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Abstract— This paper deals with the torque control of five-
phase permanent magnet synchronous machines with first and
third harmonics injection. A new vectorial approach to describe
the voltage and current limits is proposed. Starting from the
transformed dynamic equations and using the voltage and
current constraints, the optimal current references minimizing
the dissipation and maximizing the torque is obtained. The
proposed control law holds for an arbitrary shape of the rotor
flux. Some simulation results validate the proposed control law.

I. INTRODUCTION

Multi-phase machines posses many advantages over the
three-phase machines as the higher torque-to-volume ratio
due to the injection of higher order current harmonics for the
machines with concentrated winding and nearly rectangular
back-emf, see [1], [2] and [3]. In [4] and [5] the effects
of the voltage and current limits on the third harmonic
injection are considered. Although the amplitude of the
injected harmonics is tied to the harmonic spectrum of the
back-emf, it is not clear in the cited papers how the current
references are obtained.
This paper uses a new vectorial approach to obtain the op-
timal current references considering the voltage and current
limits. The paper is organized as follows. Sec. II shows the
details of the dynamic model of the5-phase synchronous
motors. In Sec. III the current and voltage constraints are
considered and their effects onto the torque producing ca-
pability are shown in Sec. IV. The proposed torque control
is given in Sec. V. Some simulation results are presented in
Sec. VI and conclusions are given in Sec. VII.

II. ELECTRICAL MOTORS MODELING

The basic structure of a permanent magnet synchronous
motor with five concentrated winding in star connection is
shown in Fig. 1 and its parameters are shown in Tab. 2.
A complex and reduced model expressed in the rotating

frame Σω can be obtained using the following complex
transformation matrixtTωN , see [7]:
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The transformed systemSω expressed in the complex re-
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Fig. 1. Basic structure of a star-connected five-phase synchronous motor.

ms number of motor phases:ms = 5
p number of polar expansions

θ, θm electric and rotor angular positions:θ = p θm

ω, ωm electric and rotor angular velocities:ω = p ωm

Rs i-th stator phase resistance
Ls i-th stator phase self induction coefficient

Ms0 maximum value of the stator mutual inductance

Mhi
mutual induction coefficient ofh-th and i-th phases:
Mhi =Ms0[aM1 cos((h−i)γs)+aM3 cos(3(h−i)γs)]

Jm rotor moment of inertia
bm rotor linear friction coefficient
τm electromotive torque acting on the rotor
τe external load torque acting on the rotor
γs basic angular displacement (γs = 2π/5)

φc(θ) total rotor flux chained with stator phase 1
ϕc maximum value of functionφc(θ)

φ̄(θ) normalized rotor flux:φ̄(θ)=
φc(θ)

ϕc

=
∞

X

n=1:2

ai cos(n θ)

Fig. 2. Parameters of the multi-phase synchronous motor.

Fig. 3 shows how the original5-dimension modelSt in
the fixed frameΣt has been transformed and reduced to
a 2-dimension complex modelSω in the rotating frame
Σω. In this frame the5-phase motor can be seen as a set
of 2 independent electrical machines rotating at velocity
ωm and 3ωm within the complex subspacesΣω1 and Σω3,
respectively. The dynamic equations of the electrical part
of system (1) are equivalent to the following two equations
defined in the complex subspacesΣωk with k ∈ {1, 3}:

Lsk İsk = −(Rs + jp ωm Lsk)Isk − Kτkωm + V sk (2)

where:Lsk = Ls +Ms0

(
ms

2 aMk − 1
)
. Note that, according

to [2], the first two odd componentsaM1Ms0 andaM3Ms0

of the mutual inductance (see Tab. 2) are explicitly consid-
ered. The componentsKτ1 andKτ3 of torque vectorωKτN

are function of the coefficientsan of the rotor flux Fourier
series shown in Tab. 2. In this paper only the coefficientsa1

anda3 of the normalized rotor flux̄φ are considered, so the
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Fig. 3. Dynamic model of star-connected5-phase synchronous motors in the reduced complex rotating frame Σω .

componentsKτ1 andKτ3 are constant, see [9]:

ω
KτN =

[
Kτ1

Kτ3

]
=

[
Kd1+jKq1

Kd3+jKq3

]
= jpϕc

√
5

2

[
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3a3

]
. (3)

The motor torqueτm and the transformed back-electromotive
force ω

E are:

τm = Re

(
ω
K

∗

τN
ω
Is

)
, ω

E = ω
KτNωm. (4)

In [1] and [2] it is shown that it is possible to increase
the motor torque of a multi phase motor by injecting odd
harmonics with order belowms. Let us now consider the
case of balanced voltage and current stator vectorst

Vs

and t
Is composed only by the first and third harmonics.

