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Abstract—This paper addresses the complex modeling of a
multi-phase asynchronous motor with star-connected and delta-
connected stator phases. The model is obtained using a complex
rectangular transformation that reduces the number of complex
internal variables and is graphically represented using the Power-
Oriented Graphs technique. The dynamic equations have been
defined considering the stator phases star-connected and delta-
connected, proving that in both cases the internal complex model
does not change. Finally some simulation results have been
presented to show the effectiveness of the modeled system and the
contribution of the star-delta transformation in terms of provided
torque.

I. INTRODUCTION

The advantages and the properties of the asynchronous

motors in the multi-phase version are well known and de-

scribed in literature, see for instance [4], together with the

ones referred to star-delta connection phases, see [5]. The

main focus of this paper is to define a complex reduced

dynamic model of a multi-phase asynchronous motor in both

star-connected and delta-connected stator phases case and to

analyze possible system model differences between the two

connection cases. The dynamic equations of the system have

been obtained using a “complex” state space transformation

and graphically represented using the Power-Oriented Graphs

modeling technique. A new transformation that imposes the

star or delta connection has been included into the complex

model. The paper is organized as follows: Section II presents a

brief description of the basic properties of the POG technique

in the complex case. In Section III the complex reduced

dynamic equations of the considered system are defined and

described in the star-connected and delta-connected stator

phases cases. Last Section IV shows some simulation results,

putting in evidence the differences between the two phases

connections in terms of provided torque.

II. POWER-ORIENTED GRAPHS TECHNIQUE

The Power-Oriented Graphs technique, see [1] and [2], is

suitable for modeling physical systems. The POG is based

on the same “energetic ideas” of the Bond Graphs technique,

see [3], but it uses a different and specific graphical rep-

resentation. The POG are normal block diagrams combined

with a particular modular structure essentially based on the
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Fig. 1. POG basic blocks: a) elaboration block; b) connection block.

use of the two blocks shown in Fig. 1.a and Fig. 1.b: the

elaboration block (e.b.) stores and/or dissipates energy (i.e.

springs, masses, dampers, capacities, inductances, resistances,

etc.); the connection block (c.b.) redistributes the power within

the system without storing or dissipating energy (i.e. any type

of gear reduction, transformers, etc.). The c.b. transforms the

power variables imposing the constraint x∗
1y1 = x∗

2y2. The

e.b. and the c.b. are suitable for representing both scalar

and vectorial systems. In the vectorial case, G(s) and K

are matrices: G(s) is always a square matrix of positive

real transfer functions; matrix K can also be rectangular,

time varying and function of other state variables. The circle

present in the e.b. is a summation element and the black spot

represents a minus sign that multiplies the entering variable.

The main feature of the Power-Oriented Graphs is to keep

a direct correspondence between the dashed sections of the

graphs and real power sections of the modeled systems: the

real part of the scalar product x∗y of the two power vectors

x and y involved in each dashed line of a power-oriented

graph, see Fig. 1, has the physical meaning of the power

flowing through that particular section. Another important

aspect of the POG technique is the direct correspondence

between the POG representations and the corresponding state

space descriptions. For example, the POG scheme shown in

Fig. 2 can be represented by the state space equations given

in (1) where the energy matrix L is symmetric and positive

definite: L = L∗ > 0. When an eigenvalue of matrix L tends

to zero (or to infinity), system (1) degenerates towards a lower
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Fig. 2. POG block scheme of a generic dynamic system.

dimension dynamic system. In this case, the dynamic model

(2) of the “reduced” system can be directly obtained from (1)

by using a simple “congruent” transformation x = Tz (matrix

T can also be complex and/or rectangular) where L = T∗LT,

A = T∗AT and B = T∗B. If matrix T is time-varying, an

additional term T∗LṪz appears in the transformed system.

