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Abstract

Filters for time-optimal trajectory generation can be obtained in different ways with
quite different performances and complexity levels. However, one can easily observe that
the configurations of such filters are based on two main schemes: systems composed by a
chain of integrators with a feedback control and systems formed by a sequence of Finite
Impulse Response (FIR) filters disposed in a cascade configuration. Both trajectory gener-
ators are characterized by the order n that defines the degree of continuity of the resulting
trajectory and both can be designed according to a modular approach that allows to obtain
the n-th order filter from that of n — 1 order. In this paper, after having presented the
structure and the analytical expression of the two types of trajectory filters, their com-
mon features (possibility of generating online time-optimal trajectories under constraints
of velocity, acceleration, jerk, etc.) but especially the main differences are analyzed. In
particular, the possible applications of the two systems are considered. Trajectory filters
with a feedback loop are able to track generic input signals (and not only step functions)
guaranteing the compliance of the output with the given constraints but are characterized
by a complexity that limits their use to the third order. Conversely, the simple structure
and the low computational cost make open-loop filters desirable for point-to point motions,
even with an high degree of smoothness (n = 4 or 5). Moreover, the low-pass response
of this type of filters allows to characterize (and to design) the output trajectory from a
frequency point of view, but, on the other hand, it may cause large delays and distortions
between input and the output signals.

1 Introduction

Generation of time-optimal trajectories subject to kinematic constraints (on velocity, ac-
celeration, jerk, etc.) plays an important role in all those industrial applications where
the execution time of motion profiles, and accordingly the total duration of tasks to be
performed, is critical. For this reason, a large number of papers addressing this problem
is available in the literature, including both offline algorithms for the computation of tra-
jectories typically based on dynamic programming, [1, 2] or other different optimization
methods, [3, 4], and on-line planners, able to compute in real-time the trajectory once that
the desired final configuration (position, velocity, etc.) has been specified, [5, 6]. In partic-
ular, in [5] a second order filter is proposed, able to generate trajectories with continuity of
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position and velocity profiles and with a discontinuous but limited acceleration, while in [6]
a filter of third order is built with the purpose of on-line planning trajectories continuous
in position, velocity and acceleration (and with limited jerk).

Besides the possibility of generating online trajectories compliant with given constraints,
the structure of the dynamic filters may have relevant implications on the spectral content
of the motion profile. As a matter of fact, the need of high velocities often leads to the
excitation of eigenfrequencies of machines/robots caused by structural flexibilities and may
produce vibrations and large tracking errors. For this reason, a number of works copes
the problem of filtering preplanned trajectories in order to reduce residual vibrations. The
available methods range from low-pass and notch filters to input shaping techniques, see
[7] for a comparative overview. With this respect, the features of the filter for trajectory
planning can be exploited in order to take into account frequency specifications and not
only time-domain constraints.

The paper is organized as follows. In Sec. 2 the main concepts tied to time-optimal trajec-
tories and dynamic filters for online trajectory generation are presented, then in Sections 3
and 4 the analytical expressions of trajectory generators based on feedback controllers and
on cascades of FIR filters are provided together with their main properties. The two differ-
ent types of trajectory generators are finally compared in Sec. 5, in particular with respect
to the different problems that they can solve (point-to-point optimal trajectory generation,
smoothing of pre-planned trajectories, etc.). Concluding remarks are provided in the last
section.

2 Optimal trajectories and dynamic filters

The optimization process of trajectories subject to constraints on velocity, acceleration,
jerk, ..., leads to the so-called multi-segment trajectories, i.e. trajectories composed by
several tracts properly joined, each one characterized by a specific analytical expression,
and in which the velocity, the acceleration, or higher derivatives (depending on the required
order of continuity) are saturated to the maximum allowed value. By imposing constraints
on the first n derivatives, i.e.

Vo< qW@) < ¢ i=1,...,n (1)

max?

one obtains a trajectory g, (t) of class C"~1, that is with the first n — 1 derivatives that are
(n)

continuous, while the n-th derivative g, ’(t) is a piece-wise constant function whose values
belong to a set {qgli)n, 0, qfﬁgw} The number n is called order of the trajectory. Typical
examples of multi-segment trajectories are the “trapezoidal velocity” trajectories or the
“double S velocity” trajectories, of order two and three, respectively.

Usually, these trajectories are defined by analytic functions, indeed rather complex, but in
the literature different methods based on dynamic systems have been proposed for their
generation. The dynamic filters for trajectory planning generate on-line a time optimal
trajectory gy (t) that tracks at best a reference signal r(t), satisfying desired constraints on
the first n derivatives of ¢,(t). The reference signal r(t) is generally given by a first coarse
trajectory generator providing for instance a piecewise constant profile which defines the
desired final positions, or is an external input, given for example by a human operator.



Among the different trajectory generators, it is possible to identify two main categories
according to their structure:

1. trajectory generators characterized by a control loop, see for instance Fig. 1;
2. trajectory generators characterized by a cascade configuration, like in Fig. 10.

Besides the different structure, the two groups enjoy peculiar features that make each type
of generator preferable for a specific application. In particular, open-loop systems have
a very simple structure and imply a computational cost rather lower than similar closed-
loop generators. Because of their simple structure, they can be easily generalized in order
to implement high order trajectories (with n = 4 or n = 5). On the other hand, this
kind of trajectory planners suffers from some limitations that can be overcome by adopting
closed-loop filters. As a matter of fact, filters with a cascade configuration only work with
symmetric constraints. Moreover, when used for online planning trajectories the desired
bounds cannot be changed in runtime and a new trajectory cannot start before the current
motion profile has executed without violating the desired limit values. On the contrary,
closed-loop trajectory generators allow to modify the limits of velocity, acceleration, jerk,
etc. and to start a new motion at any time.

Finally, while the responses to a step input of the two type of dynamic filters are equal (the
point-to-point optimal trajectory for a given set of constraints is unique), the behaviors of
open- and closed-loop planners are very different when used to filter generic input profiles,
as highlighted in Sec. 5.

