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Abstract - In the paper the model and the control of multi-phase permanent

magnet synchronous machines with an arbitrary number of star or delta con-

nected phases and an arbitrary shape of the rotor flux are proposed. Using a

vectorial approach the optimal current references minimizing the dissipation

are obtained and used in the control law. This approach is suitable for both star

and delta connected stator phases. Some simulation results end the paper.
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1 INTRODUCTION

In the literature the dynamic model of multi-phase

machines has been obtained applying a variety of

transformations to the phase variables, see [1], [2]

and [3]. In [1] the equivalence of a m-phase wye-

connected machine to a set of (m−1)/2 fictitious in-

dependent two-phase machines is shown. This con-

cept is also used in [2] in the case of five-phase ma-

chine. In [3] a complex transformation is used to

reduce the number of the dynamic equations. In this

paper the dynamic model of the motor is obtained ap-

plying a power invariant complex state-space trans-

formation in the frame of the POG modeling tech-

nique, see [4],[5] and [6]. Since the type of stator

connection modifies the relation between the termi-

nal variables and the phase ones, in order to obtain a

model as general as possible both the star and delta

stator connections must be investigated. The main

differences between the two types of connections are

clearly shown in this paper. Moreover the optimal

current references minimizing the dissipation are ob-

tained using a vectorial approach. The proposed con-

trol law provides the desired torque and it is suitable

whatever the type of stator connection is.

The paper is organized as follows. Sec. 2 shows the

details of the complex POG dynamic model of the

multi-phase synchronous motors, Sec. 3 contains the

comparison between star and delta connected motors

and Sec. 4 deals with the new vectorial torque con-

trol. Finally, some simulation results are presented

in Sec. 5 and conclusions are given in Sec. 6.

1.1 NOTATIONS

Given a complex matrix A, the conjugate matrix will

be denoted by A
◦, the transpose matrix by A
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Fig. 1. Star and delta-connected stator phases.

the conjugate transpose matrix by A
∗. The following

relations hold: A
∗ = (A◦)T = (AT)◦. The full,

diagonal, column and row matrices will be denoted

as follows:
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The symbol
∑b

n=a:d cn = ca + ca+d + ca+2d + . . .
will be used to represent the sum of a succession of

numbers cn. The symbol 0 will be used to represent

a zero block matrix of proper dimensions.

2 ELECTRICAL MOTORS MODELLING

In this paper we refer to a permanent magnet syn-

chronous motor with an odd number ms of concen-

trated winding in star or delta connection, see Fig. 1.

The considered motor is characterized by the param-

eters shown in Tab.I. Let t
Il,

t
Vl,

t
Is and t

Vs de-

note the following current and voltage terminal and

phase vectors:

t
Il=
[
I1 · · · Ims

]T

, t
Vl=

[
V1 · · · Vms

]T

,
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ms number of motor phases

p number of polar expansions

θ, θm electric and rotor angular positions: θ=pθm

ω, ωm electric and rotor angular velocities: ω=pωm

Rs i-th stator phase resistance

Ls i-th stator phase self induction coefficient

Ms0 maximum value of mutual inductance

φc(θ) total rotor flux chained with stator phase 1

ϕc maximum value of function φc(θ)

Jm rotor moment of inertia

bm rotor linear friction coefficient

τm electromotive torque acting on the rotor

τe external load torque acting on the rotor

γs basic angular displacement (γs = 2π/ms)

I. Parameters of the multi-phase synchronous motor.

t
Is=

[
Is1 · · · Isms

]T

, t
Vs=

[
Vs1 · · · Vsms

]T

.

The following equations relate the phase vectors
t
Vs and t

Is to the terminal vectors t
Vl and t

Il:

t
Il =

t
T

t
Is,

t
Vs = t

T
T t

Vl− t
Vs0, (1)

where the connection matrix t
T and the constant

vector t
Vs0 depend on the type of stator connection:

t
T =

{
Ims

if star-connected
t
T△ if delta-connected

t
T△ =




1 0 0 · · · −1

−1 1 0 · · · 0

0 −1 1 · · · 0

.

.

.
.
.
.

.

.

.
. . .

.

.

.

