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Abstract—In this paper a Cascaded Doubly-Fed Induction
Generator (CDFIG) has been modeled using the Power-Oriented
Graphs (POG) technique. The dynamic equations of the system
have been obtained using a Lagrangian approach. The system
equations have been described with respect to a rotating reference
frame to clearly show the internal dynamic structure of the
system. An Indirect Rotor Field-Oriented control that let the
grid voltage frequency to be constant, even when the rotor
speed is variable, has been given and implemented. Finally, some
simulation results have been reported to validate the presented
control law and the effectiveness of the model.

I. I NTRODUCTION

A CDFIG is a cascade of two wound rotor induction
machines whose rotors are mechanically and electrically cou-
pled, see Fig. 4: the stator of the M2 motor is connected
to the grid, while the stator of the M1 motor is properly
controlled. The CDFIG systems are widely used in renewable
energy systems, like windmills or hydropower generators [1],
as constant frequency power sources from variable speed
prime movers. In [2] and [3] a CDFIG model is described,
based on the inversion of the dynamical model of the system
and using a dynamical equivalent circuit representation. In
this paper the dynamic equations of the CDFIG system are
obtained using a Lagrangian approach and the POG graphical
technique: the obtained dynamic model is very compact and
clear. The equations are referred to a rotating reference frame
using an orthonormal state space transformation. A control
law is implemented to ensure a constant grid frequency by
modulating the controllable motor stator frequency. The paper
is organized as follows: Sec. II describes the basic properties of
the POG modeling technique. Sec. III shows the details of the
CDFIG structure and the corresponding POG dynamic model.
Finally, in Sec. IV some simulation results are reported.

II. POWER-ORIENTED GRAPHS BASIC PRINCIPLES

The Power-Oriented Graphs technique, see [5], is suitable
for modeling physical systems. The POG are normal block
diagrams combined with a particular modular structure essen-
tially based on the use of the two blocks shown in Fig. 1.a and
Fig. 1.b: theelaboration block(e.b.) stores and/or dissipates
energy (i.e. springs, masses, dampers, capacities, inductances,
resistances, etc.); theconnection block(c.b.) redistributes the
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Figure 2. POG graphical representations of a Physical Element (PE)
connected in series.

power within the system without storing nor dissipating energy
(i.e. any type of gear reduction, transformers, etc.). The c.b.
transforms the power variables with the constraintxT

1y1 =
xT

2y2. The e.b. and the c.b. are suitable for representing both
scalar and vectorial systems. In the vectorial case,G(s) and
K are matrices:G(s) is a square matrix of positive definite
functions,K can also be rectangular. The circle present in
the e.b. is a summation element and the black spot represents
a minus sign that multiplies the entering variable. The main
feature of the Power-Oriented Graphs is to keep a direct
correspondence between the dashed sections of the graphs and
real power sections of the modeled systems: the scalar product
xTy of the twopower vectorsx andy involved in each dashed
line of a power-oriented graph, see Fig. 1, has the physical
meaning ofthe power flowing through that particular section.

The main energetic domains encountered in modeling phys-
ical systems are the electrical, the mechanical (translational
and rotational) and the hydraulic, see Fig. 1.c. Each energetic
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Figure 3. POG block scheme of a generic dynamic system.

domain is characterized by twopower variables: an across-
variable ve defined between two points (i.e. the voltageV ),
and athrough-variablevf defined in each point of the space
(i.e. the currentI). Each Physical Element (PE) interacts
with the external world through the power sections associated
to its terminals. A Physical Element is connectedin series
when its terminals share the same through-variablevf , see
Fig. 2.a. This physical element can be modeled using the POG
block shown in Fig. 2.b: note that the summation element
present in this block describes the Kirchhoff’s law applied
to the across-variablesve1, ve2 andve. The physical element
PE in Fig. 2.a can also be modeled using the POG block
shown in Fig. 2.c. This is an “equivalent”elaboration block
(with a different graphical shape) obtained from the POG
block of Fig. 2.b inverting the path that goes fromve1 to vf .
Physical Elements connectedin parallel share the same across-
variable ve. It can be easily shown that the POG modeling
of the physical elementsin parallel can be done in a way
quite similar to the way used above for the elementsin
series. Another important aspect of the POG technique is the
direct correspondence between the POG representations and
the corresponding state space descriptions. For example, the
POG scheme shown in Fig. 3 can be represented by the state
space equations given in (1) where theenergy matrixL is
symmetric and positive definite:L = LT > 0. For such a
system, the stored energyEs and the dissipating powerPd can
be expressed as follows:Es = 1

