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Abstract— In this paper three different methods for the syn-
thesis of lead-lag compensators that meet design specifications
on the phase margin and the gain crossover frequency are
presented. These numerical and graphical methods are based
on the choice of a degree of freedom of the regulators. These
procedures aim to satisfy an additional specification for robust
control: the gain margin, the complementary modulus margin
or a specification on the settling time of the controlled system.

I. I NTRODUCTION

In recent years the literature shows a renewed interest in
the design of classical lead and lag types controllers [1]-[4].
In some cases second order lead-lag controllers, compared
with the most widely used PID regulators, lead to a better
tradeoff between the static accuracy, system stability andin-
sensibility to disturbance in frequency domain [5]. This paper
focuses on the design of lead-lag compensators characterized
by real or complex zeros and poles and by a unitary static
gain. They are used to control linear time invariant (LTI)
plants which may include the gain or the integration terms
to meet the steady-state accuracy specifications. The form of
the considered compensators has three degrees of freedom
that can be used to satisfy three dynamical specifications.
Two of them are designed to meet the phase margin and the
gain crossover frequency. These frequency specifications are
known to be related to the peak overshoot, the rise time
and the bandwidth of the closed-loop system. Properties
on variations of the third freedom degree of the lead-lag
compensators and the controlled system are given. Some
methods to meet the settling time of the controlled system
step response, the gain margin and the complementary mod-
ulus margin are proposed and compared. They are based on
the root locus method and on the so calledinversion formulae
method, that is an extension of the modified Ziegler-Nichols
method, see [6] pp. 140− 142. This technique has been
applied so far to the continuous and discrete lead and lag
regulators [4] and to the continuous lead-lag compensators
[7] to satisfy gain margin, phase margin and crossover
frequency specifications. In this paper theinversion formulae
method is extended to satisfy the complementary modulus
margin related to the infinity-norm of complementary sensi-
tivity function. Simulation results show the effectiveness of
the proposed methods. The paper is organized as follows:
in Section II, the properties of lead-lag compensators that
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Fig. 1. Unity feedback control structure.

meet the phase margin and the gain crossover frequency
are presented. In Section III three methods to meet settling
time, gain margin and complementary modulus margin are
proposed. In Section IV numerical examples are given. The
comparison between the methods and the conclusions end
the paper.

II. PROPERTIES OFLEAD-LAG COMPENSATORS

Consider the block diagram of the system shown in Fig. 1
where G(s) denotes the transfer function of the LTI plant
to be controlled andC(s) denotes the lead-lag compensator
to be design. FunctionG(s) is supposed to include the gain
and the integration terms required to meet the steady-stateac-
curacy specifications. The considered lead-lag compensator
including real or complex zeros and poles has the following
form:

C(s) =
s2+2γδωns+ω2

n

s2+2δωns+ω2
n
, (1)

where parametersγ, δ and ωn are real and positive. The
synthesis of these parameters does not change the static
behavior of the controlled system, since the static gain of
C(s) is unity. The frequency responseC( jω) can be written
as

C( jω) =
1+ j X(ω)

1+ jY(ω)
, (2)

where

X(ω)=
2γδω ωn

ω2
n −ω2 , Y(ω)=

2δω ωn

ω2
n −ω2 . (3)

Sinceγ, δ andωn are real and positive, functionsX(ω) and
Y(ω) are positive whenω < ωn and negative whenω > ωn.

The Nyquist and the Bode diagrams ofC( jω) for ωn = 1
and for different values of the parametersδ andγ are shown
in Fig. 2 and 3. In particular, the Nyquist diagram ofC( jω)
is a circle which intersects the real axis at point (1,0) for
ω ∈ {0,∞} and at point(γ ,0) for ω = ωn, see [8]. From this
property it follows thatγ is the maximum (or minimum)
amplitude of the compensatorC(s) when γ > 1 (or γ < 1).
Parameterγ can be expressed as follows

γ =C( jωn) = lim
ω→ωn

X(ω)

Y(ω)
. (4)
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Fig. 2. Nyquist diagrams of functionC( jω) when ωn = 1, (δ = 1.5,
γ = [2 : 1 : 7], blue lines) and (γδ = 1.5, γ = 1./[2 : 1 : 7], magenta lines).
The thick blue line is forδ = 1.5 andγ = 5.

