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Abstract—A filter for trajectories smoothing is presented. The the rough commands provided by the operator or more often
filter provides an output reproducing the input trajectory if thisis  py a supervisory system. Moreover, the trajectories must be
compliant with given constraints on the velocity, the acceleration generally optimized according to a some criterion, usually

and the torque required for tracking it. Otherwise, the filter th inimizati f th fi i For thi
approximates the input profile guaranteeing that the output 1€ MiNIMization of the execulion tme. For this purpose,

trajectory satisfies all the kinematic and dynamic limits. The S€veral approaches are available in the literature: in[f],
tracking of the input signal is optimal in the sense that at each [7] trajectory filters dealing with the kinematic constnairfior

time instant the limit value of one among velocity, acceleration pne-dimensional profiles are proposed, in [8] the trajéesor

and torque is reached. The filter, based on a variable structure ganaration for robotic manipulators with bounded torques a
controller, is designed in the continuous-time domain but can L . .
torque-derivatives is considered.

be implemented by discretization as a sampled system. It can ;
therefore used in mechatronic and robotic applications driven by The proposed trajectory generator belongs to the samercbsea
digital controllers in order to filter trajectories planned without  line of the filters presented in [7], [9], [10] and [11], thaka

considering the above mentioned constraints or to generate in all based on the phase plane analysis [12] and the variable
real-time smooth trajectories by simply providing basic inputs structure control technique [13], both in the continuoud tre
such as step or ramp functions. discrete-time domain. In this case, besides the constraimt
velocity and acceleration, also the torque necessarydk thee
trajectory is taken into account. This issues is very ingurt

In recent years, because of the need of more flexibilityhen the best trajectory feasible with a given actuatiomesys
and the increase of the automation in a number of industrigharacterized by precise torque limits) is aimed.
processes, online trajectories planning has become a wery i Il. PROBLEM FORMULATION

portant issues for a number of applications. As a matteraif fa o , o
In many applications, the constraints on the admissible

in may cases it is impossible to compute offline the motion . , X :
profiles to be tracked by mechatronic and robotic systerf€f€rence signals, used to drive systems with electric eupn

For instance, when the required motions are not repetitive Hatic actuation, depend on the physical limits of the motors
not predictable in advance it is necessary to generate protﬂaterms of maximum velocity, acceleration but also maximum
motion profiles, generally starting from basic input refere t0rqué they can provide. Therefore during the planning of
commands such as step or ramp functions. Consider the ci&igctories for such actuators it is necessary to meet the
of wheeled mobile robots [1], [2] or unmanned air vehiclel!lOWing constraints:

[3], for which the target is generally given or modified inlkea 1) Velocity constraint

time according to the task to be performed, the presence of G < & < dar, (1)
obstacles in the workspace, etc. Online trajectory geiograt ) _

is a relevant problem also in the field of automatic machines2) acceleration constraint

and industrial robots, e.g. when command inputs are djrectl Em < 3 < FEup, )
provided by the human operator or when it is necessary
to synchronize different subsystems. A typical example is
given by a robot which must track objects (to be grasped or T < T < Tap. 3)
machined) on a conveyor. Since objects may arrive unordere . .

and with a varying rate it is necessary to generate online tge(j n Orfef tot takellnto_ acg;nt_mt the constr{a mtt on Ithte 'F;r_que
trajectory in order to correctly track the objects of instre unng trajectory pianning 1t 1S necessary 1o transiatenial

[4]. In all the above mentioned applications, it is necqssa?onsna'm on the velocity and/or the acceleration, by raasg

to plan trajectories compliant with the kinematic consttsi ;r\:}ve”éieflcvidarggiﬂec’;t:i?nlﬁgdbltﬁ bﬁiti”(\:/grr:]'n']:gr: tlgg ds?rl](g dzfl
(le. limits of velocity, acceleration, jerk, etc.) and dynic re rpeserz/{ed by an inertia pIus soqme frictional phenomena
constraints (i.e. torque and possibly torque-derivativarials) P s ) P P

