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Abstract. This paper deals with the torque control of multi-phase permanent magnet syn-
chronous machines. The dynamic model of these motors is obtained using the Power-Oriented
Graphs technique. This graphical modeling technique allows to write the dynamic equations of
the system in a very compact form. Starting from the dynamic equations, a torque control law
with saturated input voltages is proposed based on a new current vector approach for describing
the voltage constraint. Some simulation results validate the proposed control law.

1. INTRODUCTION

In this paper is proposed a vectorial torque control with
saturated input voltages of multi-phase synchronous mo-
tors. The proposed control is the generalization of the
current vectorial control given in Zanasi and Grossi [2009].
The classical dynamic model of multi-phase synchronous
motors with an odd number of phases can be found in Vas
[1990] - Kestelyn et al. [2004]. The model is obtained using
a Lagrangian approach in the frame of the Power-Oriented
Graphs (POG) technique, see Zanasi [1994]-Zanasi and
Grossi [2008]. In the present paper all the first my Fourier
series coefficients of the rotor flux are considered and the
proposed control law operates in a full ms-dimensional
subspace. The paper is organized as follows. In Sec. 2 the
POG dynamic model of the multi-phase synchronous mo-
tors is described. In Sec. 3 and 4 the new vectorial torque
control is presented. Finally, in Sec. 5 some simulation
results are reported.

1.1 Notations

7
Row matrices are denoted as: [R;] = [R1 Rz ... Ra].
1:n
Column and diagonal matrices are denoted as:
R1 Rl
i Ry i Ry
[Ri]= | . |, [R]=
1:n : Lin .
R, Ry,
and full matrices as:
Ri1 Ri2 -+ Rim
i j Ro1 Ra2 -+ Rom
[Rijl=| . . .
1:n 1m : : . :
Rnl Rn2 an
The symbol “Zn wd Cn = Ca+ Catd+ Cayaqa+..."7 will be

used to represent the sum of a succession of numbers ¢,
where the index n ranges from a to b with increment d,
that is, using the Matlab symbology, n = [a : d : b].
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Figure 1. Basic structure of a multi-phase synchronous motor.

ms number of motor phases;
number of polar expansions;
0, 0 | electric and rotor angular positions: 0 = p6,,;
w, wm | electric and rotor angular velocities: w = pwm;

R i-th stator phase resistance;

Ls i-th stator phase self induction coefficient;
Mo maximum mutual inductance between phases;
¢c(0) | total rotor flux chained with stator phase 1;

Y maximum value of function ¢.(0);

Im rotor moment of inertia;

bm rotor linear friction coefficient;

Tm electromotive torque acting on the rotor;

Te external load torque acting on the rotor;

s basic angular displacement (vs = 2w/my)

Table 1. Parameters of the synchronous motor.

2. ELECTRICAL MOTORS MODELLING

The basic structure of a permanent magnet synchronous
motor with an odd number m of star-connected phases is
shown in Fig. 1 and its parameters are shown in Tab. 1.

Let us introduce the following current and voltage stator

vectors:

t T ¢ T
Is:[lsl Is2 Ismé] ) Vs:[‘/sl ‘/52 Vvsmﬁ] . (1)

Using a “POG-Lagrangian” approach, see Zanasi and

Grossi [2008] Zanasi and Grossi [2009], and the following
transformation matrix:

k
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Figure 2. POG scheme of the electrical motor in frame 3.

one obtains the following transformed and reduced system:
“L| 0 [ “T, ] [“Re+“Ls “JJ“K.(0)] [ “I,|, [“ Vs
0 [T | o |~ | —"KT@) | b ||@m| | =7

3)

where matrices “Lg, “Js and “R; are defined as follows:

Lge 0 0 --- 0 k
FREHIEE PR

WLS: 0 0 LSO 0 5 1:2:mg—2
0 0 0 --- Ly R.=[ }Ein]s—l

Lse = LSO+%MSO and Ly = Ls — My
fTT,, “V, = 'TT 'V, are defined as:

o 0 A R R

1:2:m 2

. Vectors “I; =

s

where Iy, Igk, Vai and Vi, are, respectively, the direct and
quadrature components of the current and voltage vectors
“I, and “V,. Note that using transformation “V,; =
'TT ¥V, the original state space ¥, has been transformed
into (ms — 1)/2 two-dimensional orthogonal subspaces
named X, with k € {1: 2 : ms; — 2}. It can be shown,
see Zanasi and Grossi [2008], that when the rotor flux
function $(6) has the structure ¢(6) = 27 2 a; cos(i 6),
the torque vector “XK, () is constant:

e AR EaE A

me —2 Mg

The POG block scheme of the synchronous motor in the
transformed space X, see eq. (3), is shown in Fig. 2.
The Power-Oriented Graphs is an energy-based technique
suitable for modeling physical systems, see Zanasi [1991]-
Zanasi [1994].