3 Closed-loop trajectory generator

The trajectory planner based on feedback regulation is composed by a chain of n integrators
and by a nonlinear controller able to nullify in minimum time the tracking error between
the reference input r(t) and the integrators output x,(t) = ¢,(t), being compliant with
constraints (1), see Fig. 1 [8]. More formally, given the system

T1=1u
To = X1
(2)
Tp = Tp-1
%0 : f()
B I .
T, T,
Y n
r(t) u=1x0| 1 T Tn1 1 % = gu(t)
— > _ _
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Figure 1: Structure of a closed-loop trajectory filter of n-th order.



Figure 2: Structure of the i-th control loop (Sy = 1).

with the state vector & = [x1, T2,..., Tn_1, Tn| = [qq(@n_l), qén_Q), A qff), ¢,)7 and the
constraints on its components

ngl‘l(t)gf“ 1=1,...,n (3)
where z;(t) = ¢ (¢) and z; = qg:i;i), T = ¢ i =1,... n,aim of the controller C'is to
steer to the origin the tracking error defined as y = & —r, being r = [r1, r2,..., Th—1, Tn] =
[r(=1) (=2 (D 7T Note that the vector of the inputs is composed by the reference
signal and its derivatives (up to n —1). Moreover it is assumed that r(n) (t) = 0. Obviously,
the controller C' must not only nullify all the components y; of the error vector, but also
guarantee that for any value of the time ¢

7

where the limit values are computed as
Y, =T —Ti, Y =T —Tie

Note that the bounds on y; are not constant since they depend on the reference input r(t).
Finally, the problem of time-optimal trajectory generation is translated into a problem
of regulation of a chain of n integrators with constraints. In order to obtain a modular
solution, that for the design of the n-th order trajectory planner takes advantage of the
filter of order n — 1, the nonlinear controller is obtained by nesting n controllers, each one
devoted to nullify a specific element of the error vector y in minimum time. For instance,
the third order controller is built over the second order filter which is based on the first
order filter. This structure can be easily iterated in order to obtain higher order trajectory
generators. All the controllers have the same general structure, illustrated in Fig. 2: the
i-th controller acts on the control variable u; € { z;,_;, 0, T;—_1} to steer the state vector
x; = [r1,...,2;]" tor; = [Tity ... ,ri,i]T. Note that, the (i — 1)-th system S;_; has a input
vector 7; of length i. Accordingly the controller C; must generate a control output of the
same size. In particular, the output of the i-th controller will be w; = [0,...,0,u;]7 where
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the term w; is piecewise constant and accordingly its derivatives are null. In the following,
with a little abuse of notation the output of the generic i-th controller is simple denoted
by the scalar u;. Moreover, for the sake of simplicity, in the generic section devoted to the
filter of i-th order both the variables r; ;, and y; , = x; — 7%, k = 1,...,4, components of r;
and y, respectively, are simply denoted with r; and y = x; — rr. However it is necessary
to remember that r; or y; related to the first order filter are different from those defined
for second or third order filters.

3.0.1 First order filter

Given the system of Fig. 3, composed by a single integrator
i’l =Uu
the control law
Zo, if y1 <0
Cl . ul(rl,xl) = 0, if Yy = 0 (5)
Lo, if Y1 > 0

satisfies the constraint z, < xo(t) < To (with z¢(t) = u(t) = 41(¢)) and forces the state
variable x1 to reach the value 1 = r1 (r; constant) in minimum time.

The first order filter cannot be adopted in practical applications since it implies an
impulsive acceleration but is the starting point for higher order trajectory planners.

3.0.2 Second order filter

The first order controller is now exploited to design a second order filter able to steer the
state vector [r1,z2]7 to the desired values [r1,72]”, see Fig. 4. Given the second order
system composed by a cascade of two integrators and by the controller Cf:

{ &1 =uq(u, 1)

3‘5‘2 =1

(6)

where us is the new control input, the control law

Ty, if yo < ha(y1) or y2 = hy (y1)
CQ . UQ(TQ,:I}Q) = 0, if Y2 = Y1 = 0 (7)
zy, if y2 > ho(y1) or y2 = h3 (y1)
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Table 1: Symbols for the definition of the second order trajectory generator.

with
2

hy () = 50 i r <0
hg(yl) = 0, if Y1 = 0 (8)

+ _ yi . £
hz(yl)*fgoa if y1 >0

satisfies the constraint z; < z1(t) < 7; (and obviously z, < zo(t) < Tp) and forces
the variable z2 to reach the value ry (and z; the desired value r1) in minimum time. The
behavior of the second order system is summarized in Fig. 5: the application of any reference
input moves the error y away from the origin of the phase space and the controller acts
so that y is firstly steered toward the curve defined by yo = ha(y;) and then moves to
the origin along this curve. The function yo = ha(y1) defines the so-called switching locus,
i.e. the set of points where the control action u(t) must switch from the maximum to the
minimum value and viceversa. In general, only one switch is necessary to reach the origin.
Note that, when the trajectory reaches the value Y, or Y, it proceeds along the curve
Y1 =y, or y1 =7, respectively. Therefore, if the trajectory starts in the region between
v =1y, and y; = ¥y, the limit values are never exceeded.
With the substitutions of Tab. 1. the second order system can be adopted as second order
position trajectory generator with constraints on speed and acceleration. The responses
of the trajectory generator to a constant reference input ry (r; = 75 = 0) are reported in
Fig. 6(a) and Fig. 6(b). In the former case the limit value of the velocity is reached, while in
the latter the maximum velocity is not attained. Figure 6(c) shows the output of the filter
when the reference rq is a constant and therefore ry varies like a ramp. The system tries to

D)

Y

w | =

Figure 4: Block-scheme representation of the second order filter.
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Figure 5: Phase portrait of the second order filter.

reach the reference signal at the maxim allowed speed and when this occurs it continues to
track ro without error.
Note that in the three cases, the limit values of the acceleration are not symmetric, being
() — 10 and g'rhe = 20
- Qma:c - .

