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technique is used for modeling planetary gears and hybrid
automotive systems. Some basic properties of the POG technique |
are firstly given. An extended dynamic model of a planetary gear |
with internal elasticity is presented. Then a POG congruent state [
space transformation is used to transform and reduce the syste ‘
when the elasticities or the inertias go to zero. The obtained y.‘H_V_,T‘y yl‘ ‘y2
reduced model is used as central element of an hybrid automotive

power structure (endothermic engine, multi-phase synchronous a)e. b. b) c. b. c) Across and through variables
motor and vehicle dynamics). Simulation results will be reported
in the final full paper.
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Figure 1. POG basic blocks and variablesek@pboration blockb) connection
block c) across and through variables

I. INTRODUCTION

Nowadays, the planetary gears are key elements for the vf‘l o

1 Uf Vg1 1 1Vf2
design of new hybrid power structures in the automotive .area — - — - -
In this paper, some different dynamic models for these syste Vel Ve2 Ve Ve
are obtained using the the POG modeling technique.

(References and a detailed description of the work done in 00 5
the literature in this field will be given in the final full page Vo1 Voo Ve bt v,

The paper is organized as follows: Sec. Il describes the ‘ Ve | N
basic properties of the POG modeling technique. Sec. Il and } } } }
Sec. IV show, respectively, the POG dynamic models of full ] fee) | | L frep |1
and reduced planetary gears, and of an hybrid automotive } } } > }
power structure composed by an endothermic engine, a multi- v ,,”f o Ve | y o
phase synchronous motor and the vehicle dynamics. Finally, fra—""s It /2
in Sec. V some simulation results are reported. a) Element in series b) Element in parallel

Il. POWER-ORIENTED GRAPHS BASIC PRINCIPLES Figure 2. POG representations of Physical Elements (PE)omected in
The Power-Oriented Graphs technique, see [1] and [2fries (inputsie:, ve2); b) connected in parallel (inputsyy, vy2).

is suitable for modeling physical systems. The POG block
schemes are normal block diagrams combined with a particula
modular structure essentially based on the use of the twign that multiplies the entering variable. The main featof
blocks shown in Fig. 1.a and Fig. 1.b: tleéaboration block the Power-Oriented Graphs is to keep a direct correspoedenc
(e.b.) stores and/or dissipates energy (i.e. springs, esasbetween the dashed sections of the graphs and real power
dampers, capacities, inductances, resistances, ete.otl sections of the modeled systems: the scalar progcof the
nection block(c.b.) redistributes the power within the systentwo power vectorsc andy involved in each dashed line of a
without storing nor dissipating energy (i.e. any type of rgeg@ower-oriented graph, see Fig. 1, has the physical meariing o
reduction, transformers, etc.). The e.b. and the c.b. araéer the power flowing through that particular sectiomhe Bond
for representing both scalar and vectorial systems. In thgaphs technique, see [3], is based on the same idea, but it
vectorial caseG(s) and K are matricesG(s) is always a uses a different and specific graphical representation.
square matrix composed by positive real transfer functions The main energetic domains encountered in modeling phys-
matrix K can also be rectangular. The circle present in the eibal systems are the electrical, the mechanical (traoslati
is a summation element and the black spot represents a miand rotational) and the hydraulic, see Fig. 1.c. Each etierge



Kirchhoff’s o — =

I current law_ — R I i \> | | - - -
— ~ g -~ oY .
Lt MMN— 2 < > 1 LAnay ma E ® \ Lx=-Ax+By
~ 1~ ~ L A . _ (3)
L= Is ! u=

| |
I I I
I
sl " e » 1 Cx 1Dy
AN = ! s where
Vi T__}/ Kirchhoff's | V2 } OS } R } } D-:l +
voltage law | T ® -1
\ \ \ L=L, B=BD
| L ) )
| I
|

|
|
|

B ‘

| \\ //\ ! o Yz} | -1 A

- Vﬁ—A’ﬁi‘—v et L <] A-A+BD’C,
@ © ® Y >4 C - s

! x C=-D'C, D=D"

Figure 5. POG block scheme of the input-output inverted syste
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Figure 4. POG block scheme of a generic dynamic system.

domain is characterized by twgower variables an across-

variable v, defined between two points (i.e. the voltay®, - .
and athrough-variablev; defined in each point of the space "
(i.e. the currentl). Each Physical Element (PE) interacts Figure 6. Planetary gear and related parameters.

with the external world through the power sections assediat

to its terminals. A Physical Element is connectedseries

when its terminals share the same through-variahlesee B =BD*, C=-D'C andD = D" are the matrices of the
the physical element and the corresponding POG scheimeerted system (3).