) . . modeled with a damper):

imposed by the actuation system, by the mechanical stmct&r

of the plant and by the specific application, starting from T=Ji+bt, 4)

I. INTRODUCTION

3) torque/force constraint
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For a given control signali(z), the expression of a tra-
jectory of the system starting from a generic poipt, yo)
can be readily deduced. Lef = hqy4,(y) + yo be the
explicit expression of the system trajectory through, o),
that for the system composed by the two integrators can be
always found when the sign @f() does not change. Clearly
ha,g (Yo) = 0. Deriving with respect to time, one obtains

where J is the total inertia (including the motor inertia) and dha.go(9) .
b is the damping coefficient. In this case, (3) can be rewritten Tyy

as
By considering the additional condition on the referenqritn

7(t) = 0, it follows that§j = & = (&) and the differential
This expression is only a particular case of the more genegguation becomes

B ASIC TRAJECTORIES OF THE SYSTEM
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Fig. 1. Basic structure of the trajectory filter.

Y=

J N1 —bi) <& < J Yy — bid).

expression dha g0 (1)
an (&) < & < (@), (5) i = e+ ). @)
Y
where the acceleration is bounded by two generic functid’msg . - . . . .
the speed y solving this differential equation one obtains the exgien

The structure of the proposed trajectory filter is shown i?\f the functionhs, 4, (§) and therefore of a generic trajectory:

Fig. 1. The goal of the controllef’ is to nullify in minimum ) ¢
time both position and velocity errors with respect to theuin Y = hag (¥) +yo = / W
r(t), defined agy = = — r andy = & — r, guaranteing at the v

same time the compliance with the constraints (1), (2) aid (3" particular, the trajectory starting from the origig, 7o) =
Sinceu = i, from (2) and (5) one achieves (0,0) is ;

, RS
= hq = -
Yy ,O(y) A U(

§+7)
It is possible to find the trajectories throudh, o) = (0,0)
corresponding to the control inputs = w,, (&) and @
up (), called respectivelyi,, o(y), andhas,o(y). The adop-
tion of the load model (4) is mainly due to the possibility

Y

d§ + yo (8)

U (2) < u < upg(E) (6) dg.

where

U () = max{Zy,, am(2)}

up (&) = min{a@pr, apr ()}

with, in the general casey,, (%) # —up (), see Fig. 2.

Additionally, we suppose that in the interv@l,,, & ,/] the
two functionsu,, () andwu,, (&) never cross the axig = 0.
In this way, in all the domairiz,,, @], it is guaranteed that

up(€) > 0 andu,, () < 0. These conditions have important

implications on the shape of the system trajectories in t

of obtaining a solution of (7) in a closed form, given in (9)
and (10). In any case, the theory here reported remains still
valid also with different models (possibly nonlinear) buts
n
ﬁglution of this differential equation is conceivable.

ecessary to solve (7). In more complex cases, a numerical

In Fig. 3 the trajectories of the system obtained with=
h%f”(@ and & = wuy (&) for different values of the initial
conditions are reported. In this case, only the constraints
Ithgz acceleration and on the torque have been considerel@, whi
ﬁ%e limits on the speed have not been taken into account yet.

phase plane.

Finally, the bound on the torque (and on the acceleration)
become a constraint on the control actiaft) and the control
problem consists in steering the state of the error dynam
(y,y) to the origin of the phase space in minimum time wit
the constraints (6) and (1) for any admissible initial coiodi

. hm 0(7/?
(Y0, Yo)- N

(@)

Fig. 3. Phase portrait of the “double integrator” with cahtinput «(t) =

Fig. 2. Constraints on the control signal. ups (dashed lines) and(t) = u, (solid lines).
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Fig. 4. Regions of the phase plane of the “double integradefined by the @) (b)

curvey = ho(y).