Qnin

3.0.3 Third order filter

In order to define the third order filter, the outer controller C3 is defined, as shown in
Fig. 7. Given the third order system composed by a cascade of three integrators and by
the controllers C'y and Cl:

@y = ug(u1(us, us, v2, 1), T1)
To = T
i‘g = T2
where uz and w3 are the new control inputs, the control law Cj:
Ta, if ys < h3(y2,y1) or ya = h3 (y2,91)
U3(T3, :133) = 0, if Ys = Y2 = Y1 = 0 (9)
zo, if y3 > ha(y2,y1) or y2 = hi (y2, 1)

with
(y1,y2) if yo < ha(y1) or y2 = hy (y1)

hy
hs(yi,y2) =< 0 ify=9y1 =0 (10)
hy

(y1,92)) if y2 > ha(y1) or y2 = hy (y1)
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Figure 6: Output of the second order filter with a step reference input ry, when the bound on x;
is reached (a) and not reached (b) and output of the filter with a ramp reference input 5 (c).

where h; and h}f are defined by

yizg 4+ ((y1 — 51)%Bur +71) — 12(y1 — ¥1)%y2®o + 12y373)z]

24ylggfg ) if Y2 > h; (y17Q17 ha (gl))
hy (y2,y1)= (11)
2y1y22(2o — To)To + (v7 — 2yzfo)(\/(yf — 2y2T0)zo(zg — To) (=220 + To) — 2120 (29 — T0)) ,
6y (2 — EO)E% , otherwise
4a2 + —y 3By +y,) — 12(y1 — v, )Yz, + 12y323)72
yyz5 + (1 —y)° B %14)%%5(;1 Y,)"y229 ¥220) 0 ifys < h3 (y1,71, h2(71))
hy (y2,y3)= (12)
2y1y22 (2 — To)To + (v — 2y220)(\/*(yf — 2y20)To (2o — To)(2To — Zo) — 2y1T0 (2o — To)) _
670 (g — fo)&% , otherwise

satisfies the constraint z, < x2(t) < T (and obviously z; < z1(t) <71 and zy < xo(t) <

To) and forces the vector @3 to reach the desired value 3 = r3 in minimum time. Note that
the design philosophy and the structure of controller C3 are exactly the same of controllers
Cy and Cy. The function y3 = h3(y2,y1) defines a surface that splits the three-dimensional
error space in two regions where the extremal control u(t) = x4 or u(t) = To is applied in
order to steer the points y; towards the surface itself. When the surface is met, the control
action switches its value and y3 goes to the origin remaining on this surface. The figure 8
shows the trajectories of y3; when a step reference input is applied to the filter and two dif-
ferent situations occur: in Fig. 8(a) the limit value of ys is reached before the trajectory hits
the switching surface, while in Fig. 8(b) this does not happen. The corresponding profiles of
[x1, 22, 23]T are reported in Fig. 9. In this case the filter used as trajectory generator (with
the substitutions reported in Tab. 2), guarantees the continuity of velocity, acceleration
and also the boundedness of jerk. Obviously, the filter is able to track in minimum time
not only step inputs, but also ramp and even parabolic signals.
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Figure 7: Block scheme representation of a third order filter.
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_ 3 _ 2 1
xro < qﬁnzm Ty Q7(7u)m Lo < C]fn&x

Ty < 9

Table 2: Symbols for the definition of the third order trajectory generator.

Thanks to the modular structure, the procedure for filters design can be further iterated
in order to obtain higher order trajectory planners. However, the solution, simple from a
conceptual point of view, becomes very complicated because of the computation of the ana-
lytical expression of the switching surface. For this reason, the use of closed-loop trajectory
generators is usually limited to second and third order.
Moreover, is worth noticing that the filter responses reported in Fig. 6 and Fig. 9 are ob-
tained in the ideal case of continuous-time systems. However, a practical implementation
on a digital controller requires discrete-time systems. It is therefore necessary to approxi-
mate the dynamic parts of the filter, in particular the chain of integrators, with equivalent
discrete-time elements, e.g. by considering the integrators obtained by discretization with

the backward differences method: ) T

s 1—2z-1

where T is the sampling time. Unfortunately, such an approximation introduces in the
system some chattering, i.e. a rapid variation of the control action when the error y
approaches the origin, see Sec. 5. In order to suppress such oscillations, one should design
the control system directly in the discrete-time domain [9, 10], but the problem is still under

investigation at least for the third order filter [11].



Figure 8: Trajectories of the error variable y5 with the controller C5 in case that the maximum
value of x5 is reached (a) and not reached (b).
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Figure 9: Output of the third order filter with a step reference input r3 corresponding to the
trajectories of the error dynamics of Fig. 8.



4 Open-loop trajectory generator

Under the condition of symmetric constraints, i.e.

q%n: —qﬁfl)m, 1=1,....,n+1
one can prove that a multi-segment trajectory of order n can be obtained by filtering a step
input with a cascade of n dynamic filters, each one characterized by the transfer function

—sT;

Mifs) = 7 (13)
where the parameter T; (in general different for each filter composing the chain) is a time
length, see Fig. 10. Therefore, the expression of the optimal trajectory of order n can be
written as

an(t) = h - 1(t) *my(t) * ... % mp_1(t) * my(t) (14)
———
=r(t)
where 1(t) denote the unit-step function and h is the desired displacement between the
current configuration and the desired (final) one. Note that (14) can be also formulated in
a recursive way, according to

qn(t) = gn-1(t) * mn(t) (15)

where qo(t) = r(t) = h - 1(t). The smoothness of the trajectory, that is the number of
continuous derivatives, is strictly tied to the number of filters composing the chain. If we
consider n filters, the resulting trajectory will be of class C*~!. By increasing the smoothness
of the trajectory, the duration augments as well. As a matter of fact, the total duration of
a trajectory planned by means of n dynamic systems M;(s) is simple given by the sum of
the lengths of impulse response of each filter, i.e.

