I + Vs
. . . w — Te
Wm — IPPe g ai —jp(pc\/gg as ‘ bm m e

Dynamic model of star-connectéephase synchronous motors in the reduced complex rotatingefFa,,.

flux and the stator current harmonic with the same o¥der
According to this the amplitude of the injected harmonics is
tied to the harmonic spectrum of the rotor flux: it is useless
to apply highl,, in subspaces with low componeris,,.

MULTI HARMONICS CONSTRAINTS

The amplitudes of component§;, and I, of the voltage
and current vectoréV, and I, in (5) and (6) are bounded,
respectively, by the maximum voltadé, .. of the inverter

In [1] and [2] it is shown that it is possible to increasepc |ink and the maximum rated currefy, ..., therefore the
the motor torque of a multi phase motor by injecting Odqollowing constraints hold:

harmonics with order belown,. Let us now consider the

case of balanced voltage and current stator vectdvs

and ‘I, composed only by the first and third harmonics

The phase voltage¥,; and the phase currentg; with
h e {0:4} are:

Vi =Vim1 cos(0—(0,1—hs) HVins cos(30—3(0,3—hs)), (5)
Iy, = I 11 cos(0—(0;1 — hrys) Hlms cos(360—3(0;3—hrys)), (6)

wheref,1, 0,3, 01 andf;3 are proper initial phase shifts.
The transformed vector$’V, = tT:NtVS and “I, =

le + VmS S Vmaw ) Iml + Im3 S Imaa:- (10)

Let us define the vector¥ ,;, I, andK. € R? as:

Vs 1, K,

Vel L= |11 s (Kl (11)
‘Vs3| |IS3‘ |KT3|

The voltage and current constraints (10), multiplied by

constant,/™=, can be rewritten as a 1-norm constraints on
vectorsV,,; andI,;:

M=

tpt ¢ ; . 5
T,y ‘I have the following structure: | Var |lh=Van+Vars < \/;Vmaa: = Var, (12)
W Va| |Va+iVa _\/3 Vi €771 % z
° ng Vd3+j‘/q3 2 Vmg 6j30“3 || IM ||1:IM1 +I]\/I3 < \/glmou = Iﬁ (13)
e I In+jla 5 L In the design of the control law there are some degrees of
L. = Tos| | Vis+ilys 2 | I, ef30s () freedom that will be used to distribute the maximum voltage

_ _ V47 and current’7; into the component®y, 1, Vi3 andlyy,
where Ik, I, Var and Vy, are, respectively, thelirect 1, . to satisfy the constraints (12) and (13).
and quadrature components of the current and voltage vec-

IV. VECTORIAL CONTROL

tors I, and V. Expressions (7) and (8) show that the
first harmonics of amplitudé/,,; and I,,; in (5) and (6) In_steady-state condition, the dynamic equations in (2)
are:Vsk::_ZskIsk:_qukwm7 Zsk:Rs+jkpmesk-

are transformed into vector¥,, and I,; with modulus
Vit = /%5 Vim1 @ndyn = /*5* 11 Which move within - The voltage constraing/ V3, + V3 < Vagy, in subspac&,
with k& € {1,3} can be rewritten as follows:

the complex subspacE,;, while the third harr@nics of
amplitudeV;,,; and/,,3 are transformed into vecto#$,; and

I3 with modulus Vi = /2 V,3 and Iy = /% s (Lak — Xow)? + (Ix — Yor)? < R, (14)
which move within the complex subspakg,;. Substituting . Vs
(3) and (8) in (4) the motor torque can be rewritten as: Where Roy(wm) = |Rox| i (15)

sk|=Vmk = |73k|
Xok(wm)=Re(Cox)= —Kgr kpwy, Lek /| Zsk|” (16)
Y()k(wm):|m(60k) = —Ngk W s /‘Zsk‘Q . (17)

fmg
Tm = PPec 7 [allql + 30,3[q3:| . (9)

This equation shows the dependence of torgpeon the
quadrature components,; and [,3 of the current vectors Relation (14) is the mathematical expression of the maximum
I, andI,3. From (9) it is clear that the torque productionvoltage circleCV;, corresponding to the valu&,,, that
capability of the machine increases injecting also thedthirsatisfies the voltage constraint (12). The current veé&tgr
harmonic. Moreover it shows that the motor torque is genegatisfies the voltage constraint only if its modulus is iesid
ated by the interaction between the harmonic®f the rotor the maximum voltage circl€V;. The termsCo(w,,) =



Geometrical analysis of the control vectors
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Fig. 4. Maximum current circle€V; andCZ;, in subspace&,.

