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Abstract— This paper presents a design method |l. LEAD-LAG COMPENSATORS THE GENERAL
for the synthesis of a general class of lead-lag com- STRUCTURE
pensators to exactly satisfy gain and phase margins . .
specifications. A free parameter of the compensator  Consider a lead-lag compensator described by
is used as a degree of freedom in order to satisfy the transfer function

additional requirements on the phase and/or gain 2 4+ 2vOnS+

crossover frequencies. A graphical procedure for the C(s) = 2 22 il w'%, (2)
compensator design on the Nyquist plane is presented + 20thS+ "‘ﬁ

with some numerical examples. where y, & and ay,, are real and positive. The

coefficientsyd and 6 are the damping ratios of
the numerator and the denominator. Wheh< 1
I. INTRODUCTION and/or 5 < 1 the zeros and/or the poles of the
lead-lag compensatdz(s) are complex conjugate
From classical control theory, it is known that thewith negative real part. The compensato(s)
gain and phase margins (GPM) serve as importafias a unity static gai©(0) = 1 which does not
measures of the robustness of a dynamical systewhange the static behavior of the controlled system.
The phase margin is related to the damping of thlotice that the compensator C(s) is written in a
system, and therefore also serves as performangeneral form which encompasses the classical lead-
measurement [1]. Different methods can be fountag form C;(s) with real poles and real zeros:
in the literature to satisfy GPM specifications [2]- (14 115) (14 129)

. . — 2
[5]. However such solutions are usually obtained Ci(s) A+ ans)(it 2s) (2)

with trial-and-error methods. In 1998 a graphical _
method for the design of lead-lag compensator§néré 0< 7, < T2 and 0< a < 1. The relations
to satisfy GPM specifications was presented [2]that link the parameters in (1) and (2) are:

The recent literature shows a renewed interest in Yo —/y28%2 -1 yo+/y25%2 -1
the design of classical controllers [6]-[9]. In these T1 = W 2= w7
papers both a numerical and a graphical solution to

/32 _
the design of lead-lag compensators based on GPM a= g
specifications is proposed. A general structure for yd —+/y?02 -1

the lead-lag compensator with real and complexhe frequency response of compensal(s) is
zeros and poles is used, relating it to the classical 14 jX(w)
= ©)

form with real zeros and poles. The paper is orga- Cliw)=———"—=,
nized as follows: in Section I, the basic properties 1+JY(w)
of this general form of lead-lag compensator ardvhere

presented. In Section Il the inversion formulae ()= 20wt ()= 200t 4)
and their properties are described. In Section IV Wi — w?’ We — w?’

are introduced, and their solutions are present sitive, X (w) andY (w) are positive whem < w
along with a graphical representation. Numericakng negative whem > . The Nyquist diagram

examples and conclusions end the paper. of C(jw) is a circleC(y) with centerCo= WTl and
radiusRo:@ (see Fig 1), that is
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) o ) Fig. 3.  Controllable domainZg = Zg,U Zg, of lead-lag
Fig. 1. Nyquist diagrams of(jw) whenw, =1, 6 =15, compensato€(s) on the Nyquist plane.

y=1[2:1:7, blue lines) and§=1.5,y=1./[2:1:7, magenta

lines). The thick blue line corresponds &= 1.5 andy = 5.

C(jw) =M(w)ei?@ at frequencywy, whereMo =

r e (s m G(s) Yy M () an_d $o= ¢(w). To study how_C(joUb)
affectsG(jw) at frequencywy, let us consider two
generic pointA = Mael %A andB = Mgel %8 of the
complex plane. Referring to Fig. 3, we say that

Fig. 2. Unity feedback control structure. point A is controllable to point Bor equivalently

that point A can be moved to point) Bf a value

C(jax) exists such that
The shape o€(y) does not depend od > 0 and o
on > 0. The intersections of(jw) with the real B=C(jw)-A (8)
axis occur at points 1 and Notice that the value of that is if and only if the following conditions hold:
y denotes the minimum (or maximum) amplitude
of C(jw) wheny < 1 (or y> 1) and is the gain of Mg = MaMo, & = da+ do. )
the compensatdZ(s) for w = o Definition 1: (Z5) Given a pointB  C, let us
_ _ X(w) define ‘tontrollable domain of lead-lag compen-
y=C(jon) = a:lﬂnahm (6) sator Os) to point B’ as