10
−2

10
−1

10
0

10
1

10
2

−20

−10

0

10

20

10
−2

10
−1

10
0

10
1

10
2

−60

−30

0

30

60

Magnitude diagram

Phase diagram

M
ag

(d
b)

P
ha

se
(d

eg
)

Frequency [rad/s]

Fig. 3. Bode diagrams of functionC( jω) whenωn = 1, (δ = 1.5, γ = [2 :
1 : 7], blue lines) and (γδ = 1.5, γ = 1./[2 : 1 : 7], magenta lines). The thick
blue line is forδ = 1.5 andγ = 5.

In Fig. 2, the circleCγ( jω) denotes the set of all the
frequency responsesC( jω) having the same parameterγ.

Design Problem. Find the parametersγ, δ andωn of C(s)
in order to exactly satisfy the phase marginφm specification
at a given gain crossover frequencyω0.

The solution of the Design Problem can be exactly ob-
tained using the modified Zigler-Nichols method. Chosen
an arbitrary pointA = MAej ϕA on the Nyquist curve of
plant G(s) at the frequencyω0, this method tries to find
the controller that moves this point to a suitable pointB=
MBej ϕB where the loop gain frequency response satisfies
the given margin specification. Using the same notations
introduced in [8], letC( jω0) = M0ejϕ0 denote the value of
the frequency responseC( jω) = M(ω)ejϕ(ω) at frequency
ω0, whereM0 = M(ω0) andϕ0= ϕ(ω0). Referring to Fig. 4,
we say thatpoint A is controllable to point B(or equivalently
thatpoint A can be moved to point B) if a valueC( jω0) exists

D
−
B

CB1
γ
( jω)

A

C
−
Bγ( jω)

p2=
B
γ

r

CBγ ( jω)

Bγ

0

B

Fig. 4. Controllable domainD−
B on the Nyquist plane.

such thatB=C( jω0) ·A, that is if and only if the following
conditions hold:

MB = MAM0, ϕB = ϕA+ϕ0. (5)

Definition 1: (D−
B ) Given a pointB∈C, the “controllable

domain D
−
B of lead-lag compensator C(s) to point B” is

defined as follows

D
−
B =

{

A∈C

∣

∣

∣
∃γ ,δ ,ωn>0,∃ω ≥0 : C( jω) ·A=B

}

.

The shape of regionD−
B is shown in gray in Fig. 4. △

Definition 2: (Inversion Formulae) Given two points
A = MAejϕA and B = MBejϕB of the complex planeC, the
lead-lag inversion formulaeX(A,B) andY(A,B) are defined
as follows

X(A,B) =
M−cosϕ

sinϕ
,

Y(A,B) =
cosϕ− 1

M
sinϕ

,

(6)

whereM = MB
MA

andϕ = ϕB−ϕA. △

These equations are the same inversion formulae introduced
in [9] and used in [7] and [4].

Property 1: (From A to B) Given a point B∈ C and
chosen a point A of the frequency response G( jω) at
frequencyωA belonging to the controllable domainD−

B ,
i.e., A= G( jωA) ∈ D

−
B , the set C(s,ωn) of all the lead-lag

compensators C(s) that move point A to point B is obtained
from (1) using the parameters

γ =
X(A,B)
Y(A,B)

> 0, δ =Y(A,B)
ω2

n −ω2
A

2ωnωA
> 0 (7)

for all ωn > 0 such thatδ > 0 and with parameters X(A,B)
and Y(A,B) obtained using the inversion formulae (6).

The substitution of relations (7) in (1) yields to the following
expressionC(s,ωn) of all the compensators (1) that move the
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Fig. 5. The Nyquist plots of the set ofH( jω,ωn) passing onB and
graphical interpretation ofγG( jω).

point A to the pointB

C(s,ωn) =
s2+ X(A,B)

ωA
(ω2

n −ω2
A)s+ω2

n

s2+ Y(A,B)
ωA

(ω2
n −ω2

A)s+ω2
n

. (8)

Design specifications on the phase marginφm at a given
crossover frequencyωA are satisfied if pointA is chosen
such thatA= G( jωA) and pointB is chosen on the unitary
circle: B= ej(π+φm). In this way all the loop gain frequency
responsesH( jω,ωn) = G( jω)C( jω,ωn), for ωn ∈ (0,ωA),
pass thought the required point B, see Fig. 5. However the
choice of the parameterωn influences heavily the close-
loop performances and stability [10]. CompensatorsC(s,ωn)
satisfy the following Properties 2 and 3.