2.1 Balanced voltages

Let us now consider the case of a voltage stator vector 'V
obtained as the sum of (ms —1)/2 balanced input voltage
vectors at different frequency:

ms—2

Vo=V =" [V costillh—1)ns

M j=1:2 Lims

—0-05))1 (5)

where V,,,; is the amplitude of the input voltage component
at frequency j and 6y, is a proper initial phase shift. The
amplitudes of components V,;, of vector {V, are bounded
by the maximum value V,,45:

Figure 3. Graphical representation of convex set Vs for ms = 7.
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(6)

for h = {1, 2, ... ms}. The transformed vector “V =
fTT 'V, € R™=~1 has the following structure:

Vi cos(k 0
ov, = fre || e e
2 mG sin(k&sk)
1:2:mg—2

Using the following bijective correspondence between two-
dimensional vectors and complex numbers:

ko, o '
(0] s conlh )+ sl ) = 0

the expression (7) can be rewritten in the equivalent way:

k k
ot ]<[ ]
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where “V, € C™%

— m
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2

(8)

* is a vector of complex numbers.
Expression (8) shows that all the balanced input voltage
vectors at frequency k with amplitude V.., = V., see (5),

are transformed into vectors Vg with modulus Vs, =
/"5 Vik in the two-dimensional subspace ¥,. Defined

as:
k k k
vl e
1:2:ms—2 1:22ms—2 1:22ms—2

the voltage constraint (6), multiplied by constant /5=,
becomes the following 1-norm constraint on vector V ,;:

ms—2
| Vi = ;;2 Vare < 4/ 22 5 Vimar =V (9)
The set of all the vectors V4 that satisfy the equation:
ms—2
I Var =D Vi, = Var (10)
k=1:2

is a convex set Vs with dimension ™<=t —1 that represents
the maximum of the voltage constraint (6) in frame X,,.
When mg = 7 the set Vyy € R? belongs to a plane, see
Fig. 3. Each vector V37 € Vs can be written as a convex
combination of the standard basis vectors e; of subspace
R™5 .

mg—1

Var=Var > Bies,
=1



3. VECTORIAL CONTROL

Let “I; denote the desired phase current vector in frame
Yw. When “I; is constant, the condition “I, = “I; can
be achieved using the following control:

“Vi=(“Rs+“Ts“Ls) “Ii+ “K; wn— K (“I,—“1;) (12)
where K. > 0 is a diagonal matrix used for the control
design. In steady-state condition when “I; = “I;, the con-
trol law (12) is equivalent to (ms — 1)/2 two-dimensional
decoupled control laws:

“Vap = (“Rop + “Top “Ligk) “I + “Krpwm  (13)
where:
“Rr = {Rgg 125} e e P {kpw?ank kp%}mLSk]
and
I :{Lse for k=1
sk Ly forke{3,5,7,...,ms}

each one acting on subspace X, for k€ {l : 2 : m, —
2}. Using the following bijective correspondences between
two-dimensional vectors and complex numbers:

Lo > Lo = Tar + j Lok, “Ver < Vo = Vag + 5 Vars
YKo o Koy = Kar +§ Kgio “Joi“Ligis < jkpwy Ly,
and “Rgi < Rs, eq. (13) can be rewritten as follows:

Vsk = (Rs +J kpmesk‘)Tsk + F‘rk Wm (14)

where j is the imaginary unit number. When K, = j K
and rewriting relation (14) as follows:

T _ Vsk - .7 qu Wm
o Rs+jﬁpmesk
_ Vsk —J qu Wm (15)
Ry +jkpwnmLea, Rs+jkpwn L
EOI@ (wm> 60]@ (wm)

one obtains the ”current” control approach proposed in
Zanasi and Grossi [2009]. When vector Vg, varies along
the maximum voltage circle having radius V47, , see eq. 10,
relation (15) provides the maximum current circle Cy
corresponding to the limit values for the current vector
Isk, see Fig. 4. The terms Cog (wn) and Rok (wp) in
(15) represent the center and the radius of the maximum
current circle Cy, as a function of the parameter w,,. When
velocity wy, increases the radius Ry, of circle Ci, decreases
and its center Cgr moves in the complex plane X on
2;57}1’;, O) and radius 2,:]{37"2516.
A graphical representation of the current circle Cy on the
complex plane ¥, for a particular value of w,, is showed
in red in Fig. 4. The projection of circle C; on the Iy
axis gives the range of all the currents Iy satisfying the
voltage constraint V37, which can generate torque. Three
different operative zones are clearly defined: 1) the interval
[(Iqen, Igen] represents the zone in which the torque can
be provided using only the quadrature component I
of the current vector I; 2) the intervals [Ignnr, Igin]
and [Ioxn, Igkar] represent the zone in which the desired
torque can be provided only using a full “d-¢” complex
vector Igy; 3) the zone where Iy > Igpar and Iy < Igum
is not allowed because it does not satisfy the constraint on
the maximum input voltage. coordinates of the projection
points shown in Fig. 4 are the following:

a circle with center in (

Geometrical analysis of the control

Figure 4. Maximum current circle C;, in subspace 2.

Igiens(wm) = Yor(wm) + Rok(wim) (16)
Ly (@) = Yor(wm) + /B2 (0m) — X3(wm)  (17)
Lt (@) = Yor(wm) = /B2 () = X (@) (18)
Tgkp (Wm) = Yor(wm) — Rok(wm) (19)
where:
Rotltm) = [Rok (@) g,y = —regol
0k\Wm ) = |10k \Wm Vsul=Var, \/R§+k2p2w,2nl)§k7

_ — gk kpw?ank
BT Ry
— —-K kmes
Yor (wm) = Im(Cox (wm)) = 4 .
" " R? + k2 p? w2 L2,

Using the projection points Igxn and Iz n one can define
the following current vectors:

tov= [t | 105 = o -

ZiMmg — LiMmg —

Xok(wm) = Re(Cok (wm))

On the basis of the maximum and minimum points Ty =
Xok + j Lyens and I = Xop + j Igem shown in Fig. 4
one can define the following current vectors:

4. TORQUE CONTROL

The torque 74 generated by the desired current vector “I
is given by relation:

Td = wKEwId. (22)
Torque 74 can be controlled by choosing a current vector
“I; not exceeding the constraint on the maximum input
voltage Ve, and minimizing the internal power dissipa-
tions. Depending on the working conditions, the following
three different control strategies can be used.

4.1 Torque control with minimum dissipation
The current vector “I,,4 which satisfies relation (22) and

minimizes the power dissipation is the vector with the
minimum modulus parallel to vector “K.:
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T = |wK7-|2 Td
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where ‘”KT denotes the versor of vector “K,. When vector
“K, is costant, see (4), the expression (23) can be written

as:
k
0
T4 K

1:2:mgs—2

“T g (23)

K.

where K2 .

“L, 4= K = (24)

Substituting equation (24) in (13) and using the voltage
constraint (10) one obtains the following equation:

ms—2
Z\/(Lskkpmede)Q+(RsTde+quwm)2:VM. (25)
k=1:2

Vﬁk

Given wy,, equation (25) can be numerically solved with
respect to 74 in order to obtain the maximum and min-
imum torques 7n(wp,) and Ty (wy,) satisfying minimum
dissipation and the voltage constraint. Using equation
(24), the current vectors “Iy and “Iy corresponding to
the maximum and minimum torques 7y (wy,) and 7n (W)
are the current vector associated to vectors (20):

k k
ony|[ O 0
™~ Ky, ™~ K
2 2

.—

w w
=“Iyn, = Iqﬂ'

s

The desired torque 74 can be obtained with minimum
current vector “I,,q4 only if “Iy < “I,,q < “Iy or, in
equivalent way, if 7n(wn) < 74 < TN (wm). In Fig. 6
the two curves 7n(wp,) and 7y (wy,) define in the torque
plane the green zone that represents the region where
the desired torque 74 it can be provided minimizing the
power dissipation. Due to the symmetric structure of the
considered electric motor, it can be easily shown that
TN (Wm) = —TN (—wm)-

From (25) it can be numerically obtained the velocity wy,
that represents the motor velocity w,, where 7n (Wm) =
TN (W ). When w,, > wp this control can not be used
because the voltage constraint is not respected.