Xor+J Yor and Ry, (w,,,) represent the center and the radius

of CVy. When velocityw,, increases the radiug,;, of circle
CV,, decreases and its centély, moves in the complex
plane ;. The current vectorl,, must also satisfy the
current constraint (13):

I+ Iy < Iigy (18)

that defines the maximum current cird& . A graphical
representation of the voltage and current ciraldg, and
CZ; on the complex plan&,,; for a particular value of,,

{dk

) = —
<Nk =11k

7¢‘k =Cok

Fig. 5. Maximum current circle€Vy andCIk in subspacel,x
obtained modulating the components;,, and Iy.

CZ5. Therefore the voltage and current limits determine the
torque producing capability of the two subspaégs, and
Y.3. For a givenw,, it is possible to modulate the com-
ponentsViy, Ipr1 and Viys, Iyrs in the subspac&,; and
Y. in order to increase or decrease the maximum voltage
and current circle€V,, CZ; andCV3, CZ3 satisfying the

is shown in blue and purple in Fig. 4. The intersection zoneonstraints (12), (13). For the torque control law descfiine

Cy of the two circles, shown in grey in Fig. 4, represents théhe next section, four different constraints distribusidnto
domain in which both the voltage and current constraints atbe subspacek,; and %3 will be considered, see Fig. 5.
satisfied. Subtracting equation (18) from equation (14) onkhe dashed lines are the voltage and current cir€lggs
obtains the following relation: andCZ; showed in Fig. 4, while the solid lines are the new
circles CV), and CZ;, obtained modulating the components
Ve and 1.

In Fig. 5.a the operation point 5, = Iz = Lok = Ik,

so the torque can be generated using only the quadrature
componentl ;.. Given the current constrairt,; and using

—2Xoelar — 2Yorlgrw + X3y + Yo, — Rey + Iapp =0

Using this relation together with (18), one obtains therinte
section pointslj;, and [, of circle CVy with circle CZy:

T,o Yor | Xon Py - Y2 P? (1_jX0k) in equations (21) and (22), one obtains the componé&nt:
UK T 1A el Mk —
[Cox| | [Cor [Co| Yo Virk = [Zasl /X2 + (e — Yor)2. (26)
19 -
here P |Cox |- R0k+1Mk2 (19) In Fig. 5.b the operation point is the origin, = 0 pecause
where = - Ik = 0, so the torque generated by subspage is zero.
The coordinates of the other points shown in Fig. 4 are: Tpe componeni/y, has the following structure:
Ty (wm) = Xok(wm) + jYor (W) + jRok (wm) (20) Virk = |75k| léok‘ = Ky Wpn. (27)
T2k (wim) = §Yor(wm) +j\/R(2)k (Wm) — X3 (wm) (21) InFig. 5.c the operation point B, = Cog pecausd/Mk =
T — il 29 0, so the torque generated by subspagg is negative. The
1Ok = JiMk (22) componentl,;, has the following structure:
Ivk, (wm) = jYOk( ) - jROk (Wm) (23) Val =
7 v \/R 04 Ik = |Cok| = Kgpwm /[ Z k| - (28)
fk(wm) _7 TYor(wm) = 3/ Ry (wm) = Xg(wm) - (24) In Fig. 5.d the operation point i&,;, = 1, = L. Also in
Tk = —jImk (25)  this case the torque generated by subspageis negative.