Let % (y) denote the set of all the compensator&/g = {AEC‘3V75,%>0,30320 : C(ja))-A:B}

C(s) having the same parametgrthat is A

@) = {C(s) asin(1)| 6> 0> 0}‘ @) It is easy to see _that QOmgkﬁg can be ei<pres§ed,
see the gray regions in Fig. 3, & = Yz U %,
Moreover, let%,(s) € ¢(y) denote one element of Where

set ¥(y) chosen arbitrarily. In Fig. 1 the circle _ ™ T T
%,(jw) represents the frequency response of theZB1 = {A=Mae —5 TP <Pa< -+ 0B,
generic functionss(s) € € (y). Mz }
Mp> ——————
cos¢a— ¢s)
I1l. L EAD-LAG COMPENSATORSC(S, (h)
_ i m m
MOVING A POINT ATO A POINTB @BZ:{A:MAemA _§+¢B<¢A<§+¢B’
Consider the block-diagram shown in Fig. 2,

where G(s) denotes the transfer function of the 0<Ma< MBcos(¢A¢B)}.
LTI plant to be controlled, which may include
the gain and the integration terms required to — . .
meet the steady-state accuracy specifications. T%%E?;T'tlon dincigiﬂeasg?smg? E;%-Ift Cfgg) en-
lead-lag compensatdE(s) has to be designed in N I’BC(V) ndCai(s) defined as foll V\QI] P
order to satisfy phase margim, the gain margin 20" 8(s) andCg(s) defined as follows

Gm and the gain or phase crossover frequency «;(y) — {CB(S) =B-C(9) ’C(s) ecg(y)} (10)
specifications. For this purpose a gain term or a

first order regulator are not enough. L@&tjan) = o .. B

Mgeio denote the value of the frequency response “B (y)=1Ce*(s) = C(s) ‘ CHeely) 1



with € (y) defined in (7). Moreover, le%gy(s) €
%8(y) and 6 (s) € ¢ (v) denote particular ele-
ments of the two set$g(y) and %5 (y) chosen
arbitrarily.

Property 1: Giveny > 0, the two setség (Y)
and Ga(3) coincide, i.e.,

o (V) = a(}) (12)

and therefore the Nyquist diagrams of functiong

%gy(iw) and 1 (jw) corresponding to%y (S)

and %51 (s), respectively, have the same shape
y

The intersections pand p of %B‘y(jw) with the
straight line r passing through poind and B are
pr=Band p= %, respectively. The correspond-
ing graphical representation is shown in Fig. 3.

Proof: Each elementzy (s) of the set%y (y)

also belongs to the séfg(%). In fact, from (7),
(10) and (11), it follows that

_B 4 25whs+ wf
§ +2y3nS+ Wi |50

_ Yon>0

1 2

& +2(3;) duns+ wf
S? + 20WhS+ WP

©gy(9)

E%B(%/),

v&>0
Ywn>0

where & = yo. In the same way it can be easily

proved that each elemeryi(s) of (fs(;l,) also
Y
belongs tdé; (y), and therefor&g (y) and‘ﬁg(%,)

coincide. Moreover, the shape of the Nyquist di-

agrams ofég (s) and %31 (s) depend only ony

and therefore they coincide. From (5) and (12)

it follows that the Nyquist diagram o%”gy(s) is
a circle whose cente€y = B(y+1)/(2y) lies on
the axisr passing through point® and B, whose
radius isRy = |y— 1| /(2y) and its intersections with
the axisr occur at pointsa=B and b = %, see
Fig. 3. O

Definition 3: (Inversion Formulae) Given two
points A = Maei®A and B = Mgel?s of the com-
plex planeC, the inversion formulaeX(A,B) and
Y(A,B) are defined as

M_
x(ag) = Mo,
cos¢—% 13)
Y(AB) = sing
whereM = M—i and ¢ = ¢g — Pa.
A

75 o (i) "
(V)N 0
Re
A< BYor
C1 r
E=B
G(jw)C(jw, an)
n

Fig. 4. Design of the lead-lag compensat6(gw, cx,) moving
point A to pointB.