4.2 Mazimum torque control

From Fig. 4 is clear that the maximum and minimum
torques Ty (wp,) and 7as(wy,) can be obtained as follows:

TM(wm) = WKEWIM, TM(wm) = wK}j WIM. (26)
Substituting (4) and (21) in (26) one obtains the relations:

mg—2 ms—2
7—M(Wm) = Z qu ka(wm) + Z qu ROk:(wm)
k=1:2 k=1:2

= To(wm) +K;7F Vﬁ (27)

TM(Wm) = To(Wm) — K;;F Vﬁ
where torque 79 (wy,) and vector K; are defined as follows:
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Figure 5. Vectors Vﬁ and Kj: a) for ms = 5; b) for ms = 7.

From (27) it is evident that both the maximum and
minimum torques 737 and 77 can be obtained maximizing
the scalar product K V7. Since V37 € Vr, see Fig. 5,
the product K V37 is maximum when the components
Vg, of vector Vg are chosen as:

- _{VM if | Kpp|=max{|Ky;|, i € [1:2:ms—2]} (28)
Mk 0  otherwise
The case of ms; = 5 is represented in Fig. 5.a where
Viioo Vi Viie Ve € Vv and K, is a vector

moving in subspace R?. The vectors Vi, V3. and
V47, do not maximize the scalar product because their
projections onto K; are smaller than the projection of
vector Vg7 . In this case V37 = V7, is the vector that
maximizes the scalar product Kj V7. In the general case
the product Kj V7 is maximum, see eq. (28), when the
maximum value Vg7 is given only to the component V47,
corresponding to the component Kpi of vector K; which
is maximum in modulus. Fig. 5.b shows an example of
application of relation (28) when mg; = 7. Note that
substituting relation (28) in (21) one obtains the maximum
and minimum current vectors “I; and “Is corresponding
to the maximum and minimum torques 7as(wy,) and
Tr (Wr). From the previous considerations it is clear
that the maximum torque control is obtained choosing
“Iq = “In when 74 > Tay(wp) and “I; = “Ip; when
Ta < Ty (wm). In Fig. 6 the two curves 7pr(wy,) and
7a (wi,) define in the torque plane the withe region that
represents the zone not allowed because 74 cannot exceed
the maximum and minimum torque. Due to the symmetric
structure of the considered electric motor, it can be easily
shown that 7as(wm) = —Tar(—wm) (see Fig. 6).

4.8 Convexr combination torque control

In Fig. 6 the curves 7, 7w, Tar and 77 define a red zone
in the (7., Wy, ) plane that represents the region where the
two previous control laws can not be used. In this case the
optimal control law which satisfies the voltage constraint
(6) and minimizes the current dissipation is quite complex
and difficult to be found. In this case we propose to use
the following suboptimal control law obtained as convex
combination of the previous defined current vectors. When
wm <wp and Ty < Tg < T or Ty < Tq < TN, the torque
74 is obtained as follows using the current vectors “Iy,
wIM7 wIN and wIM:

o1 {“’ICC:wIN—l—a(“IM—“JIN) if Tv<mg<tm
4=\,

IEZWIE-FQ(WIM— WIE) if TM<Td<TN
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Figure 6. Maximum torque 77, minimum torque 737, maximum
torque satisfying minimum dissipation 7, minimum torque
satisfying minimum dissipation 7 and limit torque 7 as a
functions of motor velocility. o

where coefficients o and a are defined as follows:

Ta — T (W)
TM(wm) - Tﬂ(wm) .

- v(m)
TM(wm) — ’I'N((.dm)7

Q:

When w,,, > wy, the curves 7y and 7y are not exist than it
is necessary to define the limit torque 77, or in equivalent
way the limit current vector “Iy. The components of “Ij,
are obtained as:

T4, =0, Ip=1Iun
Lgp =Xok—Rok, Iqx=Yox

if R2,>Xg,
otherwise.
In this case the convex combination can be written as:
oL, {‘”ICCL:‘”IL+aL (“Ing— 1) if 7 <Ta<TMm
“Tee =“Ir+ap (“In—“Ip) if T <mg<TL
where the coeflicients ar, and o; are defined as follows:

Tqa — Tr,(Wm)
TM(wm) - TL(wm) .

o Td — TL(wm) -
CEL - i g -
T (W) — 7L (W)

A graphical representation of this control law for m, = 5 is
shown in Fig. 7 and in Fig. 8. The green and black circles
represent the current circles Cy, obtained using the mini-
mum dissipation control and the maximum control. Note
that there are only two black circles because the maximum
voltage constraint V47 is applied only to the component
Vi, in subspace Y. that satisfied eq. (28). The red
lines Ioer and Iecry, represent the convex combination
on the complex planes when w,, < wy and w,, > wr.
The magenta and the blue lines show how the convex
combination start and end points I nx,lrr and I, move
in the complex planes ¥, when the velocity w,,, increases.