The phase voltagesVsh and the phase currentsIsh with
h ∈ {0 : 4} are:

Vsh =Vm1 cos(θ−(θv1−hγs))+Vm3 cos(3θ−3(θv3−hγs)), (5)

Ish =Im1 cos(θ−(θi1−hγs))+Im3 cos(3θ−3(θi3−hγs)), (6)

whereθv1, θv3, θi1 andθi3 are proper initial phase shifts.
The transformed vectorsωVs = t

T
∗

ωN
t
Vs and ω

Is =
t
T

∗

ωN
t
Is have the following structure:

ω
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]
=

√
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Vm1 ejθv1

Vm3 ej3θv3
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(7)

ω
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=
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]
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√
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[
Im1 ejθi1

Im3 ej3θi3

]
(8)

where Idk, Iqk, Vdk and Vqk are, respectively, thedirect
and quadrature components of the current and voltage vec-
tors Isk and V sk. Expressions (7) and (8) show that the
first harmonics of amplitudeVm1 and Im1 in (5) and (6)
are transformed into vectorsV s1 and Is1 with modulus
VM1 =

√
ms

2 Vm1 andIM1 =
√

ms

2 Im1 which move within
the complex subspaceΣω1, while the third harmonics of
amplitudeVm3 andIm3 are transformed into vectorsV s3 and
Is3 with modulusVM3 =

√
ms

2 Vm3 and IM3 =
√

ms

2 Im3

which move within the complex subspaceΣω3. Substituting
(3) and (8) in (4) the motor torque can be rewritten as:

τm = pϕc

√
ms

2

[
a1Iq1 + 3a3Iq3

]
. (9)

This equation shows the dependence of torqueτm on the
quadrature componentsIq1 and Iq3 of the current vectors
Is1 and Is3. From (9) it is clear that the torque production
capability of the machine increases injecting also the third
harmonic. Moreover it shows that the motor torque is gener-
ated by the interaction between the harmonicsak of the rotor

flux and the stator current harmonic with the same orderk.
According to this the amplitude of the injected harmonics is
tied to the harmonic spectrum of the rotor flux: it is useless
to apply highIqk in subspaces with low componentskak.

III. MULTI HARMONICS CONSTRAINTS

The amplitudes of componentsVsh andIsh of the voltage
and current vectorstVs and t

Is in (5) and (6) are bounded,
respectively, by the maximum voltageVmax of the inverter
DC link and the maximum rated currentImax, therefore the
following constraints hold:

Vm1 + Vm3 ≤ Vmax , Im1 + Im3 ≤ Imax. (10)

Let us define the vectorsVM , IM andKτ ∈ R
2 as:

VM =

[
|V s1|
|V s3|

]
, IM =

[
|Is1|
|Is3|

]
, Kτ =

[
|Kτ1|
|Kτ3|

]
. (11)

The voltage and current constraints (10), multiplied by
constant

√
ms

2 , can be rewritten as a 1-norm constraints on
vectorsVM andIM :

‖ VM ‖1=VM1+VM3 ≤
√

5

2
Vmax = VM , (12)

‖ IM ‖1=IM1+IM3 ≤
√

5

2
Imax = IM . (13)

In the design of the control law there are some degrees of
freedom that will be used to distribute the maximum voltage
VM and currentIM into the componentsVM1, VM3 andIM1,
IM3 to satisfy the constraints (12) and (13).

IV. VECTORIAL CONTROL

In steady-state condition, the dynamic equations in (2)
are: V sk =−ZskIsk−jKqkωm , Zsk = Rs+j k p ωmLsk.