2x
TLx, Pd = xTAx. When

an eigenvalue of matrixL tends to zero (or to infinity), system
(1) degenerates towards a lower dimension dynamic system. In
this case, the dynamic model (2) of the “reduced” system can
be directly obtained from (1) by using a simple “congruent”
transformationx = Tz (T is constant) whereL = TTLT,
A = TTAT andB = TTB. If matrix T is time-varying, an
additional termTTLṪz appears in the transformed system.
When matrixT is rectangular, the system is transformed and
reduced at the same time.

A. Notations

In this paper the following notations are used:
- Column matrices:

i

|[ Ri ]|
1:n

=
[

R1 R2 · · · Rn

]T
.
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Figure 4. Electric scheme and structure of a CDFIG system.

- The symbolsj andejθ denote the following matrices:

j =

[
0 −1
1 0

]

, ejθ =

[
cos θ − sin θ
sin θ cos θ

]

.

- The symbolIm denotes an identity matrix of orderm.

III. CDFIG M ODELING

The structure and the electric scheme of a CDFIG system
are shown in Fig. 4. The stator and rotor phases are star
connected. This system in characterized by the parameters
given in Tab. I where the subscript indices “1” and “2”
refer to the motors M1 and M2, respectively. All the electric
parameters of Tab. I have been obtained connecting in series
thep1 andp2 polar couples of the two motors. LettVs1, tIs1,
tVα, tVrr = Vrr I3, tIr, tVs2, tIs2, tVβ , tVr0 = Vr0 I3

and tIβ denote the stator/rotor voltage and current vectors of
the motors M1 and M2 in the original reference frameΣt:

tVs1 =





Vs11

Vs12

Vs13



, tIs1 =





Is11

Is12

Is13



, tVα =





Vα1

Vα2

Vα3



, tIr =





Ir1

Ir2

Ir3







p1, p2 number of polar couples
γ angular phase displacement (γ = 2π

3
)

θm rotor angular position
ωm rotor angular velocity
θs1, θs2 stator voltage angular positions
ωs1, ωs2 stator voltage frequencies
θ1, θ2 electric angles (θ1 =p1 θm , θ2 =p2 θm)
ω1, ω2 electric frequencies (ω1 =p1 ωm , ω2 =p2 ωm)
Rs1, Rs2 stator phase resistances
Ls1, Ls2 stator phase self inductances
Ms10, Ms20 stator phase mutual inductance maximum values
Rr1, Rr2 rotor phase resistances
Lr1, Lr2 rotor phase self inductances
Mr10, Mr20 rotor phase mutual inductance maximum values
Msr10, Msr20 stator/rotor phase mutual inductance maximum values
Jm1, Jm2 rotor momentum inertia
bm1, bm2 rotor linear friction coefficients
τm electromotive torque acting on the rotor
τe external load torque acting on the rotor

Table I
CDFIG SYSTEM PARAMETERS.

and

tVs2 =





Vs21

Vs22

Vs23



, tIs2 =





Is21

Is22

Is23



, tVβ =





Vβ1

Vβ2

Vβ3



, tIβ =





Iβ1

Iβ2

Iβ3



.

whereVs1i = V1i−Vs10 andVs2i = V2i−Vs20, see Fig. 4. All
the possible rotor phase connections between the two motors
can be described in a compact form by using the relation
tVβ = S tVα, see Fig. 4, where matrixS is defined as:

S =






1−λ12−λ13 λ12 λ13

λ12 1−λ12−λ23 λ23

λ13 λ23 1−λ13−λ23






whereλ12, λ13, λ23 ∈ {0, 1} are binary variables satisfying
the relationλ12+λ13+λ23 ≤ 1. Only the four following rotor
connections are possible:

(λ12, λ13, λ23) = {(0 0 0), (1 0 0), (0 1 0), (0 0 1)} .