When matrix T is rectangular, the system is transformed and

reduced at the same time. The POG schemes maintain theirs

physical meaning even when the dynamic system is described

using complex variables.

ms : number of stator phases;
mr : number of rotor phases;
p : number of rotor and stator polar expansions;

γs : stator angular phase displacement (γs =
2π

ms
);

γr : rotor angular phase displacement (γr =
2π

mr
);

θm : rotor angular position;
ωm : rotor angular velocity;
θs : stator voltage angular position;
ωs : stator voltage frequency;
θ : electric angle (θ = p θm);

Rs : stator phases resistance;
Ls : stator phases self inductance;

Ms0 : maximum mutual inductance of the stator
phases;

Rr : rotor phases resistance;
Lr : rotor phases self inductance;

Mr0 : maximum mutual inductance of the rotor phases;
Msr0 : maximum value of the mutual inductance be-

tween stator and rotor phases;
Jm : rotor inertia momentum;
bm : rotor linear friction coefficient;
τm : electromotive torque acting on the rotor;
τe : external load torque acting on the rotor.

TABLE I
ELECTRICAL AND MECHANICAL PARAMETERS OF A MULTI-PHASE

ASYNCHRONOUS MOTOR.

A. Notations

In this paper the following notations are used to denote full,

diagonal, column and row matrices respectively:

i j

|[ Ri,j ]|
1:n 1:m

=








R11 R12 · · · R1m

R21 R22 · · · R2m

...
...

. . .
...

Rn1 Rn2 · · · Rnm







,

i

|[ Ri ]|
1:n

=






R1

. . .

Rn




,
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Fig. 3. Electric scheme of a multi-phase asynchronous motor with star-

connected stator and rotor phases.

Vs1

Is1

V2

I2

Rs

Ls

Vs2

Is2

V3

I3

Rs

Ls

Vs3

Is3

V4

I4

Rs

Ls

... Vs4

Isms−1

Vms

Ims

...

Vsms

Isms

V1
I1

Rs

Ls

Stator

Fig. 4. Electric scheme of stator of the multi-phase asynchronous motor with
delta-connected phases.

i

|[ Ri ]|
1:n

=
[
R1 R2 · · · Rn

]T

,
j

|[ Rj ]|
1:m

=
[
R1 R2 · · · Rm

]
.

The symbol δ(n)|mk denote the following function:

δ(n)|mk =

{
1 if n ∈ [k, k ± m, k ± 2m, . . .]

0 in the other cases

where n, k,m ∈ Z. The symbol Im denotes an identity matrix

of order m.

III. ELECTRICAL MOTORS MODELLING

Let us consider the multi-phase star-connected asyn-

chronous motor shown in Fig. 3 with ms stator phases, mr

rotor phases and characterized by the electrical and mechanical

parameters shown in Tab. I. The dynamical behavior of this

connection case of the motor will be compared with the

behavior of the same motor when the stator phases are delta-

connected as shown in Fig. 4. Let tIl and tVl denote the

current and voltage stator-line vectors:

tIl =
[
I1 I2 · · · Ims

]T

, tVl =
[
V1 V2 · · · Vms

]T



and let tIs, tVs, tIr and tVr denote the current and voltage

stator-phase and rotor-phase vectors:

tIs =
[
Is1 Is2 · · · Isms

]T

, tVs =
[
Vs1 Vs2 · · · Vsms

]T

,

tIr =
[
Ir1 Ir2 · · · Irmr

]T

, tVr =
[
Vr1 Vr2 · · · Vrmr

]T

.

When the stator phases are star-connected, see Fig. 3, the

voltage and current stator-phase vectors tVs and tIs are

related to the stator-line vectors tVl and tIl as follows:

tIs = tIl,
tVs = tVl − tVs0 (3)

where tVs0 = [1, 1, . . . , 1] TVs0. On the other hand, when

the stator phases are delta-connected, as shown in Fig. 4, the

vectors tVs, tIs, tVl and tIl are related as follows:

tIs = T△

tIl,
tVs = TT

△

tVl (4)

where matrix T△ ∈ R
ms×ms is structured as:

T△ =










1 0 0 · · · −1
−1 1 0 · · · 0
0 −1 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1










.