The voltage constraint
√

V 2
dk + V 2

qk ≤ VMk in subspaceΣωk

with k ∈ {1, 3} can be rewritten as follows:

(Idk − X0k)
2

+ (Iqk − Y0k)
2 ≤ R2

0k (14)

where R0k(ωm) =
∣∣R0k

∣∣
|V sk|=VMk

=
VMk

|Zsk|
(15)

X0k(ωm)=Re(C0k)= −Kqk k pω2
mLsk

/
|Zsk|2 (16)

Y0k(ωm)= Im(C0k)= −Kqk ωmRs

/
|Zsk|2 . (17)

Relation (14) is the mathematical expression of the maximum
voltage circleCVk corresponding to the valueVMk that
satisfies the voltage constraint (12). The current vectorIsk

satisfies the voltage constraint only if its modulus is inside
the maximum voltage circleCVk. The termsC0k(ωm) =
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X0k+j Y0k andR0k (ωm) represent the center and the radius
of CVk. When velocityωm increases the radiusR0k of circle
CVk decreases and its centerC0k moves in the complex
plane Σωk. The current vectorIsk must also satisfy the
current constraint (13):

I2
dk + I2

qk ≤ I2
Mk (18)

that defines the maximum current circleCIk. A graphical
representation of the voltage and current circlesCVk and
CIk on the complex planeΣωk for a particular value ofωm

is shown in blue and purple in Fig. 4. The intersection zone
Ck of the two circles, shown in grey in Fig. 4, represents the
domain in which both the voltage and current constraints are
satisfied. Subtracting equation (18) from equation (14) one
obtains the following relation:

−2X0kIdk − 2Y0kIqk + X2
0k + Y 2

0k − R2
0k + I2

Mk = 0.

Using this relation together with (18), one obtains the inter-
section pointsIIk andIik of circle CVk with circle CIk:

II,ik =
Y0k∣∣C0k

∣∣


X0kPk∣∣C0k

∣∣ ±

√√√√I2
Mk−

Y 2
0kP 2

k∣∣C0k

∣∣2



(
1−j

X0k

Y0k

)
+jPk

(19)

wherePk =
|C0k|2−R2

0k+I
Mk2

2Y0k
.

The coordinates of the other points shown in Fig. 4 are:

IV k(ωm) = X0k(ωm) + jY0k(ωm) + jR0k(ωm) (20)

IZk(ωm) = jY0k(ωm) + j
√

R2
0k(ωm) − X2

0k(ωm) (21)

ICk = jIMk (22)

Ivk(ωm) = jY0k(ωm) − jR0k(ωm) (23)

Izk(ωm) = jY0k(ωm) − j
√

R2
0k(ωm) − X2

0k(ωm) (24)

Ick = −jIMk (25)

The torque can be generated only by the current vectors
Is1 and Is3 inside the intersection zonesC1 and C3 of the
maximum voltage and current circlesCV1, CI1 and CV3,

Iqk

Idk

CV′

k

CI′

k

R0k

Isk =IZk

Iqk

Idk

CV′

k

R0k

Isk =0

Iqk

Idk

CI′

k

IMk

Isk =C0k

Iqk

IdkCV′

k

CI′

k

R0k

IMk

Isk =IIk

a) b)

c) d)

Fig. 5. Maximum current circlesCVk andCIk in subspaceΣωk

obtained modulating the componentsVMk andIMk.

CI3. Therefore the voltage and current limits determine the
torque producing capability of the two subspacesΣω1 and
Σω3. For a givenωm it is possible to modulate the com-
ponentsVM1, IM1 andVM3, IM3 in the subspaceΣω1 and
Σω3 in order to increase or decrease the maximum voltage
and current circlesCV1, CI1 and CV3, CI3 satisfying the
constraints (12), (13). For the torque control law described in
the next section, four different constraints distributions into
the subspacesΣω1 and Σω3 will be considered, see Fig. 5.
The dashed lines are the voltage and current circlesCVk

andCIk showed in Fig. 4, while the solid lines are the new
circles CV ′

k and CI ′
k obtained modulating the components

VMk andIMk.
In Fig. 5.a the operation point isIsk = IZk ≡ ICk ≡ IIk,
so the torque can be generated using only the quadrature
componentIqk. Given the current constraintIMk and using
equations (21) and (22), one obtains the componentVMk:

VMk = |Zsk|
√

X2
0k + (IMk − Y0k)2. (26)

In Fig. 5.b the operation point is the originIsk = 0 because
IMk = 0, so the torque generated by subspaceΣωk is zero.
The componentVMk has the following structure:

VMk = |Zsk|
∣∣C0k

∣∣ = Kqk ωm. (27)

In Fig. 5.c the operation point isIsk = C0k becauseVMk =
0, so the torque generated by subspaceΣωk is negative. The
componentIMk has the following structure:

IMk =
∣∣C0k

∣∣ = Kqk ωm

/
|Zsk| . (28)

In Fig. 5.d the operation point isIsk = IIk ≡ Iik. Also in
this case the torque generated by subspaceΣωk is negative.
Given the current constraintIMk, from (19) one obtains
R0k + IMk = |C0k| and the componentVMk is:

VMk = |Zsk|
(
|C0k| − IMk

)
= Kqkωm − |Zsk|IMk. (29)
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These four cases show that when the operation point is
defined, the componentsVMk and IMk are bounded by the
equations (18) and (14).

V. TORQUE CONTROL

Torque τm can be controlled by current vectorsωId in
frameΣω not exceeding the constraints on the maximum in-
put voltage and current. WhenωId is constant, the condition
ω
Is = ω

Id can be achieved using the following control:

ω
Vs =ω

Zs
ω
Is+ ω

Kτ ωm−Kc(
ω
Is−ω

Id) (30)

where Kc > 0 is a diagonal matrix used for the control
design andωId is obtained as follows:

ω
Id =





ω
IM if τd ≥ τM (ωm)

ω
Icc if τMd(ωm) < τd < τM (ωm)

ω
Imd if 0 ≤ τd ≤ τMd(ωm)

(31)

where τd is the desired torque,τMd(ωm) is the maximum
torque with minimum dissipation whileτM (ωm) is the
maximum torque. These two limit torques are function of
the motor parameters, the voltage and current constraints and
the control law. The desired torqueτd can be provided using
the minimum dissipation torque control whenτd ≤ τMd and
using theconvex combination torque control when τMd <
τd < τM . When the desired torqueτd is greater than the
maximum torqueτM , the maximum torque control must be
used for satisfying the constraints, in this case the desired
torque is saturated toτM .
This control law, used together with relation (30), provides
the desired torqueτd satisfying the constraints (12), (13) and
minimizing, when possible, the current dissipation.

A. Minimum dissipation torque control

The current constraint vectorIM which minimizes the
power dissipation is the vector with the minimum modulus
parallel to vectorKτ (see Fig. 6.a). Indeed the scalar product
of the four vectorsIMa, IMb, IMc andIMd with the vector
Kτ is the same but the vector with minimum modulus is the
vector IMc parallel toKτ . Note that the vectorIMd does
not satisfy the current constraint, therefore this distribution
cannot be used. The voltage vectorVMc related to the
current vectorIMc is reported in Fig. 6.b. The current
constraint vectorIM minimizing the power dissipation is:

IM =
τd

|Kτ |
K̂τ =

Kτ

|Kτ |2
τd =

[
K̃1

K̃3

]
τd (32)
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Fig. 7. Maximum torque a) current and b) voltage constraints
distribution for a5-phase machine withKq3 > Kq1.

where:

K̃1 =
Kq1

|Kτ |2
=

a1

pϕc

√
5

2 [a
2

1
+9a2

3]
, K̃3 =

Kq3

|Kτ |2
=

3a3

pϕc

√
5

2 [a
2

1
+9a2

3]

are the distribution coefficients of the current constraint
IM into the subspacesΣω1 and Σω3. Only the quadrature
componentsIq1 andIq3 of the current vectorsIs1 andIs3 are
used to generate torque (see Fig. 5.a), therefore the current
vectorω

Imd which minimizes the power dissipation is:

ω
Imd =

[
jK̃1

jK̃3

]
τd =

ω
KτN

|ωKτN |2
τd (33)

Note that the current vectorωImd is parallel to the torque
vectorω

KτN . Substituting (32) in (26) and using the voltage
constraint (12), one obtains the following equation:

|Zs1|

q
X2

01
+(τd

eK1−Y01)2︸ ︷︷ ︸
VM1

+ |Zs3|

q
X2

03
+(τd

eK3−Y03)2︸ ︷︷ ︸
VM3

=VM .