Property 2: All the frequency responses C( jω,ωn), for
ωn ∈ (0,ωA), have the same parameterγ and the same shape
on the Nyquist diagram: a circle with center C0 =

γ+1
2 and

radius R0 = |γ−1|
2 (see Fig. 6). The value of parameterωn

modifies the distribution of the frequenciesω on the Nyquist
diagram, except for frequencyωA corresponding to the point
CA =C( jωA,ωn), which is constant and does not depend on
ωn:

CA =C( jωA,ωn) =
1+ j X(A,B)
1+ jY(A,B)

=C( jωA). (9)

Similarly, the Bode diagrams ofC( jω,ωn) when ωn ∈
(0,ωA) are shown in Fig. 7: the blue highlighted points
Cn(ωn) denote the magnitudes and the phases ofC( jω,ωn) at
frequencyωn. Only pointCA does not change its magnitude
and its phase whenωn varies.

Property 3: Given the loop gain frequency response
H( jω,ωn) = G( jω)C( jω,ωn) for a particular valueωn ∈
(0,ωA), the point Hn = H( jωn,ωn)|ω=ωn is Hn = γG( jωn).
Point Hn can be graphically determined on the Nyquist plane
as the pointγG( jωn) where function H( jω,ωn) intersects
the straight line passing through points G( jωn) and 0. So,
for ωn ∈ (0,ωA), the functionγG( jωn) is the locus of all the

ωn

Im

Re

C( jω)

CA

Cnγ 1C0

ωA

Fig. 6. The Nyquist diagrams ofC( jω,ωn) on variations ofωn.
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Fig. 7. The Bode diagrams ofC( jω,ωn) on variations ofωn.

points of the loop gain frequency responses H( jω,ωn) =
C( jω,ωn)G( jω) at frequencyω = ωn, see Fig. 5.

The proof follows directly from Prop. 2 and from the fact
that, for everyωn ∈ (0,ωA), it is

H( jωn,ωn)=C( jωn,ωn)G( jωn)=γG( jωn). (10)

III. H OW TO CHOOSE THE DEGREE OF FREEDOMωn

Given the compensators (8), which satisfy design specifi-
cations on phase margin and gain crossover frequency, let us
consider different methods to choose the value of parameter
ωn.

A. Constraint on the settling time ts

Design Problem A:(φm,ωp, ts). Given the control scheme
of Fig. 1, the transfer functionG(s) = N(s)

D(s) and design spec-
ifications on phase marginφm and gain crossover frequency
ωp, design the lead-lag compensatorC(s) such that the loop
gain frequency responseC( jω)G( jω) passes through point
Bp = ej(π+φm) for ω =ωp and the step response of the closed-
loop system has its minimum settling timets.

Solution A: From Prop. 1, design specifications on
the phase marginφm and gain crossover frequencyωp are
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Fig. 8. Root locus of 1+ω2
nG(s) for ω2

n ∈ (0,∞).

exactly satisfied by the the lead-lag compensators C(s,ωn)
in (8), with ωA = ωp, A= G( jωp) and Bp = ej(π+φm). The
degree of freedomωn can be used to satisfy the constraint on
the settling time. In this case the classical root locus and the
contour locus methods can be used. It can be easily shown
that the set of the closed-loop characteristic equations

1+G(s)C(s,ωn) = 0 (11)

can be expressed as follows:

1+ω2
nG(s) = 0, (12)

where

G(s)=
D(s)(ωp+Y(A,B)s)+N(s)(ωp+X(A,B)s)

ωps(D(s)(s−Y(A,B)ωp)+N(s)(s−X(A,B)ωp))
.

The settling time ts can be minimized choosing parameterωn

such to maximize the distance of the poles from the imaginary
axis on the root locus ofG(s) whenω2

n ∈ (0,ω2
A), see Fig. 8.