. . . . Fig. 5. Output of the system with the controll@ppt (&) and related trajectory
All the trajectoriesy = hu,, 4,(9) + yo passing through inthe phase plane (b).

the point(g,0), § > 0, intersecthso(y), and likewise all
the trajectories) = h,,, 4, () + yo passing through the pointbeing ¢ = y — ho(y). The controlled system is globally

(9,0), y < 0, intersecth,, o(y). In particular, the curve = stable. As a matter of fact, for any possible value of the
ho(y) with initial condition (yo, 7o), the state of the system is driven
haro(d) if § <0 on the_ “switching surfac_e’b = 0 (that isy = h_o(y')) in _
ho(3) :{ M0 = f|n_|t_e t|me_and then it ideally moves along th|s_curve__|n
hmo(y) ifg>0 minimum time. If the first phase the control signal is positiv

. . . . a}r11d equal to the maximum allowed value, in the second phase
spll_ts the phase plane into two regions, see F'g' 4. In b% assumes a negative value and vice-versa, originating the
regions, with a proper control all the trajectories are éarc classical “acceleration” and “deceleration” phases biaf
towardsho (y): constant acceleration trajectories. In Fig. 5 the trajéeso

« inR,, the trajectories obtained by applying to the systegbtained by filtering an input signal(t) composed by two

the control inputu = u,,(y + 1) go towards the curve steps is reported, along with the corresponding trajezsori

_hM,O(y); _ . . ~of the system error in the phase plane. It is worth noticing
« in Ry the trajectories corresponding to the control inphat the control signal/acceleration is not constant sihdg
u = up(y+7) tend to the curver,, o(9). constrained by a velocity dependent limit. Moreover when

the final position is reached, and accordingly the efrgr)

is practically coincident with the origin, the control san
On the basis of considerations of Sec. Ill, it results that tistarts switching at a very high frequency (see the accéerat

optimal controller which allows the system error to reach thprofiles & in Fig. 5.(a)). This is due to the fact that the

IV. OPTIMAL VARIABLE -STRUCTURE CONTROLLER

origin in minimum time is given by simulation of the system, and therefore the numerical Eiut
o . ) of the differential equations describing it, is performeithva
Copt:  u—= { unm (9 +7), if (y,9) € R finite integration step size. As a consequence in the firssgha
U (§ + 7), if (y,9) € Rom of the trajectory the controller does not steer the systeite st

] o . . exactly ony = hy(y), but it switches the value ai(¢) only
or, with a notation tied to the controller implementation  \yhen such a curve is crossed. Therefore, the real trajesitry
1 + sign(o) overcome the optimal one of a quantity that depends on the

1 — sign(o)
— — (1) integration step of the algorithm used to compute the system

2 + IU/TYL (y + 7:)

u=upn(y+7)
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Fig. 6. Zoom of a trajectory around the origin of the phasa@itor different o N
values of maximum integration steps: O:Ol (a) and 0.00-1 (b).. Pam 0 (3) + ym/ \ S \l\M
dynamics: the smaller the maximum step size is, the closer haro(9)

the real trajectory tgy = ho(y) will be, see Fig. 6. Then, the Fig. 7. Regions of the phase plane of the “double integradefined for the
state of the system moves along a trajectory “parallel” ® tf§ontroller Cnc.

ideal one until it reaches again the cunye= ho(7) and at unm (Y +7), if (y,9) € R
this point the control action switch again, producing a sbrt Che: u=1<{ —p’y—2py, if (y,9) €Ry
spiral around the origin. The control action will start sshiing U ( + 7)), if (v,9) € Rmm

at high (ideally infinite) frequency between the two values _ .

u = um () andu = uar () producing chattering, typical of wherep > 0 Is a free parameter defmmg the dece_ly rate of_the

variable structure controllers, see Fig. 6. error dynamics anpi |nd|rectlly th.e width of the Ilnga_lr region

R;, whose shape is shown in Fig. 7. The most critical point

of the proposed controller concerns the choice of this finea
In order to take into account the constraint on the velocikggion. Obviously the control action in this part of the phas

the control action must be properly modified with the purpogstane cannot exceed the limits imposed by the constraint on

of forcing the control signal to zero when the maximunthe accelerations, therefore the contzéf) in the linear region