4.4 Global torque control

Putting together the previous three controllers one obtains
the following global control law for choosing vector “1,.

Current in the subspace 2,1 Current in the subspace 2,3

TNt \
_ T ﬁ TNB ]
T Tee

Iql [A]
=l
q
IqS [A]
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Figure 7. Graphical representation of the convex combination
control for ms = 5 and wy, < wy,.

Current in the subspace 3,1 Current in the subspace 3,3
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Figure 8. Graphical representation of the convex combination
control for ms = 5 and wm > wr,.

If wy, < wr, then:
wIM lf Td Z TM(wm)
oo if 7 (W) < Ta < T (Win)
“Ig = “Ina if 78 (wm) < 70 < 7 (wim)
“Lee i Tar(wim) < T < T (W)
“Ipn if 7q < Tar(wim) (29)
else:
“Toy

WICCL if TL(wm) <1 < TM(wm)

if 74 > Tar(wim)

W, —
d “Teer, if T (wm) < 7a < T (Wim)

UJIM if Td S TM(wm)

This control law, used together with relation (12), provides
the desired torque 7,4 satisfying the voltage constraint (6)
and minimizing, when possible, the current dissipation.

5. SIMULATION

The multi-phase electric motor shown in Fig. 2 has been
implemented in Simulink together with the control law
(12) and (29). The simulation results described in this
section have been obtained using the following electrical
and mechanical parameters: ms = 7, p = 1, Ry = 21,
Ls; = 0.03 H, My = 0.025 H, ¢, = 002 W, J,, =
1.6 kg m?, by, = 0.4 Nms/rad, Viee = 100V, a; = 0.2,
a3 = 0.45, a5 = 0.35. The external torque 7. is zero until
t = 10 s then 7. = 45 Nm (see the magenta dashed line
in Fig. 9). The time behaviors of motor velocity w,,,
motor torque T,,, desired torque 74, external torque T,
and maximum torques 7); and 7y are shown in Fig. 9. The
letters A, B, C, D and E refer to the critical points for the
control: A when 7y = 7, B and D when 7y = 757, C when
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Figure 9. Time behaviors of motor velocity wy,, motor torque 7,
(blue), desired torque 74 (red), external torque 7e (magenta)
and maximum torques 7y and 7y (black).
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Figure 10. Motor torque 7, (blue), desidered torque 74 (red) and
maximum torques 7y and 7y (black) as a function of motor
velocity wm, .

the external torque 7. is applied and E the finaly stady
state condition. Note that for 74 < 7, i.e. from point
0 to point B and from point D to point E, the control
law (12) and (29) guarantees 7, = 74. The graphical
representation of the torque curves 7y (wy,) and 7 (wp,)
in Fig. 10 has been obtained eliminating the time variable
from the two pictures of Fig. 9. The current vectors I 4 in
the two-dimensional subspaces ¥, and the time behaviors
of modulus V47, are shown in Fig. 11. The desired torque
T4 is provided only by the quadrature components I ; of
the current vectors I until 74 = 7y in point A. Note that
from A to B, where the convex combination control “I.
is used, the current and voltage vectors I remain within
the maximum limit circles Cy. From point B to point D the
maximum torque control “I, is used, the desired torque
T4 is generated only by the current component /55 and
the maximum voltage constraint V7 is applied only to the
component V57. in subspace ¥5. From D to E the desired
torque 74 is provided by the convex combination control.

6. CONCLUSION

In this paper the torque control of multi-phase synchro-
nous machines is analyzed. A new control law which
satisfies the input voltage constraint and minimizes the
current power dissipation has been proposed. The optimal-
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Figure 11. Current vectors I,; and voltages vectors Vgj in the

two-dimensional subspaces %,

ity of this control law is guaranteed when the minimum
dissipation control or the maximum control are applied.
Simulation results obtained in Simulink validated the ef-
fectiveness of the presented control law.
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