Tiot =T +To+ ...+ T,.

The parameters T; can be set with the purpose of imposing desired bounds on velocity,
acceleration, jerk and higher derivatives, by simply assuming

h
.o
Gnaa
(16)
(i—1)
7, o= fmee o
(4)
dmazx

rt)=h-1(t)] 1—esTt |qu(t)] 1—eT2 |q() ()] 1 —e 5T |qn(t)
ST1 ST2 e STn

Figure 10: System composed by n filters for the computation of an optimal trajectory of class
cn L,



with the constraints

T > T,+...+1
T2 > Tn + ...+ T3
(17)
Tn—2 > Tn +Tn—1
Tn—l > Tn-

These conditions are necessary to guarantee that the output trajectory never exceeds the
limits q,(ﬁ)az, 1 =1,...,n. On the other hand, they restrict the types of trajectories that the
filter is able to generate. In particular, the feasible trajectories are those that reach all the
bounds qg)(lz, while trajectories with a triangular profile of velocity, acceleration, etc. with

max; |¢? ()] < qgrzz)aac cannot be planned.

4.1 Derivatives of a generic trajectory

A trajectory generator should provide not only the position profile of the trajectory but
also the related profiles of velocity, acceleration, jerk, etc. which are needed to implement
feed-forward actions on the controlled system. While the closed-loop trajectory planner
directly provides these signals, that are the components of the state vector @, in the case
of the cascade of n filters, it is necessary to purposely compute their value. However, the
calculation of the derivatives of a trajectory g, (t) is straightforward by considering the
definition (14). In fact,

D) = gua(®) xmP ()
S SR CORERE) (18)
S (GRS )

The generic derivative of k-th order, can be calculated in a recursive manner as

a0 = 7 (48500 - 5 ¢ - 7)) (19)

with qg? (1) = qn_i(t). Figure 11 shows the block-scheme representation of the filter for the

computation of the trajectory and its derivatives which has been obtained by iterating and
Laplace transforming (19). Note that the filter of Fig. 11 gives a closed form expression (in
terms of Laplace transform) of the derivatives and does not simply provide their numerical
values.

4.2 Frequency characterization of the trajectory /filter

The expression of the trajectory ¢,(t) based on a cascade of linear dynamic filters allows

to readily deduce its spectrum. As a matter of fact, by considering the Laplace transform
of (14):

Qn(s) = g - Mi(s) - Ma(s) - ... My(s). (20)



T(t) =h- l(t) 11—t |1 (t) qn2(t) 1 — e 5Th—1 Gn-1(t) 1 — e sIn q'n(t)
sT) sT,_1 sT,,

1—eT | gP(t)
1,

1—e Tt [ ¢ 1—e T | a2(t)

Tln—l Tn

1 _ n— n

T—e=T |0 2P| 1—e T [0 1—eTn | g (t)
Tl Tn—l Tn

Figure 11: System composed by n filters for the computation of an optimal trajectory of class
C™ ! and of all the derivatives of order i = 1,...,n.

the Fourier Transform of g, (¢) immediately descends, being the restriction of @, (s) to the
imaginary axis, i.e. Qn(jw). Therefore, the closed form expression of Q,(jw) is given by
the products of the Fourier signal corresponding to the input h - 1(¢) and the frequency
responses of the filters composing the trajectory generator:

. h . ) )
Qn(jw) = o M (jw) - Ma(jw) - ... Mp(jw)
where

11— ewh

M;(7 = —-——

LwTy Sin (WZ,TZ)
= C_JTT. (21)
2

Since the frequency characterization of trajectories, including their derivatives and, in par-
ticular, the acceleration [12], is a useful tool to predict vibratory phenomena in the systems
to which the trajectories are applied, it is necessary to obtain the expression of the spectrum
of the generic k-th derivative of g, (t). Because of the properties of Laplace transforms, this
result is straightforward. As a matter of fact, the Laplace transform of qgk)(t) is simply
given by
Q) (s) = 5*Qn(s)
and therefore the expression of the spectrum of q,(lk) (t) is
QW (W) = (jw)* - Quljw)
= h- (jw) 7t My (jw) - Ma(jw) - ... - My (jw)

In conclusion, the amplitude spectrum of g, (¢) and its derivatives, i.e. \lek) (jw)l, is given
by the product of two main elements:
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Figure 12: Magnitude of the frequency response of the filter M;(s).

e a power of w, i.e. w*~!, being k the order of the derivative;
e the (magnitude of the) frequency response of the a chain of n filters M;(s).

The frequency response of the cascade of filters is given by the product of the single fre-

quency responses M;(jw), i = 1,...,n, whose magnitude is
. wT;
. sin ( 5 ) ' w
|M;(jw)| = |—7—| = |sinc | —
2
where sinc(+) denotes the normalized sinc function defined as sinc(z) = Singx) and w; = 2.

Note that the function |M;(jw)|, shown in Fig. 12, is equal to zero for w = kw;, with k
integer. This properties can be profitably exploited to properly chose the parameters of
the trajctory/filter with the purpose of nullify the spectrum of the trajectory at critical
frequencies, for instance the eigenfrequencies of the plant. For this aim, if w, denotes a
resonant frequency, it is sufficient to assume

W 2m

wi=— & Ti=1—, 1=1,2,.... (22)

l Wy
Note that, with these considerations the same conclusions as in [13] has been reached and
generalized. As a matter of fact, with reference to a double S speed trajectory in [13] it
is recognized that in order to suppress residual vibrations due to the dominating vibratory
mode of an axis of motion it is necessary to assume the duration of the “jerk period” (in
which the jerk remains constant) equal to a multiple of the natural period of the vibrational
mode. According to (22) the reduction of residual vibrations caused by resonant frequencies
of the plant can be achieved with multi-segment trajectories of any order provided that the
time constant T; of a filter M;(s) is [ times, [ integer, the dominating natural period Z—T:

4.3 Evaluation of the trajectory by means of FIR filters

Although the expression of a generic trajectory is usually provided in the continuous-time
domain by means of an analytic function of time t, it is generally used as reference signal for
a computer controlled system and therefore needs to be evaluated at discrete time instants,
which depend on the sampling time Ty of the controller. For this reason, like in the case



of closed-loop trajectory planners, it is necessary to express the trajectory filter in the
discrete-time domain. Starting from the expression of the continuous trajectory planner,
obtained by connecting n filters M;(s) in a cascade configuration fed by a step function, it is
possible to deduce an equivalent discrete-time system by discretizing the filters with one of
the techniques available in the literature [14] and providing as input the sequence obtained
by sampling with a period T the continuous step function. In particular the adoption of
backward differences method leads to a digital filter composed by a chain of FIR filters,
whose transfer function results

11—2N
M;(z) = N1 (23)
(A
where
N = L (24)
Z__jg

is the number of samples (not null) of the filter response, which is also equal to the number
of elements composing the FIR filter (usually called taps) as they appear in the equivalent
(nonrecursive) formulation
1 1 1 1
M(2) = —+ —2"1+ — R A 25
i(2) N + NZ-Z —|—Niz + —I—Niz (25)

Note that (25) is the expression of a moving average filter, which averages the last NV;
samples.
Finally, the expression of @, (z) representing the discrete-time trajectory in the z-domain
results

h
Onle) = T

where —L— is the z-transform of

1—2z—1
1, for k=0,1,2,...
L(k) _{ 0, for k<O.

It is worth highlighting that the temporal sequence ¢, (k) = Z7{Q,(2)} only approximates
the corresponding continuous-time trajectory ¢,(t) as shown in Fig. 13, where the samples
of g3(k) are compared with the profile of the corresponding third order trajectory gs(t).
In this case the sampling time T = 0.02 has been intentionally assumed quite large, if
compared with the total duration of the trajectory, in order to point out the approximation
error. However, it is possible to prove that when 7§ goes to zero, such an error vanishes.
From a practical point of view, this means that for sampling periods small enough, the
sequence ¢, (k) can be used in lieu of the corresponding function ¢, (t) without appreciable
differences, and therefore the bank of n FIR filters shown in Fig. 14 fed with sampled
step functions (defining the desired final positions) can be adopted to generate online the
trajectory of order n.

Also from a frequency point of view @, (jw) is approximated by the spectrum of @, (z),
that can be computed as

. h . ) )
Qu() = T My ) My (7). M (1)

h . . .
~ T My (7)Mo (e74T5) ... M, (e79T%) (26)
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Figure 13: Comparison between the output of the third order continuous-time filter (solid line)
and that of corresponding cascade of FIR filters (dots) obtained by discretization (75 = 0.02).

with
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where the Taylor series expansion of exponential function truncated at the first order, i.e.
eI 1 — jwT,

has been used. Note that because of the approximation, (26) and (27) are valid only only
if wTs is small enough. As a consequence the smaller the sampling time T is, the wider
the frequency range of validity of (26) will be. Within this range, the considerations of

r(k)=h-1k)] 1 1—2zM |ak)| 11— |@k) Gn-1(k) | 1 1 — z2=Nn | qu(k)
N, 1— 21 Ny 1— 21 U N, 1—2z1

Figure 14: System composed by n moving average filters for the computation of an optimal
trajectory of class C"~! at discrete time-instants k7.



Sec. 4.2 remain valid and therefore the desired trajectory g, (t) can be planned by means
of the chain of discrete-time filters, whose characteristic parameters N; are directly related
to the periods T; defining the trajectory by means of (24).

Finally, it is worth noticing that from a computational point of view the structure
proposed in Fig. 14 for the generation of time-optimal trajectories results very efficient. As
a matter of fact the i-th FIR filter is characterized by the differences equation

! (gi—1(k) —qi=1(k—N;)), i=1,...,n

qi(k) = qi(k —1) + N

and for the evaluation of ¢; at the k-th sampling time two additions and one multiplication
are necessary. Therefore the trajectory of order n requires n multiplications and 2n addi-
tions. Note that the general expression of multi-segment trajectories based on polynomials
is

qn(t) = aimtn + ai,n_lti’n_l + a;1t + a; 0, 1=1,... ,2” -1

where the coefficients a; ; must be properly computed for each of the 2" —1 tracts. Obviously
some of these coefficients are null in specific segments, but in the worst case an efficient
evaluation! of the trajectory for a given value of ¢t needs at least n multiplications and n
additions. Moreover, in the case of the direct evaluation of the the analytic expression
of the trajectory it is necessary a search algorithm to determine which segment must be
considered at a specific value of time ¢ and a switch statement to apply a different expression
for each tract. For this reason the expression based on FIR filters is preferable to the
standard analytic expression of multi-segment trajectories both in terms of implementation
complexity and computational costs.

4.4 Applicative examples

The trajectory generator composed by n running average filters owns two main features
which make it superior over classical pre-planned optimal trajectories, namely

e the possibility of planning the trajectory online by simply changing the input signal
composed by step functions;
e the clear frequency characterization of the trajectory obtained as output of the filters’

chain which makes possible choosing the value of the characteristic parameter T; of
each filter on the basis of the desired trajectory spectrum.

These features are now exploited to perform tasks that with the analytic expression of
optimal trajectory would require complicated procedures while are immediate with FIR
filters.