Referring to the following state-space vector and input vector

respectively:




tIs
tIr

ωm



 =

[
tIe

ωm

]

,





tVl
tVr

−τe



 =

[
tVe

−τe

]

and using the “Lagrangian” approach, as widely described

in [6] and [7], the dynamic equations St of the multi-phase

asynchronous motor expressed with respect to the fixed frame

Σt are the following:

d

dt

([
tLe 0
0 Jm

][
tIe

ωm

])

=−
[

tRe + tFe
tKe

− tKT

e bm

][
tIe

ωm

]

+

[
tVe

−τe

]

(5)

where matrices tRe and tLe are defined as follows:

tRe =

[
tRs 0
0 tRr

]

, tLe =

[
tLs

tMT

sr
tMsr

tLr

]

where tRs = RsIms
, tRr = RrImr

and the self and mutual

inductance matrices tLs, tLr and tMsr are supposed to

assume the following structure:

tLs =Ls0 Ims
+Ms0

i j∣
∣
∣
∣
∣

[
ms−2∑

n=1:2

as
n cos(n (i − j)γs)

]∣
∣
∣
∣
∣

1:ms 1:ms

,

tLr =Lr0 Imr
+Mr0

i j∣
∣
∣
∣
∣

[
mr−2∑

n=1:2

ar
n cos(n (i − j)γr)

]∣
∣
∣
∣
∣

1:mr 1:mr

,

tMsr =Msr0

i j∣
∣
∣
∣
∣

[
msr−2∑

n=1:2

asr
n cos(n(θ+iγr − jγs))

]∣
∣
∣
∣
∣

0:mr−1 0:ms−1

where tMsr = tMsr(θ), msr = min{ms,mr}, Ls0 = Ls −
Ms0 and Lr0 =Lr −Mr0. The coefficients as

n, ar
n and asr

n of

the Fourier series satisfy the following constraints:

ms−2∑

n=1:2

|as
n| ≤ 1,

mr−2∑

n=1:2

|ar
n| ≤ 1,

msr−2∑

n=1:2

|asr
n | ≤ 1.

Notice that in this way the odd order harmonic injection

has been considering, that means that the motor is supposed

to have concentrated-windings stator and rotor phases. The

torque vector tKT

e and matrix tFe in (5) are defined as:

tKT

e =
1

2
tIT

e

∂ tLe

∂θm
, tFe = −1

2
tL̇e(θm).

Let tTωN ∈ C
(ms+mr+1)×(ms+mr+1) denote the following

complex matrix:

tTωN =

[
tT̃ωN (ms, θs) 0

0 tT̃ωN (mr, θp)

]

=

[
tT̃ω(ms, θs) 0

0 tT̃ω(mr, θp)

]

︸ ︷︷ ︸

tTω

[
Nms

0
0 Nmr

]

︸ ︷︷ ︸

N

with θp = θs − θ and matrices tT̃ω(m, θ) ∈ C
m×(m+1)/2 and

Nm ∈ C
(m+1)/2×(m+1)/2 defined as follows:

tT̃ω(m, θ) =

√

1

m

[
h k∣
∣
[

ej k(θ−hγm)
]∣
∣

0:m−1 1:2:m−2

h

|[ 1 ]|
0:m−1

]

,

Nm =

[√
2 Im−1

2

0

0 1

]

where γm =
2π

m
.

Applying the pseudo-transformation tIe = tTωN
ωIe to system

(5), one obtains the following transformed and reduced system

S̄ω in the rotating frame Σ̄ω:

[
ωL̄e 0
0 Jm

][
ω ˙̄Ie

ω̇m

]

=−
[

ωR̄e+ ωF̄e+ ωΩ̄e
ωK̄e

− ωK̄∗
e bm

][
ω Īe

ωm

]

+

[
ωV̄e

−τe

]

(7)

where ωR̄e = tT
∗

ω
tRe

tTω = diag(RsI ms+1
2

, RrI mr+1
2

) while

matrix ωL̄e = tT
∗

ω
tLe

tTω is defined as follows:

ωL̄e =















k∣
∣
∣

[

Lsek

]∣
∣
∣

1:2:ms−2

0

l k∣
∣
∣

[

Msrek

]∣
∣
∣

1:2:ms−2 1:2:mr−2

0

0 Ls0 0 0
k l∣
∣
∣

[

Msrek

]∣
∣
∣

1:2:mr−2 1:2:ms−2

0

l∣
∣
∣

[

Lrek

]∣
∣
∣

1:2:mr−2

0

0 0 0 Lr0






















Ls0+ ms

2 Ms0as Msrea
T

sr 0

Msreasr Lr0+ mr

2 Mr0ar 0

0 0 Jm












ω ˙̄Is

ω ˙̄Ir

ω̇m






=−






Rs+jωskms
(Ls0+ ms

2 Ms0as) jωsMsrekms
aT

sr 0

jωpMsrekmr
asr Rr+jωpkmr

(Lr0+ mr

2 Mr0ar) 0

j p
2Msre

ω Ī∗rkmr
asr −j p

2Msre
ω Ī∗skms

aT

sr bm











ω Īs

ω Īr

ωm




+






ωV̄s

0

−τe




 (6)

Fig. 5. Complex dynamic equations of a multi-phase asynchronous motor in the transformed frame Σ̄ω .