B. Constraint on the gain margin Gm

Design Problem B: (φm , ωp , Gm). Given the control
scheme of Fig. 1, the transfer functionG(s) and design
specifications on the phase marginφm, gain marginGm and
gain crossover frequencyωp, design a lead-lag compensator
C(s) such that the loop gain frequency responseC( jω)G( jω)
passes through pointBp = ej(π+φm) for ω = ωp and passes
through pointBg =−1/Gm.

Solution B: The solution can be obtained graphically and
numerically as follows, see [8].
Step1. Draw the controllable domainD−

Bp
of point Bp =

ej(π+φm) as shown in Fig. 9 and check whether the point
Ap = G( jωp) belongs toD−

Bp
. If not the Design Problem has

no acceptable solutions.
Step2. Determine the parameters Xp = X(Ap,Bp), Yp =
Y(Ap,Bp) using the inversion formulas (6).
Step3. Draw the circle C

−
Bgγ( jω) having its diameter on

the segment defined by points Bg and Bg
γ , where Bg =

0

Im

Re

D
−
Bp
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ωp

Bpωp

Ag1
ωg1

Ag2
ωg2

Bg

G( jω)

H1( jω) H2( jω)

C
−

Bgγ(jω)

Fig. 9. Graphical solution of Design Problem B on the Nyquistplane.

Ag1 Ag2

ωg1 ωg2 ωg0

γ

γg(ω)

Fig. 10. Plot of functionγg(ω) versusωg.

−1/Gm and γ =
Xp
Yp

, see Fig. 9. If there are no intersections

betweenC−
Bgγ( jω) and G( jω) the Design Problem has no

solutions. Otherwise let Agi = {Ag1,Ag2, ...} denote the set
of intersections points of circleC−

Bgγ( jω) with G( jω) at
frequenciesωgi = {ωg1,ωg2, ...}. These points can also be
obtained numerically solving the following relation

γ = γg(ωg) =

MBg
MAg(ωg)

−cos(ϕBg −ϕAg(ωg))

cos(ϕBg −ϕAg(ωg))−
MAg(ωg)

MBg

, (13)

or graphically as shown in Fig. 10.

Step4. For eachωg = ωgi , calculateδ and ωn as follows

δ =Yp
ω2

n −ω2
p

2ωnωp
, (14)

ωn =

√

√

√

√

Xg ωg−Xp ωp
Xg
ωg

− Xp
ωp

=

√

√

√

√

Yg ωg−Yp ωp
Yg
ωg

− Yp
ωp

, (15)

where Xg =X(Ag,Bg) and Yg =Y(Ag,Bg) are obtained using
(6) and Ag = G( jωg). The solutions are acceptable only ifδ
and ωn are real and positive.

C. Constraint on the complementary modulus margin Mc

using loop slope adjustment

The complementary modulus marginMc is equal to the
inverse of the infinity-norm of the complementary sensitivity
function T(s), see [11]:

Mc = ‖T(s)‖-1
∞, where T(s) =

G(s)C(s)
1+G(s)C(s)

.



The marginMc can be graphically determined as the inverse
of the modulusM of the constantM-circle tangent to the
open loop frequency responseH( jω) = G( jω)C( jω). The
marginMc is an important performance indicator because it
is related to the resonance peak of the closed-loop system:
Mc is equal to the inverse of the resonance peak for a first-
order type system and is equal to the static gainH(0) over the
resonance peak for a zero-order type system. Let us consider
the following Design Problem proposed in [10].

Design Problem C: (φm , ωp , Mc). Given the control
scheme of Fig. 1, the transfer functionG(s) and design spec-
ifications on phase marginφm and gain crossover frequency
ωp, design a lead-lag compensatorC(s) such that the loop
gain frequency responseH( jω) = C( jω)G( jω) is tangent
in point Bp = ej(π+φm) at frequencyω = ωp to the constant
M-circle passing on pointBp.