(minimum) admissible value of the velocity is reached anghust meet the constraints

the signalu(t) is still positive (negative). In order to impose

V. VELOCITY CONSTRAINT

the bounds (1), the control signal can be chosen as um (§ +7) < =py — 2py < unr(§ + 7). 12)
A ; if &> wu(t)
o ') — Inl;;{o’u( )} :f N _<:m.1< . The inequalities in (12) define a region in the phase plane
vio ()= ul), Wlm S TS EM which includes the origin) bounded by the the two curves
max{0, u(t)}, if @<,
- . - 2. up(y+r
where u(t) is the signal provided by the controlleFyy, Y =ln(y,7) with L, (9,7) = -9 — #,
as reported in (11). In this way, wheiw, = @) — 7 IS P p. )
reached, the control signal becomes zero and the &jaig 2. un (Y + 7’).

moves at the maximum allowed value ungil < 0. It the y=ba(:7) with (g, 7) = py p?
initial condition lies outside the admissible velocity @Y Therefore the linear regioR, must be contained between this
(that is with & > ), w/(1) remains equal to zero andyyg curves. In particular, they are assumed as boundaries of
the velocity is constant untib < 0. As soon as the stateR, guaranteeing that when the the trajectory enters in this
crosses the curvg = ho(y), the control signal becomesyegion the control signal changes continuously. In order to
negative and the trajectory moves towards the origin. 8imilcompletely defineR, it is necessary to consider two additional
considerations hold when the trajectory in the phase plaggies: for this purpose two trajectories of the system pagssi
reaches the minimum admissible valyg = &, — 7. If the through (ya7, 0) and (y.,,, 0) and corresponding to the control
initial conditions satisfy the constraints on the velocégd actionuyy (§ + ) andu,, (§ + ) (namelyy = haso(9) + yur
these limits do not change during system operations, tles f“bndy = hum.o(§) + ym) are used. The two poinm andy,»,
output will ever satisfy all the constraints reported in S&C e determined by imposing that the curve= hao(3) + yu

VI. CHATTERING SUPPRESSION crosses point3 while y = hy, o(y) + ym Crosses pointy,

In order to remove the chattering due to the numericaf < Fig. 7. Pointe = (ya, jia) and 3 = (ys, ) are located

approximation of the continuous-time filter, which is uniavo Where the curvey = ho(y) intersectsy = Ly (y,7) andy =

. . I (y, 1), respectively. Therefore it is necessary before to solve
able when the trajectory is generated, the contrallgy has

. 2 . ) he systems

been modified by considering an additional region around tﬁe o
origin. In this way the normal behavior of the filter remains { Y= hm,o.(y.,r) = (Yo, o), (13)
unchanged, but when the errdy,y) is very close to the y=1lm(y,7)
origin it is imposed to the system a linear behavior with agq
exponential decay. Therefore the structure of the comiroll { y = haro(y,7)

results y=ln(gi) (Y3, 98)- (14)
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Fig. 8. Linear region of the controllernc as a function of the parametgr e o8 p— e : o8 wma 1 :
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In general, the solution can be found numerically. Note that
the equations which define the curves depend ¢alsoh,, o Fig. 9. Zoom of a trajectory of the system with the controligc around the
and h,; are functions ofr although in the rest of paperorigin of the phase plane for different values of maximum irdéign steps

this variable is left out) and therefore also the solutiores aand related acceleration profiles: 0.0001 (a)-(c) and 0(p4d).

functions ofr. As a consequence when the set paint’) is  whose eigenvalues are real and coincident; = —p. The
changed, one should recompute pointss. This is possible in parameterp defines the position of poles and therefore the
principle even if the filter is used for planning the trajegto settling time of the system The size of the linear region is
online since the state of the system will enter in the linegr function of the free parameters as illustrated in Fig. 8.
region only at the end of the trajectory, and therefore irfitisé  Therefore the choice qf results from a tradeoff between a fast
part of the motion one can solve (13) and (14). Otherwise, decay of the error when the system state approaches tha origi
one considers an input signal composed only by step furtioand a dimension of?; sufficient large to avoid oscillations.