4.4.1 Multi-point optimal trajectories

The planning of complex trajectories composed by several segments joining a set of via-
points p;, j = 0,...,m can be simply achieved by feeding the discrete-time filter of Fig. 14

'For the estimation of the complexity of the polynomial evaluation the so-called Horner formula has been
assumed.
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Figure 15: Complex motion obtained with a third order trajectory passing through a sequence
of via-points p = {0, 1,2,5,3,—2,5,0}, with the constraints q%()w = 15 m/s, q,(ﬁ()w = 600 m/s?,
¢+ = 30000 m/s?.

with a staircase function whose constant values are the desired (final) positions p;. For
instance, in Fig. 15 a motion profiles composed by a sequence of third order trajectories
g3(t) (double S speed trajectories) is shown. The trajectory generator is formed by three
running average filters, defined by the time constants

hil _ IRyl
(1) 15

Qmax

(1)
Gt 0025

qmax

(2)
_ Qmaz B 0.02 B
T3 = 3) =0.02s — N3 = m = 200

Qmax

Ty =

where hj = p; —pj—1, j = 1,...,m represents the displacement of the j-th tract and the
sampling time is Ts = 0.0001s. Note that, the limit values of velocity, acceleration, jerk, are
generally constant and therefore No and N3 are fixed before the motion starts. Conversely,
in order to guarantee a constant velocity with different displacements h;, it is necessary
to change online the structure of the first FIR filter composing the trajectory planner. In
particular, it is needed to adapt the number of taps composing the filter to the desired
displacement value h;, according to the formula N;; = round ‘h{1|> > Obviously, this

s'dmazx

operation must be performed whenever the input signal defining the final position changes



and it is necessary to guarantee that the FIR filter’s output remains constant. Since a new
via-points is given only when the previous one has been reached, when the input changes
all the FIR filters (and in particular the first one) are in a steady-state condition. For the
first filter fed with constant signals, this means that both the output and all the internal
states are equal to the input value. As a consequence, when additional taps are added to
M;i(z), in order to keep the output unchanged, it is necessary to set the values of the new
internal states equal to those of the existing states. When some taps are eliminated, the
values of residual internal states are not modified.

With this simple procedure, a sequence of double S speed trajectories compliant with the
desired constraints and crossing the given set of points can be planned online by applying
to the chain of n = 3 moving average filters the signal obtained by sampling with a period
T, the continuous-time function

m

r(t) =Y p;- Lt —t;)

Jj=1

where ¢; is the starting time-instant of the j-th trajectory, that can be computed recursively
from ¢;_; according to

tj =1;1+ T17j_1 + 15 + T3, with t; = 0. (29)

4.4.2 Multi-segment trajectories with frequency specifications

In previous example the parameters of the trajectory generator are obtained on the basis
of constraints (velocity, acceleration, jerk) expressed in the time-domain, but as already
mentioned the structure of the filter makes it particularly suitable for taking into account
frequency constraints, which may arise because of critical frequencies of the plant that
must track the motion profile. In this way, it is possible to combine the advantages of
time-optimal multi-segment trajectories with those of the approaches that filter the input
trajectories in order to properly shape their spectrum, see [7] for a comprehensive overview
on this argument. It is worth noticing that closed-loop trajectory filters, based on nonlin-
ear controllers, do not provide a frequency characterization of the output on the basis of
the input and of the filters parameters and therefore cannot take into account frequency
specifications.

In order to demonstrate the effectiveness of the proposed procedure for trajectory planning
we consider the standard motion system shown in Fig. 16, composed by two inertias with
an elastic transmission lightly damped [15, 16, 17], whose model (from the motor position
¢m to the load position ¢;) corresponds to the following transfer function

CQu(s) | 20wns 4w (30)
C Qm(s) 82+ 20w,s + w2

Gml

with

@ 5= bt

A N

The parameter of the system, reported in Fig. 16, are derived from [17], as well as the
trajectory constraints (qr(%,)m = 250 rad/s, qr(,f()m = 5000 rad/s?, qum = 5 x 10° rad/s?).

Wn =



Tie Parameter Symbol Value Unit

(T Motor inertia I, 0.72 x 107>  kgm?

‘ Load inertia Ji 0.23 x 107° kgm?
Spring stiffness ky 0.156 Nm

Internal damping b, 1.0x 107 Nms

Figure 16: Lumped constant model of a motion system with elastic transmission and values of
parameters.

With these parameters the resonant frequency of the system is w, ~ w, = 260 rad/s.

We suppose that an ideal control system imposes to the (rotor) inertia .J,, the desired
motion profile, that is ¢, (t) = gref(t), being ¢re¢(t) a trajectory obtained with the trajectory
generator, and we analyze the effect of a particular choice of the filter’s parameters on
the dynamic behavior of the plant and in particular on the the tracking error, defined
as €(t) = qref(t) — qi(t) = qm(t) — q(t). Obviously, the choice of the parameters of the
filter is critical only when the spectral components of the trajectory are appreciable in the
neighborhood of the eigenfrequency of the plant. If this occurs, the design of the trajectory
neglecting the dynamic characteristics of the plant may lead to large tracking errors and
residual vibrations when the motion should stop. For instance, the response of the motion
system G,,;(s) to a trapezoidal velocity trajectory obtained by assuming 77 = 0.064s and
Ty = 0.032s (Tyot = 0.096s) is shown in Fig. 17(a) along with the error £(¢). Note the
considerable value of the error at the end of motion, in particular if compared with the
error obtained by applying to the system the trapezoidal velocity trajectory of Fig. 18,
characterized by the same total duration T;,; = 0.096s but obtained with 77 = 37y and
Ty = Tp (being Ty = i—j = 0.0242 s the natural period of G,;(s)). By analyzing the spectral
contents of the two trajectories, and in particular of the acceleration profiles, it is possible to
easily explain such results. Note that the dynamic relation between the reference trajectory
and the tracking error &, obtained from (30) after simple algebraic manipulations, is given
by

52

G =
(5) 82 + 20wy s + w?

that is € can be obtained by applying the second derivative of the trajectory, i.e. the
acceleration profile, to a second order system (without zeros) characterized by a natural
frequency w, and a damping ration . For this reason in Fig. 17(b) and Fig. 18(b) the
spectrum |Q£?) (jw)| of the acceleration profile, hereafter denoted with V' (w), is compared
with the magnitude of the frequency response of G.(s) (properly scaled for the sake of
clarity). From considerations of Sec.4.2 it follows that the parameters

wr

T1:3T0<:>W1:?