Matrix S satisfies the following properties:

S-1 = ST = S-T = S, S2 = STS = SST = I3. (3)

Connecting the two rotors using theS matrix and adding the
fictitious capacitorsC = C I3 to terminalsVα1, Vα2 andVα3,
see Fig. 4, one obtains the following dynamic equations of the
electrical part of CDFIG system:

d

dt













tLs1
tMT

sr1
0 0 0

tMsr1
tLr1 0 0 0

0 0 C 0 0
0 0 0 tLr2

tMT
sr2

0 0 0 tMsr2
tLs2








︸ ︷︷ ︸

0Le








tIs1
tIr

tVα
tIβ
tIs2








︸ ︷︷ ︸

0qe




=

=








−

tRs1 0 0 0 0
0 −

tRr1 −I3 0 0
0 I3 0 −ST 0
0 0 S −

tRr2 0
0 0 0 0 −

tRs2








︸ ︷︷ ︸

0Re








tIs1
tIr

tVα
tIβ
tIs2








︸ ︷︷ ︸

0qe

+








tVs1
tVrr

0
−

tVr0

tVs2








︸ ︷︷ ︸

0Ve

(4)

where:

tLs1=





Ls1 −

Ms10
2
−

Ms10
2

−

Ms10
2

Ls1 −

Ms10
2

−

Ms10
2
−

Ms10
2

Ls1



, tLr1=





Lr1 −

Mr10

2
−

Mr10

2

−

Mr10

2
Lr1 −

Mr10

2

−

Mr10

2
−

Mr10

2
Lr1



,

tLs2=





Ls2 −

Ms20
2
−

Ms20
2

−

Ms20
2

Ls2 −

Ms20
2

−

Ms20
2
−

Ms20
2

Ls2



, tLr2=





Lr2 −

Mr20

2
−

Mr20

2

−

Mr20

2
Ls2 −

Mr20

2

−

Mr20

2
−

Mr20

2
Ls2



,

tMsr1(θm) = Msr10

[
cos(θ1) cos(θ1 − γ) cos(θ1 − 2γ)

cos(θ1 + γ) cos(θ1) cos(θ1 − γ)

cos(θ1 + 2γ) cos(θ1 + γ) cos(θ1)

]

,

tMsr2(θm) = Msr20

[
cos(θ2) cos(θ2 + γ) cos(θ2 + 2γ)

cos(θ2 − γ) cos(θ2) cos(θ2 + γ)

cos(θ2 − 2γ) cos(θ2 − γ) cos(θ2)

]

,

tRs1 =Rs1I3,
tRr1 =Rr1I3,

tRs2 =Rs2I3,
tRr2 =Rr2I3.

When in (4) the capacitors tend to zero,C → 0, one obtains
the static relationtIβ = S-T tIr between the two rotor current
vectors. Applying the following rectangular transformation
0qe = 0Tt

tIe to system (4) (note that from (3) it isS-T = S):

0Tt =









I3 0 0
0 I3 0
0 0 0
0 S-T 0
0 0 I3









=









I3 0 0
0 I3 0
0 0 0
0 S 0
0 0 I3









one obtains the following reduced dynamic equations:

d

dt

(



tLs1
tMT

sr1
(θm) 0

tMsr1(θm) tLr ST tMT
sr2

(θm)
0 tMsr2(θm)S tLs2





︸ ︷︷ ︸

tLe





tIs1
tIr
tIs2





︸ ︷︷ ︸

tIe

)

=

= −





tRs1 0 0
0 tRr 0
0 0 tRs2





︸ ︷︷ ︸

tRe





tIs1
tIr
tIs2





︸ ︷︷ ︸

tIe

+





tVs1
tVr
tVs2





︸ ︷︷ ︸

tVe

(5)

In compact form it can be expressed as:

d

dt

(
tLe

tIe

)
= − tRe

tIe + tVe (6)

where tLr = tLr1 + tLr2, tRr = tRr1 + tRr2 and tVr =
tVrr−ST tVr0 =0. Let us now define the following generalized
state vectorstq, tq̇ and extended input vectortV:

tq =







tQs1
tQr
tQs2

θm







, tq̇ =

[
tIe

ωm

]

, tV =

[
tVe

−τe

]

.