Solution C: Step1. Draw the controllable domainD−
Bp

of

point Bp = ej(π+φm) as shown in Fig. 11 and check whether
the point Ap = G( jωp) belongs toD

−
Bp

. If not the Design
Problem has no acceptable solutions.
Step2. Determine the parameters Xp = X(Ap,Bp), Yp =
Y(Ap,Bp) using the inversion formulas (6).
Step3. Calculate the complementary modulus margin Mc

related to the unique constant M-circle passing in Bp using
the relation

Mc =
√

2cos(π +φm)+2, (16)

and calculate the desired angleψ of the loop gain frequency
response C( jω)G( jω) in Bp, see Fig. 11, using relation

ψ =

∣

∣

∣

∣

arctan

(

−cosφm+cc

sinφm

)∣

∣

∣

∣

, (17)

where cc=− 1
1−M2

c
is the x position of the center of the

constant M-circle.
Step4. Chosen a point A′p =G( jω ′

p), whereω ′
p =ωp+∆ω

and ∆ω small, calculateδ and ωn as follows

δ =Yp
ω2

n −ω2
p

2ωnωp
, ωn =

√

−b±
√

b2−4ac
2a

, (18)

where

a = α1+α2−α3,
b = ω2

p(α3−2α2)+ω ′2
p (α3−2α1),

c = α1ω ′4
p +ω2

p(α2ω2
p−α3ω ′2

p ),
α1 = YD + tanψ ′(1−XD),

α2 = Yp
ω ′2

p

ω2
p
(YDYp+ tanψ ′(Xp−XDYp)),

α3 = (Xp−Yp)
ω ′

p
ωp

,

XD = Re(Bp
A′

p
), YD = Im(

Bp
A′

p
), ψ ′ = ψ −∠A′

p.

The solution is acceptable only ifδ and ωn are real and
positive.

Proof: The design specifications define the position of
points Bp = ej(π+φm) and Ap = G( jωp). According to Prop.
1, the compensatorsCp(s,ωn) which move pointAp ∈ D

−
Bp

to point Bp are obtained using the parametersγ andδ given

Im

Re

D
−
Bp

Ap
A′

p

Bp

B′
p

G( jω)

ωp

ω ′
p

ψ

φm

Mc
1−M2

c

H( jω)

− 1
1−M2

c

Fig. 11. Solution of Design Problem C.

in (7). The free parameterωn can now be used to force the
loop gain frequency responseH( jω,ωn)=Cp( jω,ωn)G( jω)
to pass through pointBp with slope related to the angleψ
given in (17), see [10]. This problem can be solved using
the following condition

lim
∆ω→0

∠(H( j(ωp+∆ω),ωn)−Bp) = ψ. (19)

Relation (19) can be approximated choosing a point
A′

p(ω ′
p) = G( jω ′

p) on G( jω) at frequencyω ′
p = ωp +∆ω,

with ∆ω small, and moving it to pointB′
p = H( j(ω ′

p,ωn) =
A′

p(ω ′
p)Cp( jω ′

p,ωn). From (19) one obtains that

∠
(

B′
p−Bp

)

= ∠
(

A′
p(ω ′

p)Cp( jω ′
p,ωn)−Bp

)

= ∠

(

A′
p(ω ′

p)

(

Cp( jω ′
p,ωn)−

Bp

A′
p

))

= ∠
(

A′
p(ω ′

p)(XC(ωn)+ jYC(ωn)−XD− jYD)
)

=ψ.
(20)

whereXC(ωn) andYC(ωn) are the real and the imaginary part
of Cp( jω ′

p,ωn), XD and YD are the real and the imaginary

part of Bp
A′

p
. Equation (20) can be rewritten as follows

YC(ωn)−YD

XC(ωn)−XD
= tanψ ′, (21)

where ψ ′ = ψ − ∠A′
p. Equation (21) is a second order

equation in the variableω2
n . The solution of this equation

provides the value ofωn given in (18). �

IV. N UMERICAL EXAMPLES

Consider the unity feedback control scheme in Figure 1,
whereG(s) has the following structure

G(s) =
200

s(s+1)(s+10)
. (22)

Design the compensatorsCp( jω,ωn) that meet the design
specification of a phase marginφm = 45o at gain crossover
frequencyωp = 2.75.
1. Calculateωn which minimizes the settling timets of the
step response of the controlled system as described in Design



Problem A.
2. Calculateωn to meet the gain marginGm= 5 as described
in Design Problem B.
3. Calculate ωn to adjust the loop slope ofH( jω) =
C( jω)G( jω) as described in Design Problem C.