Property 2: (From Ato B) Given a point B C
and chosen a point A of the frequency response
G(jw) at frequencywn belonging to the control-
lable domainZg, i.e., A= G(jwa) € Zg, the set
C(s, wn) of all the lead-lag compensatory§ that
move point A to point B is obtained from (1) using
the parameters

X w? — wp
=_ =Y 14
y Y>0’ o 200 n >0 (14)

for all a, > 0 such thatd > 0 and with parameters
X =X(A,B) and Y=Y (A B) obtained using the
inversion formulae (13).
Proof: For w = wa, (4) can be rewritten as
_ X(wn) wh — @R
Y(wn)’ 20hon
Substituting in (1) yields

o= Y(COA)

2 2
&+ X (on) 5B+ 68
wE—wR

(2

C(s,un

21 Y (o) Ry

The frequency response €f(s,an) at frequency

wp is equal to the constant value
1+jX

= —. 1

) 1+jY (15)

From (8) and (9) it is evident that poinA =

G(jwn) = Mael?A can be moved to poinB =

Mgel %8 if and only if

C(jon, wn) =C(jwn

Cljwn) =Mel? = MBgive-0n (1)
Ma

From (15) and (16) we obtain the inversion for-

mulae X = X(A,B) and Y = Y(A,B) introduced

in Definition 3. The hypothesis that poi# be-

longs to the controllable domaif#g ensures, see

These equations are the same inversion formulagefinition 1, that there exist admissible lead-lag
for the continuous-time case introduced in [10] an&ontrollers C(s, w,) moving point A to point B

used in [11] and [12].

which are characterized by positive parametgrs



0 andwy. All the admissible values afy, are those Yp:Y%

which in (14) satisfyd > 0. O v Ap, ‘Apz Ag/\Agz

IV. DESIGN PROBLEM (@ , Gm) AND wlw 7 A \yg(w)
GRAPHICAL REPRESENTATIONS :

Design Problem @, , Gn): Given the control
scheme of Fig. 2, the transfer functi@(s) and Fig. 5. Functionsy(w) (blue line) andy,(w) (black line).
the design specifications on the phase maugin
and gain margity,, design a lead-lag compensator i ) i )
C(s) such that the loop gain transfer functionthat is only if C(s) moves pointA, = G(juwy) to
C(jw)G(jw) passes through poinB, = el point Bp c_"md pomtAg:G(Jwg) to point By. The
andBy = —1/Gp,. first condition is verified wher andd are obtained
Solution: let By — el and By — —1/Gp — from Property 2 wheroa = wp, A=Ap andB=B,,

- : . the second whes = wy, A=Ay andB=Bj:
Mg, /%8s denote the points corresponding to the A=y A g

w‘Pl w‘Dz ‘(‘)‘91 W‘gz ' w

desired phase margig, and gain margin G, Xp Wh — o3

The set G(s, wp, ay) of all the compensators (6) V= yp(wp) = Y.’ 0=Yp o (23)
. ) . . _ P b

which solve this Design Problem is obtained as

follows.
a) Find all the pairs(wp, wy) € Sy of frequencies
which solve the equation

e
VVg(‘*’g)éj» EYQWE%%%’ (24)

where the coefficientX, = X(Ap(wp),Bp), Yp =
Y= Ypo(wp) = Yg(ay), (17)  Y(Ap(wp),Bp), Xg = X(Ag(awy),Bg) and Yg =
. . I . Y(Ag(wy),Bg) are obtained using the inversion
where the gainy > 0 is chosen arbitrarily, %, IS formylae (13). Relations (23) and (24) lead directly
the set of all the pairgwp, wy) satlsfylng (7),and (17) and (20). Solving (20) with respect to
functionsyp(wp) and yy(wy) are defined as on leads to the expression a@b, given in (19).
~ Xp X For each value o satisfying (21), one can find
Yo(wp) = Y,’ Vo(ay) = A (18)  the setSy, of all the solutions(wy, wy) of (17).