and
T, = To & Wo = Wy
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Figure 17: Response of the elastic system G,,; to a trapezoidal velocity trajectory obtained with
T, = 0.064s and T, = 0.032s: tracking error (a) and frequency spectrum of the acceleration (b).
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Figure 18: Response of the elastic system G,,; to a trapezoidal velocity trajectory obtained with
Ty = 3T, and Ty = Tp: tracking error (a) and frequency spectrum of the acceleration (b).

lead to |Mi(jw,)| = 0, and |M3(jw,)| = 0, and therefore they introduce in V(w) a zero of
multiplicity two for w = w,.. This implies that not only

V(wy) =0,

but also
dV (w)

=0
dw |w=u,

and, as a consequence, in the neighborhood of the resonant frequency w, the slope of the
function V(w) is small and therefore the function remains limited in a broader range of
frequencies.
The use of double S velocity trajectories (with limited jerk) can further improve the results in
terms of magnitude of the tracking error as highlighted in a number of work, see [16, 15, 17].
But also in this case the choice of the filter /trajectory parameters has a strong influence on
the system output, as shown in Fig. 19 and Fig. 20, where two double S velocity trajectories
of the same duration are compared. In particular, a choice of the time constants T4, 15,



Figure 19: Response of the elastic system G,,; to a double S velocity trajectory obtained with
T, = 5/2T,, Ty = 3/4T, and Ty = 3/4Ty: tracking error (a) and frequency spectrum of the
acceleration (b).
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Figure 20: Response of the elastic system G,, to a double S velocity trajectory obtained with
T, = 2Ty, Ty, = Ty and T3 = Tj: tracking error (a) and frequency spectrum of the acceleration

(b).

T3 that does not take into account the presence of a resonant peak into the system? does
not produce any improvement in the tracking performances with respect to lower order
trajectories such as trapezoidal velocity trajectories, see Fig. 19. On the contrary, by
assuming the parameters T = 271y, T = Ty and T35 = Ty the spectrum of the trajectory
V(wy) has a zero of multiplicity three for w = w,, and therefore

B dV(w) B dQV(w)

Vi(wr) = =0.

dw  |y=u,  dw? lo=w,

2Note that the values

5 2
T1 = iTo < wp = gwr

3 4
T2:T3:ZT0<:>WQZW3:§WT

do not guarantee that V(w,) = 0, as shown in Fig. 19(b).
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Figure 21: Response of the elastic system G,,; to a double S velocity trajectory obtained with
T, = |h|/ qﬁé,)w, T, = q%,)w / qg,)w and Ty = T7 — Ty: tracking error (a) and frequency spectrum of
the acceleration (b).

From a practical point of view, this means that the values of the function V(w) in the
neighborhood of the resonant frequency are smaller than those of the trapezoidal velocity
trajectory of fig. 18, whose parameters T; are obtained with similar considerations. As a
consequence, the tracking error of the plant is reduced. In particular for the trapezoidal
velocity trajectory the maximum value of the error is max |e;| = 0.3395, while for the
double S velocity trajectory max |eag| = 0.2536, with a reduction Ale| ~ —25%.

In the examples discussed so far, only the constraints due to the dynamic behavior of the
plant have been considered, while the bounds velocity, acceleration, etc. have not been
taken into account. As a consequence, the peak values of g™ (t), ¢ (t), etc. depend on the
choice of the parameters T;. For instance, in the case of the double S speed trajectory of

Fig. 20(a), the values of such parameters lead to q,(%,)w = 276 rad/s (being the displacement

h = 20rad), qum = 11454rad/s?, qq(f:’()m = 474750rad/s3. However, the interpretation of
multi-segment trajectories as a bank of filters allows to combine temporal and frequency
constraints. This feature must be profitably exploited when the actuation system imposes
some physical limits and the load introduces undesired dynamical modes. For instance, with
reference to the plant G, (s), if the actuation system is capable of providing a maximum
speed qﬁ,lu)m and a maximum acceleration q,(szm, a minimum time double S velocity trajectory
can be obtained by assuming 77 = h/ qﬁax and Th = q%()w / qg()m, while the parameter Tj is
set to the minimum value compliant with constraints (17), that is 75 = 71 — T». However,
although the error is about one order smaller than the error of trajectories of Fig. 18 and
Fig. 20 obtained by tacking into account only the dynamical model of the plant?, it exhibits
some oscillations when the trajectory stops, as highlighted in Fig. 21(a). In order to reduce
these residual vibrations one can set the free parameters 73 to Tj in order to make V' (w)
null for w = w,, see Fig. 22. In this way, the resonant mode of the plant is not excited
and, at the end of the motion, the error € goes immediately to zero. Obviously the bounds

3This is due to the total duration of the trajectory obtained with temporal constraints, T},; = 0.16s, which
is pretty higher than the duration of the other trajectories, T;,; = 0.0965s. For this reason the magnitude of
spectral components at high frequencies is considerably reduced.
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Figure 22: Response of the elastic system G,,; to a double S velocity trajectory obtained with
T, = |h|/ q%()w, T, = q,%z / q,(fc)w and T3 = Tp: tracking error (a) and frequency spectrum of the
acceleration (b).

on velocity and acceleration are satisfied, as shown in Fig. 23.