Given the current constrainky;;, from (19) one obtains
EO;C + Insk = |Cox| and the componerityyy, is:

Ve = |Z sk (\COk\ - IMk) | Z s\ k-

The torque can be generated only by the current vecto
I, and I3 inside the intersection zon&€§ andCs of the
maximum voltage and current circl€®’;, CZ, and CVs,

= Kgwm — (29)
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Fig. 6. Minimum dissipation a) current and b) voltage constraintsig. 7. Maximum torque a) current and b) voltage constraints
distribution for a5-phase machine witlf(;3 > K. distribution for a5-phase machine witlf(;3 > K.
These four cases show that when the operation point vghere:
defined, the componentg,;;, and I, are bounded by the - K, aq 7 K3 3as
equations (18) and (14). YTIKCE T peev/E[@49a2] 0 KSR peey/B[a2 492
V. TORQUE CONTROL are the distribution coefficients of the current constraint

Torque 7, can be controlled by current vectotsl; in  Iz7 into the subspacek,,; and ¥,3. Only the quadrature
frameX,, not exceeding the constraints on the maximum incomponentd,; and/,; of the current vectorg,; and/; are
put voltage and current. Whefl, is constant, the condition used to generate torque (see Fig. 5.a), therefore the turren
“I, = “I, can be achieved using the following control:  vector“I,,; which minimizes the power dissipation is:

W\ —_wrg Wy wIT _ wT _wT _ [? wKT
V,=“Z,“T,+ “K, w,—K(“T,—*T))  (30) oI, — [J ~1] = K 33)

where K, > 0 is a diagonal matrix used for the control JK [“Krn|
design and’I, is obtained as follows: Note that the current vectotl,,  is parallel to the torque

“Ty i 7a > T (wm) vector“K . Substituting (32) in (26) and using the voltage

T, = of it Tasa(wm) < Ta < Tar(wm) (31) constraint (12), one obtains the following equation:

“Ig if 0< 74 < mara(wm) |Za1 |V X3, +(ra K1 =Y01)? + |Zes]\/ X3a+(7a K3—Yo3)2 = V7.

where 74 is the desired torquery;q(w,,) is the maximum Vit Vs (34)

torql_Je with minimum dISSIpat.IOIfl whilery; (wi) is the t low velocity the current constraint limits the torque.ibk
maximum torque. These two limit torques are function o : : .
. 32) and the current constraint (13) the maximum torque with
the motor parameters, the voltage and current constraialts a . . . T
. : . “minimum dissipation at low velocity is:
the control law. The desired torqug can be provided using
the minimum dissipation torque control when, < 774 and mra(0) = I+ / [f(l n }?3]
using theconvex combination torque control when g <
14 < Ta. When the desired torque; is greater than the SubstitutingT;4(0) in (34) one obtains the rated velocity
maximum torquery;, the maximum torque control must be  wrara- Whenw,, > w,arq, the limit torque decreases and
used for satisfying the constraints, in this case the desirét is limited by the voltage constraint. Given,, > w4,
torque is saturated to,;. equation (34) can be numerically solved with respectto
This control law, used together with relation (30), progdein order to obtain the maximum torque,q(wn,) satisfying
the desired torque, satisfying the constraints (12), (13) andminimum dissipation and the voltage and current conssaint
minimizing, when possible, the current dissipation. The desired torque; can be obtained with minimum current
- :
A. Minimum dissipation torque control vectorLna only if 74 < mara(wm)-
The current constraint vectdi,, which minimizes the B+ Ma&ximum torque control
power dissipation is the vector with the minimum modulus The maximum torques,(w,,) can be obtained max-
parallel to vectoiK , (see Fig. 6.a). Indeed the scalar productmizing the projection of the vectol,, onto the torque
of the four vectord ., Inm, Inse andIys, with the vector VvectorK., see Fig. 7.a. The vectols,., In;y andI,, do
K. is the same but the vector with minimum modulus is th&@ot maximize the torque because their projections dito
vectorI,;. parallel toK,. Note that the vectoi,;; does are smaller than the projection of vectby,.. The vector
not satisfy the current constraint, therefore this distitm Ins = In. that maximizes the scalar produbf] I, is
cannot be used. The voltage vectd,,. related to the obtained giving the maximum valug;; to the component
current vectorI,;. is reported in Fig. 6.b. The current Ias3 related to the maximum componeht; of vectorK..
constraint vectoll ,; minimizing the power dissipation is:  The voltage vectoV y. related to the current vectds,. is
~ reported in Fig. 7.b.
Td K, = K, [K1] T4 (32) To reach this goal it is necessary to sort the components