. This relation does not depend ahand w,, but
where the coefficients pé&= X(A ,Bp), Yp = . .
Y (Ap(wp).Bp), X = X(Ag(ﬁgg)pg:)p) anpo)l ¥ — Onyon the p(a"r3<‘*’r>)v‘*’9> and points Bp, By).
e i . .9 . Each solution(wp,wy) € Sy corresponds to an
Y By) are obtained using the inversion P o
fo(réngt(fl;ge)7(fi)’») — (i) =M g( i acceptable regulato€,(s. wp,ay) only if points
» B = GJwp) = Ma, (p A, and Aq belong respectively to the controllable

and Ay = G(jay) = Mag (wy) €9, domainsZg, and 7, according to Definition 1,
b) For each pair(wp, wy) € Sy, compute and w, and é given in (19) and (20) are real and
positive, as assumed in (1). O
Wh= Xg(jg_épwp = Yg(:)g_Yypwp >0, (19) The numerical solution of (17) can be obtained
o & o graphically by plottingy,(w) and yy(w) and by

finding, for each admissible value of, all the
5=V aﬁ—wé _y f*ﬁ—wg pairs (wp, wy) € S, Where yp(wp) and yy(wy)
=Yp =Yy > 0. (20) : i :
20hwWp 200n 0y intersect the horizontal ling, see Fig. 5. In the
example of Fig. 5 there are four different solutions:
A solution G(s,wp,wy) of Design Problem Sy = {(@p1, 1), (@1, wg2), (@p2, ), (Wp2, ) -
(@, Gm) exists only if:1) y satisfies The loop gain frequency responsés;(s), Hix(s),
Hz1(s) and Hyy(s) of these four solutions on the
0 <y<min[maxyp(wp)),max(yg(wy))] (21)  Nyquist plane are shown in Fig. 6. These solutions

2) S, is not empty3) Points Ay(cws) and are ac_ceptable only if constral_rrB§> 0 andw, >0
bel?)yng, respectively, to the Acp(gnt?z)llablepgcgg%)ainﬁ've” in (19) and (20) are satisfied.

Zg, and g . 4) Parametersay, in (19) andd in - A Graphical Solution on the Nyquist plane.
(20p) are real and positive.

Proof: The design specifications on the phas«-%ai
margin @, and gain margirG, completely define
the position of pointB, and By on the complex
plane. A solutionCy(s, wp, wy) exists only if the
frequenciesi, and wy satisfy

The graphical solution of (17) can also be ob-
ned using the graphical construction shown in
Fig. 6:

1) Given pointsBp and By and chosen a desired
value y > 0, draw the circles having their diame-
ters on the segment8y, Bp/y) and (Bg, By/Y).
G(jwp)Cy(jwp)=Bp, G(jayCy(jwy)=Bg, (22) From Property 1 they coincide with the frequency
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Fig. 6. Graphical determination of frequencies,, ay) on the
Nyquist plane. Loop gain frequency resportsge(s), Hiz(s),

Hz1(s) and Hao(s) satisfy desired phase and gain margin.

responses of functiorff,i)y(jw) and %B;y(jw).

2) If the frequency respons€(jw) does not in-
tersect both circle%,;p y(jw) and ‘KB; Jjw), the

chosen value of is not acceptable.

3) Otherwise, each paifwy, wy) corresponding to
the intersections of5(jw) with circles %gpy(jw)

C) Design a lead-lag compensat@(s) which
satisfies constraints on the phase margip the
gain marginGy, and the maximum allowable gain
y. Solution: y is the minimum of the two valueg,
and yy that can be graphically determined on the
Nyquist plane by drawing the circIeﬁfB*pr(jw)
and %B‘gy(jw) tangent to functionG(jw), see
Fig. 6. The same valueg, and y; can also be
determined by finding the maximum points of
the functionsyy(wp) and yy(ay) defined in (18)
and shown in Fig. 5. The frequencies, and ay
corresponding to valug= min(yp, yy) can be sub-
stituted in (19) and (20) providing the parameters
wy and d of the lead-lag compensataxs).

D) Design a lead-lag compensat@(s) which
satisfies the gain margi®,, the phase crossover
frequencywy and the maximum allowable phase
margin @n. Solution: y = Y% in (18) is deter-
mined by pointsBg = —1/Gm and Ay = G(jwy).
The value ofy completely defines the shape of
circle %B%(jw). The maximum valueg, of the
phase marging, can be graphically determined
moving point B, = el on the unit circle
until 51 (jw) is tangent to functiorG(jw). The

and¢g,, (jw) is a possible solution for the Design frequency w, of the tangent point substituted in

Problem (g, Gn).