Solution. The given design specifications define the points
B = ej225o

and A = G( jωp) = 2.4e− j175o ∈ D
−
B , see Fig. 5.

The set of compensators (8) that move the pointA in B
can be obtained using (6) and (7) withX(A,B) = −0.531
andY(A,B) =−2.52. The Nyquist plot ofC( jω,ωn)G( jω)
and the Nyquist and Bode plots ofC( jω,ωn) for ωn ∈
{0.3,0.6,0.9,1.35} are shown respectively in Fig. 5-7.

1. FunctionG(s) in (12) is the following

G(s) =
−0.9174s4−9.091s3+1.826s2−28.64s+200

s5+17.94s4+86.31s3+269.4s2+292.2s
.

The corresponding root contour is shown in Fig. 8, where
the highlighted points correspond toωn = 0.1 : 0.1 : 1. The
minimum settling timets = 1.72s is given forωn = 0.3.
2. The parameterγ = X(A,B)

Y(A,B) = 0.21 and pointBg = 1
Ma

=

0.2ej180o
define the circleC

−
Bgγ( jω) (see blue circle in

Fig. 9). Its intersections points withG( jω) areAg1 andAg2

at frequenciesωg1 = 4.4 andωg2 = 7.76. These points can
be also obtained solving relation (13), see Fig. 10.
The solution forωg = ωg1 is not acceptable becauseδ < 0,
the corresponding loop gain frequency response is plotted in
blue in Fig. 9. The second solution is obtained forωg = ωg2,
δ = 6.1316> 0 andωn = 0.5436> 0, the corresponding loop
gain frequency response is plotted in magenta in Fig. 9.
3. Using (16) and (17), the complementary modulus margin
is Mc = 0.7654 and from (17)ψ = 67.5o. Choosingω ′

p = 3,
from (18) one obtainsδ = 3.3748 andωn = 0.9143, the
corresponding loop gain frequency response is plotted in
magenta in Fig. 11.

V. COMPARISON OF THE METHODS

Usually the synthesis of the three parameters of a second
order compensator, such as PID and lead-lag regulator, is
done simultaneously on the base of the design specifications.
Using Prop. 1 the frequency specifications on the phase
margin and the gain crossover frequency can be easily and
exactly satisfied. The set of all the closed-loop characteristic
equations (11) are linear in the parameterω2

n . This property
allows to use the classical root-locus method to find the op-
timal position of the poles of the closed-loop system to meet
the settling time specification. The main disadvantages of this
method are that it can not be applied to plants with delays
and it requires good knowledge on linear control theory. The
second proposed method tries to impose a gain margin spec-
ification that, along with phase margin specification, givesa
good indicator of system robustness [12]. One of the main
advantages of the graphical solution, compared with other
graphical approaches such as the one in [13], is that it can be
easily determined by ruler and compass in the complex plane
by finding the intersections of the frequency response of the
plant with particular design circles. Moreover, the proposed

method providesall the solutions of the control problem and
not only a subset of all the solutions, as it happens in [13].
The main disadvantage of this method is that not always
an acceptable solution exists. In the third proposed method
the tangency condition ofH( jω) to the constantM-circle
passing through pointBp at the loop crossover frequency
guarantees good performance of almost all the closed-loop
real systems. In the case of complex high-order systems,
however, this specification not always is sufficient to avoid
that the loop gain frequency response enters into the constant
M-circle at higher frequency. If the method has no admissible
solution, it can be extended choosing the value ofωn that

satisfies the equation
d(∠(B′

p(ωn)−Bp)−ψ)

dωn
= 0. Moreover this

method is simple because it requires the knowledge of the
plant in only two points.

VI. CONCLUSIONS

In this paper the lead-lag compensators have been de-
signed to exactly satisfy the phase margin and the gain
crossover frequency specifications. The design has been
done using simple inversion formulae. The properties of
the obtained compensators are function of a free parameter
ωn. Three different procedures to meet an additional design
specification have been presented. Numerical examples show
the effectiveness of the proposed methods.
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