Moreover, the sum of matrices ωF̄e = tT
∗

ω
tFe

tTω and ωΩ̄e =

tṪ
∗

ω
tLe

tTω in (7) assumes the following structure:

ωF̄e + ωΩ̄e =















k∣
∣
∣

[

jωskLsek

]∣
∣
∣

1:2:ms−2

0

l k∣
∣
∣

[

jωskMsrek

]∣
∣
∣

1:2:ms−2 1:2:mr−2

0

0 0 0 0
k l∣

∣
∣

[

jωpkMsrek

]∣
∣
∣

1:2:mr−2 1:2:ms−2

0

l∣
∣
∣

[

jωpkLrek

]∣
∣
∣

1:2:mr−2

0

0 0 0 0















where Lsek
= Ls0+ ms

2 Ms0 as
k, Lrek

= Lr0+ mr

2 Mr0 ar
k and

Msrek
= Msre asr

k δ(k)|∞l . The transformed vectors ωV̄e =
tT

∗

ωN
tVe and ω Īe = tT

∗

ωN
tIe have the following structure:

ωV̄e =

[
ωV̄s
ωV̄r

]

=







ωV̄s
ωVsms

0
0






, ω Īe =

[
ω Īs
ω Īr

]

=







ω Īs
ωIsms

ω Īr
ωIrmr






.

(8)

Notice that ωV̄r = 0 because the rotor phases are short-

circuited. Vectors ωV̄s, ω Īs and ω Īr are defined as:

ωV̄s =

k∣
∣
∣

[
ωV̄sk

]∣
∣
∣

1:2:ms−2

=

k∣
∣
∣

[

Vdsk + j Vqsk

]∣
∣
∣

1:2:ms−2

,

ω Īs =

k∣
∣
∣

[
ω Īsk

]∣
∣
∣

1:2:ms−2

=

k∣
∣
∣

[

Idsk + j Iqsk

]∣
∣
∣

1:2:ms−2

,

ω Īr =

k∣
∣
∣

[
ω Īrk

]∣
∣
∣

1:2:mr−2

=

k∣
∣
∣

[

Idrk + j Iqrk

]∣
∣
∣

1:2:mr−2

while the last components ωVsms
, ωIsms

and ωIrmr
of vectors

ωVs, ωIs and ωIr in (8) have the following structures:

ωVsms
=

√
1

ms

ms∑

h=1

Vsh =
√

1
ms

ms∑

h=1

(Vlh − Vs0),

ωIsms
=

√
1

ms

ms∑

h=1

Ish, ωIrmr
=

√
1

mr

mr∑

h=1

Irh.

The stator and rotor components ωK̄∗
s and ωK̄∗

r of the

transformed torque vector ωK̄∗
e = tK̄∗

e
tTωN =

[
ωK̄∗

s
ωK̄∗

r

]

assume the following structures:

ωK̄∗
s = −j p

2

[

ω Ī∗r

k l∣
∣
[

Msrek

]∣
∣

1:2:mr−2 1:2:ms−2

ωIrmr

]

,

ωK̄∗
r = j p

2

[

ω Ī∗s

l k∣
∣
[

Msrek

]∣
∣

1:2:ms−2 1:2:mr−2

ωIsms

]

.