Let tL(tq) and tR denote the following matrices:

tL(tq) =

[
tLe 0
0 Jm

]

, tR =

[
tRe 0
0 bm

]

where Jm = Jm1 + Jm2 and bm = bm1 + bm2. Using a
Lagrangian approach, see [6] and [7], the dynamic equations
of the full CDFIG system can be expressed as:

d

dt

(
∂K

∂ tq̇T

)

−
∂K

∂ tqT
= tV − tR tq̇ (7)



where the Lagrangian functionK(tq, tq̇) is defined as:

K( tq, tq̇) tq̇ =
1

2
tq̇T tL(tq) tq̇ . (8)

From (7) and (8) one obtains the CDFIG dynamic equations:

d

dt

([
tLe 0
0 Jm

]

︸ ︷︷ ︸

tL(tq)

[
tIe

ωm

]

︸ ︷︷ ︸

tq̇

)

=−

[
tRe + tFe

tKe

− tKT
e bm

]

︸ ︷︷ ︸

tR + tW

[
tIe

ωm

]

︸ ︷︷ ︸

tq̇

+

[
tVe

−τe

]

︸ ︷︷ ︸

tV
(9)

that in compact form can be expressed as:

d

dt

(
tL tq̇

)
= −( tR + tW) tq̇ + tV (10)

where matrix tW has the following structure:

tW=







0 − 1
2

tṀT
sr1 0 tKs1

− 1
2

tṀsr1 0 − 1
2S

T tṀT
sr2

tKr

0 − 1
2

tṀsr2S 0 tKs2

− tKT
s1 − tKT

r − tKT
s2 0







Matrix tW is skew-symmetric:tWT = − tW. The compo-
nents of the torque vectortKT

e =
[

tKT
s1

tKT
r

tKT
s2

]
are:

tKT
s1 =

1

2
tIT

r

∂ tMsr1(θm)

∂θm

, tKT
s2 =

1

2
tIT

r ST ∂ tMT
sr2(θm)

∂θm

,

tKT
r =

1

2
tIT

s1

∂ tMT
sr1(θm)

∂θm

+
1

2
tIT

s2

∂ tMsr2(θm)

∂θm

S.

Using the following rectangular matrix:

tTω(θ) =

√

2

3

h

|[ cos(h γ − θ) , sin(h γ − θ) ]|
0:2

one can define the orthonormal transformation matrixtT̃ω as:

tT̃ω=





tTω(θs1) 0 0

0 tTω(θs1 − θ1) 0

0 0 tTω(λ0 (θs1 − θ1 − γ1) + θ2)





whereλ0 =1−2(λ12+λ13+λ23) andγ1 =(λ12−λ13)γ. Matrix
tT̃ω represents a multiple rotation in the state space which
transforms the system variables from the original reference
frameΣt to the rotating frameΣω. The dynamic equations in
the new transformed frameΣω become:
[

ωLe 0
0 Jm

]

︸ ︷︷ ︸

ωL

[
ω İe

ω̇m

]

︸ ︷︷ ︸

ωq̈

=−
[ ωRe + ωFe + ωΩe

ωKe

−
ωKT

e bm

]

︸ ︷︷ ︸

ωR + ωW

[
ωIe

ωm

]

︸ ︷︷ ︸

ωq̇

+
[

ωVe

−τe

]

︸ ︷︷ ︸

ωV

that in compact form can be expressed as:

ωL ωq̈ = −( ωR + ωW) ωq̇ + ωV (11)

where ωL = tTT
ω

tL tTω, ωR = tTT
ω

tR tTω = tR, ωW =
tTT

ω
tW tTω, ωV= tTT

ω
tV, ωKT

e = tTT
ω

tKT
e, ωq̇= tTT

ω
tq̇

and matrixtTω has the following structure:

tTω =

[
tT̃ω 0
0 1

]

.