(19) and (20) provides the parametegsand d of

This graphical construction hinges on the fact thath® compensatde(s).

frequenciesw, and ay satisfy (22), which can be

rewritten as

G(jw)|w:wp:% = %I';py(Jw)
Gi0)lo-wy=g i = oy i9)|

The Solution of the Design Probleng(, Gn) is
also useful for solving, for example, the following

Design Problems:

A) Design a lead-lag compensat@(s) which
satisfies constraints on the phase margiy the

=y

V. NUMERICAL EXAMPLES

The graphical representations shown in Fig. 5
and Fig. 6 have been obtained referring to the
following transfer function:

12005+ 2)

OO L

and solving the Design Probleligy,, Gm) subject
to the following specificationsgy, = 45°, G, = 3
andy = 0.282.

gain marginGy, and the gain crossover frequencyThe solutions of the Design Problem have been

. 7&
wp. Solution: y = A

points By = /(™) and A, = G(jwy), the values
of wy € Sy are obtained from (17) solving the
equationy = yy(wy), parameterss, ando are given

by relations (19) and (20).

B) Design a lead-lag compensat@(s) which
satisfies constraints on the phase margip the

in (18) is determined by obtained as follows. The design specifications de-

fine points B, = €225 and By = 0.333¢/187",
The four solutions (wpi,wyj) of (17) can be
graphically determined as shown in Fig. 5:
wpi = {4.82,6.72}, wyj = {8.45,128}. The cor-
responding points on functio®(jw) are Apy =
3471147 A, =1.89e7116% Ay =1.17€176Y
andAg = 0.44€1518" By substitution in (19) and

gain marginG, andx';he_ phase crossover frequency20), we obtain only two acceptable and stable
y. Solution: y = §& in (18) is determined by regulatorsCy(s, w,wy). The first one is obtained
pointsByg = —1/Gn andAg = G(jay), the values of  for (w1, wyp), 6 = 1.21 andaw, = 4.345:

wp € Sy are obtained from (17) solving equation
Y = Yp(wp), parametersw, and & are given by

relations (19) and (20).

o - s?+2.97s+ 18388
V(S 0ol Wh2) = 5~ 051 18.88"

(27)



05

25 3 35 4

Time [s] Fig.

15 Yo Vo

9. Design problenD: function yy(w) (blue line) and

functionsyp(w) (black lines) forg, = {40,44,48,51.75}.

Fig. 7. Step responseg (t) (magenta line) andx(t) (red
line) of the closed loop system when, respectively, regusat
Cy(s, wp1, wyp) in (27) andCy(s, wp2, wyp) in are used.

a1 .

G(jw)

exactly satisfy gain and phase margins specifica-
tions have been proposed together with a simple
graphical solution on the Nyquist plane. One of

the main advantages of the proposed graphical
solution over other graphical approaches, such as
[13], is that it can be directly determined in the

complex plane by the intersections of the frequency
response of the plant and circles that can be easily
done by ruler and compass. Moreover graphical
approaches such as the one given in [13] can only
deliver a subset of all the admissible solutions and
some of them can lead to negative (and therefore
infeasible) values of the compensator parameters.

@

Ep
14

Fig. 8. Graphical solution of Design Problen
(1]

The second one is obtained @y, wy), & =2.90

and w, = 1.99: 2l

s +3.27s+3.98
= ° 2
Cvls. opL W2) = 5 75308 (2O

The other solutions are not acceptable. The Nyquisf4
plots of the loop gain transfer functiot; (jw) =
Cy(jw, wpi, wyj)G(jw) are shown in Fig. 6. The [l
step responses of the acceptable solutions are
shown in Fig. 7. [6]

Solution of the Design Problem Cthe maxi-
mum y =y, which satisfies the Design Problem
C when @, = 45° and G, = 3 can be graphically
determined drawing the circl&”B*pyp(jw) tangent
in Ap to function G(jw) as shown in Fig. 6. The
obtained value igj = 0.324.

Solution of the Design Problem Dgiven the
phase crossover frequenay, = 12.8 and the gain
margin G, = 3, the maximum phase margig,
which satisfies the Design Problddncan be graph- [10]
ically determined as shown in Fig. 8. The obtaineg )
value is @n = 5175°. When phase margirg,
increases from 40to @y, function y,(w) modifies
its shape as shown in Fig. 9.

(3]

(71
8]

(9]

(12]

VI. CONCLUSION [13]

A general form of lead-lag compensators which
include real or complex zeros and poles has been
considered. Necessary and sufficient conditions to

The presented results seem to be useful both for
educational and industrial purposes.
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