Finally, the mechanical torque τm can be expressed as follows:

τm = Re ( ωK̄∗
e

ω Īe) = Re







[
ωK̄∗

s
ωK̄∗

r

]







ω Īs
ωIsms

ω Īr
ωIrmr













= pMsre

msr−2∑

k=1:2

kasr
k (IdrkIqsk − IdskIqrk). (9)

Let us now consider the last stator equation of system (7) that

is represented by the following differential equation:

Ls0
ω İsms

= −Rs
ωIsms

+ω Vsms
(10)

When the stator phases are considered star-connected, the

following relation holds:

ωIsms
=

√
1

ms

ms∑

h=1

Ish = 0 (11)

Imposing condition (11), equation (10) reduces to:

ωVsms
=

√
1

ms

ms∑

h=1

(Vlh − Vs0) = 0

and the expression of the center-star-voltage is given:

Vs0 =
1

ms

ms∑

h=1

Vlh

Whereas, if the stator phases are considered delta-connected,

the following relation holds:

ωVsms
=

√
1

ms

ms∑

h=1

Vsh = 0 (12)

Substituting (12) in (10), the following differential equation is

obtained:

Ls0
ω İsms

+ Rs
ωIsms

= 0 (13)

Remark. Equation (13) is a stable dynamic that tends to

zero and does not produce any solicitation to the provided

torque: one can then remove the last stator equation from

(7). Considering that the rotor phases are star-connected
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Fig. 6. POG graphical representation of a multi-phase asynchronous motor in the transformed rotating frame Σ̄ω .

and short-circuited, the relations tVri = tVrr− tVr0 = 0 and
∑mr

h=1 Irh = 0 hold: the last rotor equation from (7) can then

be removed as well. The resulting reduced dynamic system

has now (ms + mr − 2)/2 complex internal variables instead

of (ms + mr + 2)/2. This demonstrates how the star or delta

connection of the stator phases does not change the internal

model of the machine.

The resulting reduced system S̄ω in the rotating frame Σ̄ω

has the following structure:

[
ωL̄e 0
0 Jm

][
ω ˙̄Ie

ω̇m

]

=−
[

ωR̄e + ωF̄e + ωΩ̄e
ωK̄e

− ωK̄∗
e bm

][
ω Īe

ωm

]

+

[
ωV̄e

−τe

]

(14)

whose expanded form is shown in Fig. 5, where Msre =

(Msr0
√

msmr)/2, ωp = ωs − ω, km =
k

|[ k ]|
1:2:m−2

and where

as, ar and asr are real constant matrices defined as follows:

as =
k̨

˛

˛

h

as

k

į

˛

˛

1:2:ms−2

, ar =
k̨

˛

˛

h

ar

k

į

˛

˛

1:2:mr−2

, asr =
k l
˛

˛

˛

h

asr

k
δ(k)|∞

l

į

˛

˛

1:2:mr−2 1:2:ms−2

.

Notice that this system describes the dynamics of the system

in both the star-connection case and the delta-connection one.

A POG graphical representation of system (14) is shown in

Fig. 6. Section 0 - 1 represents the star-delta transformation

matrix T∗△ that can assume the following two expressions

referred to star or delta connection case respectively:

T∗△ =

[
Ims

0
0 Imr

]

, T∗△ =

[
T△ 0
0 Imr

]

and where tIT

∗△
= [ tIT

s,
tIT

r] and tVT

∗△
= [ tVT

s,
tVT

r].
Section 1 - 3 represents the real-complex state space trans-

formation Σt ↔ Σ̄ω , where function “Re(·)” denotes the

“complex to real conversion” of the input. Section 3 - 4

represents the Electrical part of the system that, in this case,

is described only by complex matrices and complex variables

(the lightly shaded section of Fig. 6). The Mechanical part of

the motor is described by section 6 - 7 which is characterized

only by real values and real variables. Section 4 - 6 represents

the energy and power conversion (without accumulation nor

dissipation) between the electrical and mechanical domains.

Electrical parameters

ms = 5 mr = 5

p = 1 Ls = 0.17 mH
Ms0 = 0.14 mH Rs = 3Ω

Lr = 0.15 mH Mr0 = 0.13 mH
Rr = 2 Ω Msr0 = 0.12 mH
Vmax = 100 V ωs = 8π rad/s

Mechanical parameters

Jm = 0.75 Kg m2 bm = 0.45 Nm s/rad
τe = 2 Nm

TABLE II
ELECTRICAL AN MECHANICAL PARAMETERS OF THE SIMULATED MOTOR

MODEL.