A POG graphical representation of system (11) is shown in
Fig. 5. Note that the two termsωKe ωm and ωFe

ωIe have

no effects on the system dynamics because it can be shown
that ωFe

ωIe = − ωKe ωm and therefore they simplify each
other. The expanded form of system (11) is given in Fig. 6,
Eq. 13 where:

ωp1 = ωs1 − ω1, ωs2 = λ0(ωs1−ω1)+ω2

and:

Ls1e =Ls10 + 3
2Ms10, Ls2e =Ls20 + 3

2Ms20,

Msr1e = 3
2 Msr10, Msr2e = 3

2 Msr20,

Lre =Lr0 + 3
2Mr0, Λ=

[
1 0
0 λ0

]

.

Matrix Λ satisfies the following properties:

Λ ej ϕ = ej λ0ϕΛ, ej ϕΛ=Λ ej λ0ϕ,

Λj= λ0 jΛ, jΛ= λ0 Λj .
(12)

Fig. 6 shows that the energy matrixωL is now constant. The
mechanical torqueτm in the Σω rotating frame can now be
expressed as follows:

τm= ωKT
e

ωIe =
[

ωKT
s1

ωKT
r

ωKT
s2

]





ωIs1
ωIr
ωIs2





=






− 1
2 p1 Msr1e

ωIT
r j

1
2 p1 Msr1e

ωIT
s1 j + 1

2 p2 Msr2e
ωIT

s2 jΛ

− 1
2 p2 Msr2e

ωIT
r Λj






T




ωIs1

ωIr

ωIs2






= p1 Msr1e
ωIT

s1 j ωIr + p2 Msr2e
ωIT

s2 jΛ ωIr .

An Indirect Rotor Field-Oriented control (IRFO), see [8], has
been implemented for the M1 motor obtaining:

τm =
p1 Msr1e

Lre

ωΦrd
ωIs1q =

ωΦrd
ωIs1q

Kτ

(14)

where ωΦrd is the direct component of the rotor flux:

ωΦrd = Msr1e
ωIs1d =

ωIs1d

Kφ

(15)

and:
ωp1 =

ωIs1q

Tr
ωIs1d

(16)

ParameterTr = Lre/Rr is the rotor constant and the subscript
indices “d” and “q” refer to the direct and quadrature vector
components. The implemented IRFO control scheme is shown
in Fig. 7: the PI1 regulator controls the angular velocityωm,
generating a torque referenceτ ref

m by tracking the following
speed reference:

ωref
m =

ωdes
s2

p2
−

ωp1

λ0 p2
(17)

whereωdes
s2 is the desired output frequency. The PI2 and PI3

controllers regulate the mechanical torqueτm and the rotor
flux componentωΦrd respectively, according to the equations
(14) and (15), generating the voltage referencesωV ref

s1d and
ωV ref

s1q for the motor M1. The slip frequencyωp1 is calculated
using the current referencesωIref

s1d and ωIref
s1q , see (16).
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Figure 5. POG graphical representation of the CDFIG system in the transformed rotating reference frameΣω .
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ω İs2

ω̇m








︸ ︷︷ ︸

ωq̈

=−








Rs1I2 + ωs1 Ls1e j ωs1 Msr1e j 0 0

ωp1 Msr1e j RrI2 + ωp1 Lre j ωp1 Msr2e jΛ 0

0 ωs2 Msr2e jΛ Rs2I2 + ωs2 Ls2e j 0

−

ωKT
s1 −

ωKT
r −

ωKT
s2 bm








︸ ︷︷ ︸

ωR + ωW








ωIs1

ωIr

ωIs2

ωm








︸ ︷︷ ︸

ωq̇

+








ωVs1

0
ωVs2

−τe








︸ ︷︷ ︸

ωV

(13)

Figure 6. Dynamic equations of the CDFIG system in the transformed rotating reference frameΣω .
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Figure 7. Indirect Rotor Field-Oriented control scheme implemented for the
motor M1.