0 0 0 · · · 1




t
Vs0 =

{
[1, 1, . . . , 1]TVs0 if star-connected

[0, 0, . . . , 0]T if delta-connected

(2)

Referring to the state-space vector [ t
I

T

s ωm]T and

using a “Lagrangian” approach, see [4], the dynamic

equations St of the synchronous motor expressed

with respect to the phase fixed frame Σt are:

[
t
Ls 0

0 Jm

][
˙tIs

ω̇m

]
=−
[

t
Rs

t
Kτ

−t
K

T

τ bm

][
t
Is

ωm

]
+

[
t
Vs

−τe

]
(3)

where t
Rs = Rs Ims

, inductance matrix t
Ls is:

t
Ls =Ls0Ims

+Ms0

i h∣∣∣∣∣

[
ms−2∑

n=1:2

aMn cos(n(i−h)γs)

]∣∣∣∣∣
1:ms 1:ms

(4)

and torque vector t
Kτ is:

t
Kτ (θ) = pϕc

h∣∣∣∣∣

[
−

∞∑

n=1:2

nan sin[n(θ−hγs)]

]∣∣∣∣∣
0:ms−1

(5)

According to [2], in (4) the first ms − 2 odd compo-

nents aMnMs0 of the mutual inductance have been

also considered. The parameters an in (5) are the co-

efficients of the periodic normalized rotor flux func-

tion φ̄(θ) expressed in Fourier series:

φ̄(θ) =
φc(θ)

ϕc
=

∞∑

n=1:2

an cos(nθ). (6)

The original ms-dimension model in the fixed frame

Σt is transformed and reduced to a (ms + 1)/2-

dimension complex model in the complex rotating

frame Σω using the following complex transforma-

tion matrix t
TωN ∈Cms×ms−1

2 (see [3] and [5]):

t
TωN = t

Tω N (7)

where t
Tω and N are defined as follows:

t
Tω =

√
1

ms

[
h k∣∣[ ejk(θ −hγs)

]∣∣
0:ms−1 1:2:ms−2

h

|[ 1 ]|
0:ms−1

]
,

N =

[ √
2 Ims−1

2

0

0 1

]
.

(8)

Applying the complex pseudo-transformation t
Is =

t
TωN

ω
Is to system (3), one obtains the following

transformed system Sω in the complex and reduced

rotating frame Σω:

[
ω
Ls 0

0 Jm

][
ω
İs

ω̇m

]
=−
[

ω
Zs

ω
KτN

− ω
K

∗
τN bm

][
ω
Is

ωm

]
+

[
ω
Vs

−τe

]

(9)

where the complex matrix ω
Zs = ω

Rs +ω
Ls

ω
Js

is obtained using ω
Rs = t

T
∗
ω

t
Rs

t
Tω =RsIms+1

2

,

ω
Ls = t

T
∗
ω

t
Ls

t
Tω and ω

Js = t
T

∗
ω

t
Ṫω:

ω
Ls =




k∣∣∣
[
Lsk

]∣∣∣
1:2:ms−2

0

0 Ls0


,

ω
Js =




k∣∣∣
[
jkpωm

]∣∣∣
1:2:ms−2

0

0 0




where Lsk = Ls0 + aMk
ms

2 Ms0 and Ls0 = Ls −
Ms0. These last equations show that the k-th com-

ponent aMkMs0 of the mutual inductance is related

only to the subspace Σωk. The transformed current

and voltage vectors ω
Is = t

T
∗
ωN

t
Is and ω

Vs =
t
T

∗
ωN

t
Vs, which are function of the ms stator cur-

rents and voltages Ish and Vsh, have the following

structure:

ω
Is =




k∣∣∣∣∣

[
e−jkθ

√
ms

ms∑

h=1

Ish ejk(h−1)γs

]∣∣∣∣∣
1:2:ms−2

√
1

ms

ms∑

h=1

Ish




=




k∣∣∣
[

ωIsk

]∣∣∣
1:2:ms−2

ωIsms



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ω
Vs=




k∣∣∣∣∣

[
e−jkθ

√
ms

ms∑

h=1

Vsh ejk(h−1)γs

]∣∣∣∣∣
1:2:ms−2

√
1

ms

ms∑

h=1

Vsh




=




k∣∣∣
[

ωV sk

]∣∣∣
1:2:ms−2

ωV sms




The complex components ωIsk and ωV sk of vectors
ω
Is and ω

Vs can be expressed as follows:

ωIsk = Idk + jIqk, ωV sk = Vdk + jVqk

where Idk, Iqk, Vdk and Vqk are the direct and

quadrature components of the current and voltage

vectors. Note that the last components ωIsms
and

ωV sms
of vectors ω

Is and ω
Vsare real and propor-

tional to the sum of the ms stator currents Ish and

the ms stator voltages Vsh, respectively. The trans-

formed torque vector ω
KτN is:

ω
KτN = t

T
∗
ωN

t
Kτ =




k∣∣∣
[

ωKτk

]∣∣∣
1:2:ms−2

ωKτms


=jpϕc

√
ms

2
·

·




k∣∣∣∣∣∣




∞∑

n=0:2 ms

(n+k) an+k ejθn−(n−k) an−k e−jθn




∣∣∣∣∣∣
1:2:ms−2

1√
2

∞∑

n=ms:2ms

nan(ejnθ − e−jnθ)




The expression of the torque vector ω
KτN is func-

tion of the coefficients an of the flux Fourier series

(6) and therefore it is suitable for any shape of the

normalized rotor flux φ̄(θ). Note that each compo-

nent ωKτk, with k ∈ [1 : 2 : ms − 2], depends

only to the coefficients an of order n = 2msh ± k,

where h = 0, 1, 2.., see Fig. 2. The last component
ωKτms

depends only to the coefficients an of order

n = hms with odd h. This component is a real func-

tion that can be rewritten as:

ωKτms
=

∞∑

h=1:2

bh sin (hms pωmt) , (10)

where

bh = −pϕc
√

mshmsahms
. (11)

The state space dynamic system Sω given in (9) can

be graphically represented, see [6], by the compact

vectorial POG scheme shown in Fig. 4. The matrix
t
T present between the power sections 1 - 2 relates

the phase vectors t
Vs and t

Is to the terminal vec-

tors t
Vl and t

Il. The elaboration blocks present be-

tween the power sections 3 - 4 represent the Elec-

trical part of the system, while the blocks present

between sections 5 -6 represent the Mechanical part

× × × × ×

1 2
m

s
−1

2
m

s
+
1

4
m

s
−1

△ △ △ △

3 2
m

s
−3

2
m

s
+
3

4
m

s
−3

� � � �

m
s
−2

m
s
+
2

3
m

s
−2

3
m

s
+
2

... ... ... ...

0 2ms 4ms

◦ ◦
ms 3ms

ak︷ ︸︸ ︷
a2ms−k︷ ︸︸ ︷

a2ms+k︷ ︸︸ ︷
a4ms−k︷ ︸︸ ︷

Fig. 2. Harmonic characterization of coefficients
ωKτk: × ↔ k = 1, △↔ k = 3, � ↔ k = ms−2,

◦ ↔ k=ms.

of the system. The connection block present between

sections 4 - 5 represents the energy and power con-

version (without accumulation nor dissipation) be-

tween the electrical and mechanical parts of the mo-

tor. The function Re(·) present between the sections
2 - 3 and 4 - 5 is used to convert the transformed

complex vector ω
Is to real vector t

Is:

t
Is = Re

(
t
TωN

ω
Is

)
= Re

(
t
Tω N

ω
Is

)

and to real motor torque τm:

τm = Re

(
ω
K

∗
τN

ω
Is

)
= Re

(
ms∑

k=1:2

ωK
∗
τk

ωIsk

)
.

It can be shown, see [4], that when the normalized

rotor flux has the structure:

φ̄(θ) =

ms−2∑

i=1:2

ai cos(i θ) (12)

the transformed torque vector ω
KτN is constant (not

function of the electric angle θ):

ω
KτN (θ) = ω

KτN = jpϕc

√
ms

2




k∣∣[ kak

]∣∣
1:2:ms−2

0


.

Only in this case it is possible to generate a constant

torque. In all the other cases an undesired torque

ripple is always present. In the next section the coef-

ficient with order higher than ms will be neglected.

Moreover two different types of the normalized rotor

flux for each type of stator connection will be consid-

ered: the first one will has the shape (12) while the

second one will has also the coefficient ams
differen

from zero.

3 STAR AND DELTA CONNECTED MOTOR

The differential equations (9) depend on the star or

delta connection of the motor. In particular the ms-th

differential equation of system (9) is:

Ls0
ω İsms

=−Rs
ωIsms

+ωKsms
ωm+ωV sms

. (13)

1) When the multi-phase motor is star connected,

the last component ωIsms
of vector ω

Is is zero and

the differential equation (13) becomes:

ωKsms
ωm+ ωV sms

= 0. (14)
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In this case the dynamic dimension of a star-

connected motor is ms − 1. Moreover, from (1) and

(14) it follows that:

Vs0 =
1

ms

ms∑

h=1

Vh +
1√
ms

ωKsms
ωm.