(34)
At low velocity the current constraint limits the torque. Using
(32) and the current constraint (13) the maximum torque with
minimum dissipation at low velocity is:

τMd(0) = IM

/[
K̃1 + K̃3

]

SubstitutingτMd(0) in (34) one obtains the rated velocity
ωrMd. When ωm > ωrMd, the limit torque decreases and
it is limited by the voltage constraint. Givenωm > ωrMd,
equation (34) can be numerically solved with respect toτd

in order to obtain the maximum torqueτMd(ωm) satisfying
minimum dissipation and the voltage and current constraints.
The desired torqueτd can be obtained with minimum current
vectorω

Imd only if τd < τMd(ωm).

B. Maximum torque control

The maximum torquesτM (ωm) can be obtained max-
imizing the projection of the vectorIM onto the torque
vectorKτ , see Fig. 7.a. The vectorsIMc, IMf andIMg do
not maximize the torque because their projections ontoKτ

are smaller than the projection of vectorIMe. The vector
IM = IMe that maximizes the scalar productKT

τ IM is
obtained giving the maximum valueIM to the component
IM3 related to the maximum componentKq3 of vectorKτ .
The voltage vectorVMe related to the current vectorIMe is
reported in Fig. 7.b.
To reach this goal it is necessary to sort the components
Kq1 and Kq3 of the vectorKτ and apply the following



current and voltage constraints distribution (the reason will
be explained later):




IMk =IMG, VMk = |ZsG|
√

X2
0G + (IMG − Y0G)2 if k=G

IMk =IMg, VMk =Kqg ωm − |Zsg| IMg if k=g

(35)
whereG is the index of the maximum component ofKτ and
g is the index of the other component ofKτ .
When Kq1 < Kq3 then g = 1 and G = 3, otherwise when
Kq1 > Kq3 then G = 1 and g = 3. The subspaceΣωG

related to the maximum componentKqk of the torque vector
is shown in Fig. 4 and the subspaceΣωg is shown in Fig. 5.d.
Note that the componentIMG is univocally defined by the
current constraint (13):IMG =IM − IMg.
Substituting the componentsVMk of (35) in the voltage
constraint (12) one obtains the following equation:

Kqg ωm − |Zsg| IMg + |ZsG|
√

X2
0G + (IMG−Y0G)

2
= VM

(36)
Given ωm, equation (36) can be rewritten as:

√
X2

0G + (IM−IMg−Y0G)
2

=
VM −Kqg ωm

|ZsG|
+

|Zsg|
|ZsG|

IMg

This relation can be solved with respect toIMg obtaining the
voltageVMg of the considered subspaces. The components
Isk of the maximum current vectorωIM are univocally
defined from the constraints distribution (see Sec. IV):

ω
IM =

[
Is1

Is3

]
, Isk =





max


Ivk, IIk, IZk

ff
∈ Ck if k=G

IIk if k=g

(37)
At low velocity the current constraint limits the torque. The
maximum valueIM is given only by the subspaceΣωG and
the equation (35) can be rewritten as:
{

IMk =IM , VMk = |ZsG|
√

X2
0G + (IM − Y0G)2 if k=G

IMk =0, VMk =Kqg ωm if k=g

Note that the componentVMg in the subspaceΣωg it is used
to keep the current vectorIsg equal to zero as it is shown
in Fig. 5.b. The maximum torque at low velocity is:

τM (0) = pϕc

√
ms

2
GaGIM .

When the velocityωm increases the componentsVMg and
VMG increase and there is a velocityωrM for which the
voltage constraint is exactly satisfied. The rated velocity
ωrM can be obtained substituting the componentsVMg and
VMG in (12). When ωm > ωrM the voltage constraint
limits the torque then it is necessary to redistribute the
current constraintIM into the subspaceΣωg to reduce the
componentsVMg, see (29). Since this operation causes a
reduction of the torque (see vectorIMf in Fig. 7.a), the
current constraintIM is redistributed into the subspacesΣωg

using (35) untilVMg ≥ 0. At the end, whenVMg = 0, the
equation (35) can be rewritten as:

{
IMk =IM − |C0g|, VMk =VM if k=G

IMk = |C0g|, VMk =0 if k=g
.