in Fig. 2.a. A Physical Element is connectéd parallel
when its terminals share the same across-variablesee
the physical element and the POG scheme in Fig. 2.b. AnLet us consider the planetary gear shown in Fig. 6 together
example of POG modeling where a C parallel element vgith the main parameters of the system. The extended POG
connected with an R series element is shown in Fig. 3. Thatgnamic model of the considered planetary gear is shown in
is a direct correspondence between physical power sectidhe upper part of Fig. 7: the carrier, the planets and the ring
and dashed sections in the POG model. Note: the summatioteract each other through the two elastic eleméfits and
elements present in the elaboration blocks are a mathaahatit’s.. The corresponding state space dynamic equations are
description of the current and voltage Kirchhoff's laws kggh shown in lower part of Fig. 7:

to the considered electrical system. — - - = —T_

Another important property of the POG technique is the Lx=-AX+Bu, y=BX ®)
direct correspondence between the POG block schemes ahd POG linear systems described in form (5) satisfy the
the corresponding state space dynamic equations. For éxamfliowing properties:
the POG scheme shown in Fig. 4 can be represented Pythe energyF, stored in the system and the dissipating power

the state space equations (1) where émergy matrixL is P, are quadratic functions of matricEsand A ,, respectively:
symmetric and positive definitd. = L™ > 0. For the POG

systems described in form (1) it can be shown that when E, =
D =0itis C=B". When an eigenvalue of matrik tends

to zero (or to infinity), system (1) degenerates towards a@towwhere A, = (A + KT) /2 is the symmetric part of thpower
dimension dynamic system. In this case, the dynamic modehtrix A. The skew-symmetric pa,, = (A — A')/2 of

of the “reduced” system, see (2), can be directly obtaingdatrix A represents the power redistribution within the sys-
from (1) using a simple “congruent” transformatian= Tz tem. One can easily verify that all the dissipating paramsete
where, if T is constantL = T'LT, A = T'AT, B = T'B, of the system appear only in matri,, while matrix A, is

C = CT andD = D. The POG scheme of Fig. 4 can als@ompletely characterized by all the connection parameters
be easily input-output inverted, both graphically and reath2) all the loops of the POG schemes contain always an “odd”

matically, as shown in Fig. 5 whele=L, A=A-+BD*C, number of minus signs~" (i.e. the black spots present in the

IIl. POG MODELING OF A PLANETARY GEAR

X' L%, P=%XA,X
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Figure 7. The POG block diagram and the POG state space eqsiaf the considered planetary gear: the sun, the plaaeteicand the ring interact
through elastic elements. The considered inputs arer. and 7.

H . —1sdseT s 0 7
summation blocks); A= {rsdscrp dcfrprr donr? } A= { v },Ag,l:{rs _TJ,
3) the direction of the power flowing through a section is
positive if an “even” number of signs—” is present along all A, = [_“%“T” “d“rg_rdg”r”r’}, Ay = [_[P_gp],

the paths which link the input and the output of the section. ) )
Note, for example, that in Fig. 7 the power is entering the A,,— [‘bp—dsc"p—dcﬂp dermpry } Agp= {TP J"}

H H d('r T _b'r' - dm' 2p 0
system in both section® and @®. ertet " v _
The last equation of system (6) shows an algebraic relation

A. Reduced inertial model between the state variabless; x; + Assxs = 0. Since
For certain applications the POG model of Fig. 7 can be tavatrix As, is invertible, vectorx, can be expressed as:
much detailed. In these cases it can be of interest to find the

reduced model when, for example, the stiffness coefficients  x,= [wp} =—A} Az x = [_;p TTZTS [WS}
K. and K. tend to infinity. Applying to system (5) the “r o M e
following congruent transformation: Applying the following “rectangular” transformation:
100000 1 0
000001 I 0 1
£=T here T, — | 001000 2 _ra e
x=41x w 1= 1010000 |- x=Tex; where To=|-Aj Az |=| 1_:_?&
000010 0 6 OTT
000100 0 0
one obtains the following transformed system: to system (6), one obtains the following second order trans-
J100]| [%x1 A Ag Ags] [x; B; formed and reduced system:
0 J20 X2 - A21 A22 A23 X2 |+ B2 u (6) Lr Xl = *Ar X1 + Br u, y = B;Exla (7)

000 X3 A31 A32 0 X3 0
—_— — = whereL, = T, LTy, A, =TL,A T, andB, = T} B are:
L X —A X
wherex = T]%X, L = TILT;, B=T] B, A = T]A T, L, =
y = B"x and where:
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Angular velocityw, of the sun
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Note that the possibility of using a “rectangular’ matrix ) . ,
T, for transforming and reducing a dynamical system is &€ /ast equation of system (8) shows the following algebrai
“specific characteristics” of the POG techniques and it S\oltﬁelat'on between the state and the input variables:

only for system described in the POG form (1). A simulative As121 +Aszy+Bou=0

comparison between the extended model (4) and the redugele
model (9) of the planetary gear is shown in Fig. 8. The
parameters used in simulation are (Sl international units) zy = —A»As 7 — AypBou

sun parameter§/s, bs, rs] = [0.0495, 4.9459, 0.1019]; ring Applying the following transformation:
parameterg.J,, b, r-] = [2.1803, 218.0260, 0.2483]; carrier