Iy = —— Ty = | ~
MK K2R, K, and K,3 of the vectorK, and apply the following




current and voltage constraints distribution (the reasdh wusing (35) untilV,;, > 0. At the end, wherV,;, = 0, the

be explained later): equation (35) can be rewritten as:
_ . Inr=I; — |Cogl, Vi =V57 if k=G
Ine=1yc, VMk=|ZsG|\/X§G + (Ipg — Yog)? if k=G { Mk M |Cogl, Vark=Vaz .
IMk:|COg|, V=0 if k=g

Ink=1Ing, Vur=Kqgwm — |Zsg| Inig if k=g

(35) In this case the componert,, in the subspaceiwg is
used to keep the componevit;, equal to zero as shown in
Fig. 5.c. Using this control the only subspace that gensrate
torque isX, ¢, indeed the current componenfgg in the
other subspac&,,, is negative or equal to zero.

wherdZ is the index of the maximum componentKf, and
g is the index of the other component Kf;.

When K1 < K43 theng =1 andG = 3, otherwise when
K, > Ky thenG = 1 and g = 3. The subspac&, g
related to the maximum componefit,, of the torque vector
is shown in Fig. 4 and the subspaXg, is shown in Fig. 5.d.
Note that the componemnty,;¢ is univocally defined by the
current constraint (13)y;q = Iz — Iuyg-

Substituting the component®),,;, of (35) in the voltage
constraint (12) one obtains the following equation:

C. Convex combination torque control

When 7y < 79 < 7 the two previous control laws
cannot be used and the optimal control law which satisfies the
constraints (12), (13) and minimizes the current dissipati
is quite complex and difficult to be found. In this case the
following suboptimal control law is used. The torqug
is obtained using the current vector obtained as a convex
combination of the maximum current vectei,,, see (37),

KagwWm = Zsg| Intg + |75G\\/X§G + (Ine—Yoc)” = Va7

(36) . . T o)
Givenuw,,, equation (36) can be rewritten as: and the maximum current vector with minimum dissipation
m: €0 ' Ty = \:ELT\Z‘ Taa, See (33):
Vi —Kyy wm Z, _
\/XSG + (tgr—Targ—voo)? = 2 Z Z‘w + |Z6Cg;| Intg “Tee=“Tpra+a (“Inr— “Insa)
S S

Td — TN (W)
TM(wm) - TN(Wm)'

This relation can be solved with respectlt, obtaining the Where coefficientr is: =
voltage Vi, of the considered subspaces. The components
I, of the maximum current vectorI,; are univocally VI. SIMULATION RESULTS
defined from the constraints distribution (see Sec. 1V): The simulation results described in this section have been
o . obtained in Matlab/Simulink environment considering a mo-
- Ial|l - maX{IvkaIm IZk} € Cpif k=G tor with the following electrical and mechanical paramster
» L= 7,, if heg  Ms=5p=1Ry=20, L, =003 H, My = 0.025 H,
ani = 1, ayz = 1/3, ¢ = 0.02 Wb, J,, = 1.6 kg n?,
by, = 0.15 Nms/rad, V4 = 100V, 1,4 = 35A a1 = 0.8,
a3z = 0.2. The external torque, is zero untilt = 15 s then
7. = 25 Nm (see the black dashed line in Fig. 8). The time
behaviors of motor velocitw,,, motor torquer,,, desired

{IAkaIM7 Vark =1 Zoc| /X2 + oy — Yoo )2 if k=G torquer,, external torque, and maximum torques,; and