In conclusion, the formulation of multi-segment trajectories based on dynamic open-
loop filters allows to consider both temporal and frequency specifications. In particular,
if bounds on the first m derivatives q,(f) (t), i = 1,...,m are given, and additionally it is
necessary that V(w) = 0 for [ critical frequencies w,;, i = 1,...,l, the trajectory order
must be assumed n = m 4. Then, the former m parameters 7; must be selected according
to (16), while the latter [ parameters on the basis of (22). In general, the durations T},
i =m++1,...,m+ [ are lower than T;, i« = 1,...,m. If this does not occur, it means
that the constraints due to dynamical reasons are not consistent with the one or more of
the limits on velocity, acceleration, jerk, etc. but it may be necessary to reduce such limit
values (alternatively one can neglect such bounds that are met in any case, because of the
frequency constraints).
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5 A comparison between closed-loop and open-
loop filters

In this section, the main differences between closed- and open-loop trajectory planners are
highlighted, in particular, with respect to their performances and the different problems
that they can solve. As already mentioned, closed-loop filters are superior to analogous
open-loop systems in terms of capacities and flexibility (asymmetric bounds, no additional
constraints among the filter parameters such as (18), possibility of change the desired limits
in runtime) but they are also affected by some limitations (presence of chattering superim-
posed to the output, high complexity of the implementation, high computational burden,
maximum order n = 3). For this reason the choice of a particular type of filter must be
performed according to the specific application to be carried out. For instance, in stan-
dard tasks where online generation of point-to-point trajectories is required, if the desired
bounds of velocity, acceleration, jerk, etc. meet the conditions (18), open-loop filters are
preferable. As a matter of fact, as reported in Fig. 24(a) and Fig. 24(b) the two generators
provide the same trajectory but with very different costs in terms of computational com-
plexity. Moreover, in Fig. 24(a) one can easily observe the oscillations in the jerk profile
and the overshoots in the acceleration. Figure 24(c) shows the fourth order trajectory q4(t)
obtained by applying the same stepwise input function to a chain of four running average
filters. With a little increase of complexity, one can obtain the time-optimal trajectory with
the desired degree of smoothness.

On the other hand, if the input function changes before that the previous tract of trajec-
tory ends, the open-loop generator cannot guarantee the compliance with the constraints,
see Fig. 25(b). On the contrary, closed-loop filters always fulfill the prescribed constraints,
as shown in Fig. 25(b). Moreover, as already mentioned, in case of feedback controlled
trajectory generators, it is possible to consider asymmetric limits, i.e. qﬁfl)am —qy(:.l)m, or
even change the values of the bounds in runtime. In this case, the controller will act so

Profiles of position, velocity and acceleration of the trajectory considered in Fig. 22.



Figure 24: Comparison between the output of the third order closed-loop filter (a) and those of
a third order (b) and fourth order (c) open-loop filter with the same input r(¢) composed by step

functions.

that the new limits are satisfied in minimum time. For instance, in Fig. 26(b) the behavior
of the filter is shown when the minimum value of velocity is increased from —0.2 to —0.1.
As soon as this occurs, the controller modifies the velocity of the motion profile in order
to meet the new limit but without violating the other constraints on acceleration and jerk.
Conversely, by adopting an open-loop generator it is not possible to change the constraints
during the planning of a trajectory, since this requires a structural modification of the filters
composing it, leading to discontinuities of the response. In fact, the number of taps of the
FIR filters is directly related to the desired bounds by means of (24).

Finally, both closed- and open-loop filters can be used to modify pre-planned trajecto-
ries with the purpose of making them compliant with the desired bounds and not only
to generate point-to-point multi-segment trajectories. Also in this case the two types of
dynamic systems behave quite differently. In Fig. 27 the responses to a reference input r(t)
composed by ramp functions (therefore with constant velocity and impulsive acceleration)
are reported. The closed-loop filters tries to reach in minimum-time and then to track the
reference r(t), satisfying the given constraints. On the contrary, the third order open-loop
filter produces a smoother but delayed version of the input. Note that the output signal
reaches the constant velocity of the ramps but that all the other constraints are not reached.
Moreover, since the input signal is continuous the resulting trajectory has continuous jerk.
Therefore it is possible to consider a second order trajectory filter, with the parameters

e
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Figure 25: Comparison between the output of the third order closed-loop filter (a) and that of a
cascade of three moving average filters (b) with the same input r(¢) composed by step functions,
that are applied in time instants that are not consistent with (29).

to assure that all the constraints are satisfied. In this way, the total (constant) delay
between the input and the output is reduced, being Ti, = 171 + 1o, see Fig. 27(c).

Despite the hypothesis ) = 0 assumed in the design of the third order closed-loop filter,
the variable structure control allows to consider input signals r(¢) that do not fulfill this
condition. In Fig. 28(a) the response of the filter to a generic input is illustrated. When
the desired bounds are met the output follows exactly the input but when the reference
overcomes such values the filter limits the output. In this case the reference input may
represent the commands provided by an external system or a human operator, and the
trajectory filter can be profitably exploited to make them compatible with the physical
limits that are present in any plant.

On the contrary open-loop filters behave like a standard low-pass filter, and therefore if the
input signal is “too fast” the output will result quite deformed (and delayed), see Fig. 28(b).
As a consequence, the chain of FIR filters is not suitable for an application to generic inputs,
even if the possibility to select the filters’parameters on the basis of frequency specifications
can be of great help when it is necessary to plan time-optimal trajectories for plants with
critical frequencies.



Figure 26: Response of the third order closed-loop filter to a stepwise input function under
asymmetric constraints of velocity and acceleration (a) and with a variation of the bound on the
velocity (b).



Figure 27: Comparison between the output of the third order closed-loop filter (a) and those of
a third order (b) and a second order (c) open-loop filter with the same input r(¢) composed by
ramp functions.



Figure 28: Comparison between the output of the third order closed-loop filter (a) and that of a
cascade of three moving average filters (b) with a generic input ().



6 Conclusions

In this paper, generation of time-optimal trajectories by means of dynamical filters is consid-
ered. In particular, the different closed- and open-loop schemes are analyzed and compared.
Trajectory generator with a feedback loop can be used to filter generic input signals with
the purpose of make them compliant with the given bounds on velocity, acceleration, jerk,
etc.. The filter acts so that the output signal follows the input with no delay if all the
constraints are satisfied. Otherwise, the output is limited. In case of a stepwise input
function the output is a multi-segment time-optimal trajectory. The same trajectory can
be obtained by applying a step signal to a chain of FIR filters, characterized by a simple
structure and a low computational cost that make them ideal for point-to point motions,
even with an high degree of smoothness (n =4 or 5).
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