This relation shows that the common voltage Vs0 is

zero when the input voltages Vh are balanced and

when the normalized rotor flux φ̄ has the shape given

in (12), i.e. when ams
= 0 and ωKsms

= 0. On

the contrary, the voltages Vs0 is not zero and time-

variant when ams
6= 0. Since ωIsms

= 0 the gener-

ated torque is constant regardless of ωKsms
.

2) When the multi-phase motor is delta connected,

the last component ωV sms
of vector ω

Vs is zero and

the differential equation (13) becomes:

Ls0
ω İsms

= −Rs
ωIsms

+ ωKsms
ωm. (15)

Substituting (10) in (15) one obtains:

Ls0
ω İsms

=−Rs
ωIsms

+ωm

∞∑

h=1:2

bh sin (hmspωmt) .

This is a linear equation with transfer function

G(s) = ωm

Ls0s+Rs
excited by a sinusoidal input with

frequency hωR and ωR = ms pωm. The steady

state solution of this equation can be written as fol-

lows:

ωIsms
(t)=

∞∑

h=1:2

bh|Gh| sin (hωit + ∠Gh) (16)

where |Gh| = |G(jhωR)|, ∠Gh = ∠G(jhωR) and

bh is given in (11). In the case of bh = 0 for h ≥ 2,

the torque τms
corresponding to current ωIsms

can

be expressed as:

τms
(t) = ωKsms

ωIsms
≃ τms

(t) + τ̃ms
(t)

where the mean value τms
(t) of torque τms

is:

τms
(t) = −b2

1|G(jωR)|
2

cos (∠G(jωR)) (17)

and the ripple torque τ̃ms
(t) has the structure:

τ̃ms
(t)=−b2

1|G(jωR)|
2

cos (2ωit+∠G(jωR)) .

(18)

Note that when ams
6= 0 and ωKsms

6= 0 the torque

τms
has a negative mean value τms

, see (17), and a

torque ripple τ̃ms
at frequency 2ωR, see (18). When

it is present the term τms
reduces the amplitude of

the total torque τm introducing also an undesired

torque ripple. Otherwise, when the normalized ro-

tor flux has the shape given in (12) the equation (15)

becomes:

Ls0
ω İsms

= −Rs
ωIsms

. (19)

The solution of this equation is:

ωIsms
(t)= ωIsms

(0) e−t/τ , τ =
Ls0

Rs
(20)

and therefore in steady state condition the current
ωIsms

is zero. In this case it is ωKsms
= 0 and

the torque τms
is zero regardless of ωIsms

. When

the dynamics of equation (19) is disregarded the dy-

namic dimension of the motor is ms−1, equal to the

one obtained for the star-connected case.

4 VECTORIAL CONTROL

Torque τm can be controlled by the desired current

vector in frame Σω . The optimal current vector ω
Id

which provides the desired torque τd minimizing the

dissipation is the current vector parallel to the torque

vector ω
KτN in frame Σω (see [4]):

ω
Id =

τd

|ωKτN |
ω
K̂τN =

ω
KτN

|ωKτN |2
τd, (21)

where ω
K̂τN denotes the versor of vector ω

KτN .

When ω
Id is constant, the condition ω

Is = ω
Id can

be achieved using the control law:

ω
Vs = ω

Zs
ω
Is+

ω
KτN ωm−Kc(

ω
Is−ω

Id) (22)

where Kc > 0 is a proper diagonal matrix used for

the tuning of the control. The current vector ω
Is can

be obtained from the terminal current vector t
Il in-

verting the connection matrix t
T:

ω
Is =

(
t
T

t
TωN

)−1 t
Il =

t
T

∗
ωN

t
T

−1 t
Il. (23)

Matrix t
T is invertible for a star-connected motor

and is singular (det( t
T△)=0) for a delta-connected

motors, see (2). This problem can be overcome di-

agonalizing the connection matrix t
T by means of

matrix t
Tω: ω

T = t
T

∗
ω

t
T

t
Tω where:

ω
T =








k∣∣[1−ejkγs
]∣∣

1:2:ms−2

0

0 0


 if delta-connected

Ims+1

2

if star-connected

This equation shows that in the delta-connection the

matrix ω
T is singular because the last eigenvalue is

zero. Since t
T

∗
ω

t
Tω = Ims+1

2

, equation (23) can

be rewritten as:

ω
Is=

(
t
Tω

t
T

∗
ω

t
T

t
TωN

)−1
t
Il

=
(
t
TωN

ω
T
)−1 t

Il = ω
T

−↿ t
T

∗
ωN

t
Il

(24)

where matrix ω
T

−↿
is defined as follows:

ω
T

−↿
=








k∣∣∣∣
[

1

1−ejkγs

]∣∣∣∣
1:2:ms−2

0

0 0


 if delta-connected

Ims+1

2

if star-connected
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τd

Kc

ω
Kτ

|ωKτ |2 ω
Id

ω
Is

ω
Vs

ω
T

ω
T

−↿

t
TωN

t
T

∗
ωN Re(·)

Re(·)
t
Vl

t
Il

ωm

ω
Vl

ω
Il

ω
Zs

ω
KτN

Fig. 3. Multi-phase control motor drive scheme.

Note that in the delta-connection the null eigenvalue

is related to the last component ωIsms
of current

vector ω
Is therefore it is not possible to control this

component. However it is still possible to implement

the control law (22) because ωIsms
is independent

from the voltage input, see (14), (16) and (20). The

equations (21), (22) and (24) are used together in the

control block diagram shown in Fig. 3.

The main difference between the two types of stator

connection are summarized in Tab.II.

5 SIMULATION

Both the control diagram in Fig. 3 and the POG

model in Fig. 4 have been implemented in Matlab-

Simulink. The simulation results shown in this sec-

tion have been obtained using the following elec-

trical and mechanical parameters: ms = 5, p = 1,

Rs = 1.5Ω, Ls = 0.02H, Ms0 = 0.01 H, aM1 = 1,

aM3 = 1/9, ϕr = 0.02 Wb, Jm = 0.6 kg m2, bm =
0.25 Nm s/rad, a1 = 0.25, a3 = 0.75, desired torque

τd = 15 Nm and external torque τe = 0 Nm. Three

different motors are compared:

1) star-connected motor with a5 = 0,

2) delta-connected motor with a5 = 0,

3) delta-connected motor with a5 = 0.05.

The time behaviors of the motor velocity ωm, motor

torque τm and current vectors ω
Is for the three con-

trolled motors are shown in Fig. 5(a) and Fig. 5(b).

The blue lines are referred to case 1 and case 2, while

the cyan lines are related to case 3. According to (20)

the torques generated in case 1 and case 2 are equal

(the order of the error is 10−14). The torque τm gen-

erated in case 3 is smaller then cases 1 and 2 and

it is affected by ripple. The reduction of torque and

the amplitude of oscillation can be calculated by (17)

and (18). The transient of the components ωIsk of

vector ω
Is are shown in Fig. 5(b). The time behav-

iors of components ωIs1 (red line) and ωIs3 (green

line) is the same for the three motors, while it is dif-

ferent for ωIs5 because the control law (22) can not

control this last component. Note that the component
ωIs5 is zero in case 1, see (14), is zero in steady state

condition (blue line) in case 2, see (16), and is sinu-

soidal (cyan line) in case 3, see (20). The time behav-

iors of the three terminal voltage and current vectors
t
Vl,

t
Il for the three motors are shown Fig. 6(a) and

Fig. 6(b). Note that the transient of vectors in case 2

Star Delta

ams=0 ams 6=0 ams=0 ams 6=0

Dyn. dim. ms−1 ms ms−1 ms

τm constant constant constant ripple
t
T invertible invertible singular singular

ωIsms

0 0 0 in ss sin(·)

contr. contr. uncontr. uncontr.

II. Resume table of the difference between the star

and delta connection.

and case 3 is the same because the control law (22)

can not control the last component ωIs5. The simu-

lation result are agree with the differences shown in

Tab.II

6 CONCLUSION

In this paper the modeling of multi-phase perma-

nent magnet synchronous motors with an odd num-

ber of star and delta connected phases has been stud-

ied. The dynamic model of the motor in the case

of star-connected phases and delta-connected phases

has been investigated and a minimum dissipation

control law has been proposed. Simulations results

show the effectiveness of the presented control law

and put in evidence the different dynamic behavior

related to the type of stator connection.
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Fig. 4. POG scheme of a multi-phase electrical motor in the reduced complex rotating frame Σω .
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