In this case the componentIMg in the subspaceΣωg is
used to keep the componentVMg equal to zero as shown in
Fig. 5.c. Using this control the only subspace that generates
torque isΣωG, indeed the current componentsIsg in the
other subspaceΣωg is negative or equal to zero.

C. Convex combination torque control

When τMd < τd < τM the two previous control laws
cannot be used and the optimal control law which satisfies the
constraints (12), (13) and minimizes the current dissipation
is quite complex and difficult to be found. In this case the
following suboptimal control law is used. The torqueτd

is obtained using the current vector obtained as a convex
combination of the maximum current vectorω

IM , see (37),
and the maximum current vector with minimum dissipation
ω
IMd =

ω
Kτ

|ωKτ |2
τMd, see (33):

ω
Icc =ω

IMd+α ( ω
IM− ω

IMd)

where coefficientα is: α=
τd − τN (ωm)

τM (ωm) − τN (ωm)
.

VI. SIMULATION RESULTS

The simulation results described in this section have been
obtained in Matlab/Simulink environment considering a mo-
tor with the following electrical and mechanical parameters:
ms = 5, p = 1, Rs = 2Ω, Ls = 0.03 H, Ms0 = 0.025 H,
aM1 = 1, aM3 = 1/3, ϕr = 0.02 Wb, Jm = 1.6 kg m2,
bm = 0.15 Nm s/rad,Vmax = 100V, Imax = 35A a1 = 0.8,
a3 = 0.2. The external torqueτe is zero untilt = 15 s then
τe = 25 Nm (see the black dashed line in Fig. 8). The time
behaviors of motor velocityωm, motor torqueτm, desired
torqueτd, external torqueτe and maximum torquesτM and
τN are shown in Fig. 8 and the corresponding trajectories on
the torque plane (τm, ωm) are reported in Fig. 9. In Fig. 9
the limit torquesτMd(ωm) and τM define three zone: the
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Fig. 8. Time behaviors of motor velocityωm, motor torqueτm

(brown), desired torqueτd (red), external torqueτe (magenta) and
maximum torquesτM andτN (black).
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Fig. 10. Phase current and voltage waveform with their correspond-
ing harmonic spectrum in steady-state condition.

green zone represents the region where the desired torqueτd

can be provided minimizing the power dissipation, the red
zone represents the region where the desired torque can be
provided using the convex combination and the white zone
is not allowed. The lettersA, B, C, D and E refer to the
critical points for the control:A when τd = τMd, B andD
whenτd = τM , C when the external torqueτe is applied and
E the final steady-state condition. Note that forτd ≤ τM ,
i.e. from point 0 to point B and from point D to point E,
the control law (30) and (31) guaranteesτm = τd. Fig. 10
shows the phase current and phase voltage waveforms in
the steady-state condition and their corresponding spectrum.
It is clear that the phase voltage and current are obtained
injecting the 1-st and the3-rd harmonics. Moreover the
obtained current and voltage waveforms satisfy the constraint
(10). The constraints (12) and (13) are always satisfied as it
is shown in Fig. 11. The current vectorsIs1 and Is3 in
the complex subspacesΣω1 andΣω3 are shown in Fig. 12.
The desired torqueτd is provided only by the quadrature
componentsIq1 andIq3 until it is τd = τN in point A. From
pointB to pointD the maximum torque controlω

IM is used,
the desired torqueτd is generated only by the current vector
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Is1. From A to B and fromD to E the desired torqueτd

is provided using also the direct componentsId1 andId3 of
current vectorsIs1 andIs3.

VII. CONCLUSIONS

In this paper a new vectorial approach to obtain the
optimal current references considering the voltage and cur-
rent constraints has been proposed. The optimality of the
control law is guaranteed when the minimum dissipation
torque control or the maximum torque control are applied.
Simulation results obtained in Simulink for a5-phase motors
validated the effectiveness of the presented control law.
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