IV. SIMULATION RESULTS

The Matlab/Simulink block scheme corresponding to the
obtained dynamic model of the CDFIG system is shown
in Fig. 8. An additional Reduction Gear (reduction ratioρ)
has been introduced to connect the CDFIG system with the
external turbine. The Load is composed, for each phase, by
the parallel of aCload capacity and aRload resistance. The
Control block implements the Indirect Rotor Field-Oriented
control described in the previous section. The simulation
results presented in this section have been obtained using the
parameters shown in Tab. II. The motor M1 is supplied by
balanced voltagesVs1k = Vmax cos(ωs1t − (k − 1)γ), where
k ∈ {1, 2, 3} andVmax = 100 V. A constant external torque
τw = 300 Nm has been applied to the turbine. In Fig. 9 the
stator voltage vectors of the M1 and M2 motors in the range
t ∈ [0.6, 1.2] s are shown:tVs1 evolves with a decreasing
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Figure 8. Simulink block scheme of a CDFIG system.

frequency according to the behavior of the frequencyωs1

reported in Fig. 10, whereastVs2 settles to a steady-state
value with the constant frequencyωdes

s2 imposed by (17). The
second picture of Fig. 10 shows the negative mechanical torque
τm absorbed by the generator and used to produce on the grid
the output electric power. Fig. 11 shows the time behaviors
of the stator and rotor current vectorstIs1, tIr and tIs2 in
the ranget ∈ [0.6, 1.2] s. Finally, Fig. 12 shows the desired
(dotted black) and the actual (solid blue) time behaviors of
ωm, ωIs1d and ωIs1q in the ranget ∈ [0.6, 1.5] s: the angular
velocity ωm perfectly overlaps his reference, while theωIs1d

and ωIs1q components settles to their steady-state values after
a brief transient.

V. CONCLUSIONS

In this paper a Cascaded Doubly-Fed Induction Generator
has been modeled using the POG technique and the dynamic
equations have been obtained using a Lagrangian approach:



M1 motor M2 motor
p1 = 1 p2 = 1
Ls1 = 135 mH Ls2 = 290 mH
Ms10 = 20.3 mH Ms20 = 23.2 mH
Rs1 = 0.9 Ω Rs2 = 1.8 Ω
Lr1 = 19 mH Lr2 = 20 mH
Mr10 = 2.8 mH Mr20 = 1.6 mH
Rr1 = 1Ω Rr2 = 0.5 Ω
Msr10 = 32 mH Msr20 = 50 mH
Jm1 = 0.1 Kg m2 Jm2 = 0.1 Kg m2

bm1 = 0.1 Nm s/rad bm2 = 0.1 Nm s/rad
Rotor connection parameters
λ12 = λ13 = 0, λ23 = 1
Linear Load
Cload = 1 µF, Rload = 50 Ω
Desired output frequency
ωdes

s2 =2π Fgrid, Fgrid = 50 Hz
Turbine and Reduction gear parameters
Jt = 1.2 Kg m2, bt = 0.3 Nm s/rad
τw = 300 Nm, ρ = 5

Table II
CDFIG MODEL PARAMETERS.
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Figure 9. Stator voltages in the original reference frameΣt.
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the corresponding model is very simple and compact, clearly
showing the power internal structure of the system. A state
space transformation has been used to refer the dynamic equa-
tions to a rotating reference frame. An Indirect Rotor Field-
Oriented control has been implemented for the M1 motor,
that imposes a speed referenceωref

m in order to keep the grid
voltage frequencyωs2 constant, by modulating the frequency
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Figure 11. Stator and rotor currents in the original reference frameΣt.
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Figure 12. Actual (solid blue) and desired (dotted black) angular velocity
and stator current dq components in the reference frameΣω .

ωs1 of the input voltage vectortVs1. Some simulation results
have been reported to show the effectiveness of the realized
model and of the implemented control.
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