IV. SIMULATION RESULTS

The model of the multi-phase asynchronous motor repre-

sented in Fig. 6, whose equations are described in Fig. 5, has

been implemented in Matlab/Simulink. The simulation results

presented in this section have been obtained using the electrical

and mechanical parameters listed in Tab. II. The input balanced

stator voltage vector that has been considered is:

tVl =
h

|[ Vlh ]|
1:5

=

3∑

k=1:2

h

|[ Vmk cos(k (θs − (h − 1)γs)) ]|
1:5

(15)

where k indicates the injected harmonic order. Let us consider

as = ar = asr = diag
[

0.7 0.3
]

as self and mutual

inductances coefficient matrices. The method adopted to define

the Vmk voltages of (15), has been to choose the fundamental

voltage amplitude Vm1 and then scaling Vm3 using a percen-

tage coefficient K3
1 = Vm3/Vm1 = Vds3/Vds1 = 15%, that

indicates the percentage of 3rd harmonic component amplitude

with respect to the fundamental. In Fig. 7(a) the time behavior

of the stator voltage vector tVs, the stator current vector tIs

and the rotor current vector tIr in the range t ∈ [0, 2] s

is shown considering the stator phases star-connected, while

in Fig. 7(b) it is shown the same vectors evolution but in

the delta-connection case: notice that the delta-connection is

characterized by a higher current absorption compared with
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(b) Delta-connection

Fig. 7. Star-connected and delta-connected stator phases: stator voltage vector
t
Vs, stator current vector t

Is and rotor current vector t
Ir in the original

reference frame Σt.

the star-connection. This aspect explains how the dynamic

mechanical torque increases when the stator phases are delta-

connected (Fig. 8(a) and Fig. 8(b)), even if τm has the same

expression (9) in both stator phases connection cases. In

Fig. 8(a) the mechanical torque τm is shown as function of

the time in the range t ∈ [0, 2] s and in Fig. 8(b) as function

of the angular velocity in the range ωm ∈ [0, 22.5] rad/s, with

star-connected stator phases (blue plots) and delta-connected

stator phases (red plots).

V. CONCLUSIONS

In the paper a general complex dynamic model of a multi-

phase asynchronous motor with star-connected and delta-

connected stator phases has been obtained and graphically
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Fig. 8. Mechanical torque τm with star-connected and delta-connected stator
phases as function of the time (a) and as function of the angular velocity (b).

represented using the POG technique. A complex transfor-

mation has been used in order to reduce the number of

the complex internal variables and a new transformation

matrix that imposes the star or delta connection of the stator

phases has been defined and included in the model. It has

been demonstrated that the star/delta transformation does not

change the internal complex equations model of the motor. The

model has then been implemented in Matlab/Simulink and the

simulation results have shown and compared the star and delta

connection cases.

REFERENCES

[1] R. Zanasi, Power Oriented Modelling of Dynamical System for Simu-

lation, IMACS Symp. on Modelling and Control, Lille, France, May
1991.

[2] R. Zanasi, The Power-Oriented Graphs Technique: system modeling and

basic properties, 6th IEEE VPPC, Lille, France, Sept. 2010.
[3] D. C. Karnopp, D.L. Margolis, R. C. Rosemberg, System dynamics -

Modeling and Simulation of Mechatronic Systems, Wiley Interscience,
ISBN 0-471-33301-8, 3rd ed. 2000.

[4] E. Levi, R. Bojoi, F. Profumo, H.A. Toliyat, S. Williamson, Multiphase

induction motor drives - A technology status review, IET Electr. Power
Appl., vol. 1, no. 4, pp. 489-516, July 2007.

[5] P. Pillaya, R.G. Harleya, E.J. Odendala, A Comparison Between Star and

Delta Connected Induction Motors When Supplied by Current Source

Inverters, Electric Power Systems Res., vol. 8, no. 1, pp. 41-51, April
1984.

[6] R. Zanasi, F. Grossi, G. Azzone, The POG technique for Modeling

Multi-phase Asynchronous Motors, 5th IEEE International Conference
on Mechatronics, Málaga, Spain, 14-17 April 2009.

[7] R. Zanasi, G. Azzone, Complex Dynamic Model of a Multi-phase

Asynchronous Motor, ICEM - International Conference on Eletrical
Machines, Rome, Italy, 6-8 Sept. 2010.

[8] G. Azzone, Modeling and Control of Multi-phase Asynchronous Elec-

trical Motors, PhD Thesis, Feb. 2011.