7 = 0 and thereforex and 3 do not change when a new setor this latter reason, the choicefs tied to the selection of

point is applied. the integration step in the solution of the differential ation

Oncea and (3 are known it is possible to obtaip,, andya:  describing the dynamic behavior of the proposed filter. The
yv = heo(93) — haro(is), smaller the maximum integration step is, the smaller thetwid
Ym = haro(ia) — hono(ia)- of the linear region can be and accordingly the highean be.

For instance, the trajectory profiles computed with the same
boundary conditions and constraints and wjith= 100 but
with a maximum step size di.0001 and 0.001 respectively

if (y < hmo(®) + ym) and (y > haro(9) +yar) leads to quite different results, as reported in Fig. 9. la th
(15) former case, the state of the filter enters in the linear regio
and then it approach the origin tangent to a line paralleh& t

This choice allows to simplify the definition of the control
action in the linear region, whose expression results

u = sal—p*y — 2py, wum (9 + 7), ups (9 + 7))

where the saturation function is dgfined as eigenvector of the system (16):= —py, see Fig. 9.(a) and
Umaz, 1 4> Unas (c). In the latter case, the trajectory in the phase statereim
salu, Umin, Umaz) = § U, if Umin < U < Upag R, only after a further switch of the control action from,
Umin, 1T U < Upmin. to uys, and therefore the acceleration profile is characterized
Therefore, the linear control is defined in the whole regid®y @ noticeable overshoot, see Fig. 9.(b)-(d).
between the two curves= hu,o(y) +ym andy = haro(9)+ VIl PRACTICAL IMPLEMENTATION AND SIMULATIVE
yu, but, due to the saturation function, in the two “triangles” EXAMPLES

Bvp andawd (see Fig. 8), the control is equal tg, andu
respectively and therefore is consistent with the contectiba
in the contiguous areds,,, andR »;, where the controlle€yy
is still applied. Finally, the controlle€,. defined by (15) and
(11), in cascade with the controlléf,, guarantees the optimal

The controllersCope and Cy,c are based on the computa-
tion of the phase portrait trajectories for the continutoee
system of Fig. 1, but the implementation of the trajectory
planner on digital controllers requires a discrete-timstam.

solution of the traiectory planning problem with consttaian For this aim it is sufficient to apply the same controllers to
! yp gp a chain of two discrete-time integrators, see Fig. 10. In any

velocity, acceleration and torque, compatibly with thesprece case, also with a fixed sampling tin®,, the algorithm for

of t_he Iln_ea_lr control region in th_e n_e|ghb_orhood of the M9he chattering suppression allows to avoid oscillationghan
which eliminates undesired oscillations in the controliact . . ! . .
utput trajectories. In particular, the choice of the umeiqu

Iq the Imear reglon, the system dynamics is described by t 18e parameters of the controller, thatzsis related to the
differential equation

sampling timeT7s. Smaller values of the period’ allow
i = —p’y — 2py (16) higher values op and therefore fast dynamics of the error. In
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Fig. 10. Basic structure of the trajectory planner in thedite-time domain.

* time’
(a)
Fig. 12. Trajectory profiles obtained with the discrete sgstfor p = 50
andTs = 0.0001 (a) and resistive torque produced by a load (witk= 0.2
andb = 0.01) following this motion profile (b).

B B3 VIII. CONCLUSIONS

s s In this paper, a filter for online trajectory planning is
02 0z presented. Given a rough reference signal, such as a sequenc

01 01

y o of step functions, the filter produces an output profile campl

o ' ‘ o ' ~ ant not only with desired kinematic constraints on velqcity
— - ' - — - . acceleration but also with a bound on the torque that is
(;')me (S)me necessary to actuate the load (the case of a inertialdriati

Fig. 11. Trajectory profiles obtained with the discrete asystfor different Ioad' IS Cons’,ldered)' The proposed fI|t§I’S IS des'g”e,d in the

values of the parameterand the same sampling tin®, — 0.001s: p — 50  continuous-time domain, but the extension to the disdiete-

(b), p =10 and T = 0.001s (c). domain is illustrated and the effectiveness of the trajgcto

. . . . . enerator is proved by means of numerical examples.
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