(37)
At low velocity the current constraint limits the torque.érh
maximum valuel7; is given only by the subspace, ¢ and
the equation (35) can be rewritten as:

7y are shown in Fig. 8 and the corresponding trajectories on
Ik =0, Vmp=Kqgwn if k=g  the torque planer,, w,,) are reported in Fig. 9. In Fig. 9

) _ the limit torquestysq(w,,) and 7p, define three zone: the
Note that the componenf,,, in the subspacg,, it is used

to keep the current vectak,, equal to zero as it is shown
in Fig. 5.b. The maximum torque at low velocity is:

[m
T (0) = ppe TGacfﬁ.

When the velocityw,, increases the components,, and D S e I S
Vi increase and there is a velocity.,, for which the Motor torquer,, and desired torqueg
voltage constraint is exactly satisfied. The rated velocity S YA \ 7 S S - R s
wrp Can be obtained substituting the componérits, and b AN
Vug in (12). Whenw,, > w,jy the voltage constraint ol g
limits the torque then it is necessary to redistribute the o

current constraint’y; into the subspac&,,, to reduce the I e
componentsVyy,, see (29). Since this operation causes a _ _ fime {s]
reduction of the torque (see vectdy,; in Fig. 7.a), the Fig. 8. Time behaviors of motor velocityw,,, motor torquer,

. . - . b desired t d t I't e t d
current constraint; is redistributed into the subspaces, %;?(\.Nnr:&m ‘fs:qeues?brfq:% S’rjs ()6|§§|§.r nelterdue: {magenta) an

Motor velocity wy,

wr, [rad/s]
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Zoom of Torque plane

Multi harmonics current constraint ~ Multi harmonics voltage constraint

45 ,7_ - o V *IH
v (0 M JPPtae » _ ¥
w [P - < I+ Do
T (0) ! TN e = Vars + Vars =
. 3! =
i > =
— 30 [ == B
§ L =
Zosk-" 0 A J N R | i
= * i » Time [s] Time [s]
Z a0 : g et T Fig. 11. Time behaviors of the sum of components;, and Iy
o ' of vectorsV, andIy;.
i P Current in the subspacg, Current in the subspacg..s
10 I .- . . . . . .
i o sof- 1 16 B
R/ 5 [T
up 1
OD = ! 150 401
wm [rad/s] 2 =

Fig. 9.

Motor torque 7,,, (brown), desidered torque, (red)
and maximum torques,s and 7y (black) as a function of motor

30F

velocity wy,. < <
- o o I~
Injected phase voltage Injected phase current 5 ~ -
.
100 Viun Traz
100 2r
50 0
< <
= — 0 -2
e =
-50 74& L
% -20 -15 -10 -5 0 -15 -10 -5 0
100 Ia1 [A] Iaz [A]
1085 499 4995 1985 499 4995 Fig. 12. Current and voltage circleSVy,, CZ, and current vectors
Phase Emg&g]spectrum Phagén?:%r[rsént spectrum Ik in the complex subspaces, .
=% st <o) 1ot
€ g I,,. From A to B and from D to E the desired torquey
g g is provided using also the direct componehis and ;5 of
g S| ~ current vectord ;; and ;.
S » 3-rd g
£ £ ?ird VIlI. CONCLUSIONS
> o . . .
e L R T T arr—— In this paper a new vectorial approach to obtain the

w [rad/s] w [rad/s] optimal current references considering the voltage and cur

Fig. 10. Phase current and voltage waveform with their correspondent constraints has been proposed. The optimality of the
ing harmonic spectrum in steady-state condition. control law is guaranteed when the minimum dissipation
torque control or the maximum torque control are applied.

green zone represents the region where the desired tejqueSimulation results obtained in Simulink forsaphase motors
can be provided minimizing the power dissipation, the re¥alidated the effectiveness of the presented control law.
zone represents the region where the desired torque can be
provided using the convex combination and the white zon%]
is not allowed. The letterst, B, C, D and E refer to the
critical points for the controlA whent,; = 75,4, B and D
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