Hce matrixA oo is invertible, vectorz, can be expressed as:

parametersJ., b.] = [0.9290, 92.8975]; planet parameters 7 = [ Iz z1 + 0 u
[Jp, by, 7p] = [0.0812, 8.1228, 0.0732]; stiffness parame- —A3y Aoy —A3, By
ters [Kge, dse] = [Ker, der] = [107, 10]; initial conditions

[ws(0), we(0), w,-(0)] = [0.1, —0.2, —0.323] rad/s; constant T. Ty

external torquegr,, 7., 7] = [0, 4, 0] Nm. With different to systemLz = —Az+Buandy = Cz+Du given in (8),
choices of matrixT; it is possible to obtain different but one obtains the following reduced system (ndiel’, = 0):
equwalen_t redu_ced systems, similar to (9), with dlffTerent TILT,.2 = -T.AT.z + T(B - AT,)u
state variables in vectok,, for examplex; = [ws, w, ],

y=CT.z+(D+CT,)u

X1 = [wr, wC}T, etc.
that in compact form is:

B. Reduced elastic model L.z =—-A.z +B.,u, y=Clz +Dlu (9)
Using the POG reduction technique it is also possible tghere matriced.., A., B., C. andD, are the following:
obtain from (4) the reduced_ elastic model when inertigs L.=TLT, =1L,
J. and J, go to zero. Applying to system (5) the following
congruent transformation: —A.=-TAT. =An - A Ay Ay
000100 B.=T.(B-AT,) =B, - A;;A} B,
100000 C.=CT.=C1 —C2A3 Ax
X=Tsyz  where Ty= | 0000 D.=D+CT, =D - C;A3B;
001000 Since matrixD. is invertible, system (9) can be input-output
000001 inverted using the relations shown in Fig. 5. The state space

equationsL, x = —A, %+ B, @ andy = C. %X+ D, u of the
with the additional constrainf, = J. = J, = 0 one obtains inverted-reduced system are shown in (10) in the lower part
a transformed system in the form: of Fig. 9 where:

L.=L., A.=A.+B.D!C., B.=B.D?} C.=-D!C,,

Li0||z1| _ |A11 Ai2]|2z1 B, o € R
|:O 0] [Z2:| N [A21 A22:| |:Z2:|+ |:B2:| u, y=Cz+Du, X=1z, ﬁ:y:[ws;wc,wrra y:u:[TsvchTr]Ta De:D-el~
L % —A Z B A POG graphical representation of this inverted-reduced sy
(8) tem is shown in the upper part of Fig. 9.
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Figure 9. POG block diagram and POG state space equatiome sétluced planetary gear whép = J. = J, = 0 and the velocities are the inputs.

C. Reduced dissipative models Also matrix D4, is singular and therefore all the velocity

A first dissipative static model of the considered system c¥fCIOrstt = [ws, we, w;]" which belong to the kernel of matrix

be obtained from the inertial model (9) whep= J, = J, = Ds2. I-€. which are parallel to vectdy, = [r, T T ],
J. = 0, that is whenL, = 0: do not influence the output torqu§s= [rs, 7., 7-]". More-

over, all the output torqueg that can be obtained from (12)
x;=A'B,u, — y=Dgu=BlA'B,u (11) are perpendicular to vectd:,, i.e. the vectory satisfies the

. L relation:
Matrix Dy, is singular and therefore all the torque vectors

u = [7,, 7., 7,]* which belong to the kernel of matriB,., i.e. kiy=0 — re1s— (rp+rs)7e +1ro7 =0.
which are parallel to vectok; = [rs, —r, —rs, |7, dO not
influence the output velocitieg = [ws, w., w,]". Moreover,
all the output velocitiesy that can be obtained from (11) The planetary gear is the key element for modeling the
are perpendicular to vectdt;, i.e. the vectory satisfies the hybrid powertrain structure shown in Fig. 10. The consid-
relation: ered structure includes an internal combustion engine )(ICE
and a multi-phase Permanent Magnet Synchronous Machine
(PMSM). The planetary gear is the element connecting the two
A second dissipative static model can be obtained from tfPtors and the driving wheels. The ICE is rigidly connected
elastic model (9) wherk,, = K,. = oo and.J, = 0, that is to the Carne_r (C),_the PMSM is connected to the _Sun (S)
whenL, = 0 and the vehicle driving axle is connected to the Ring (R).
) This hybrid system can be dynamically described by the “high
B.a, - y=Dyu= (CEA'; B.+D.)u. (12) level” POG block scheme shown in Fig. 11. Note that the

IV. POGMODELING OF AN HYBRID AUTOMOTIVE SYSTEM

kiy=0 — ryws— (ro+rs)we + rw,. = 0.

x=A

-1
€



@D V. SIMULATION

The system shown in Fig. 10 has been implemented in
Matlab/Simulink as it is shown in Fig. 13. All subsystems
| have been modeled with POG and in particular the vehicle

: «_» subsystem in the right part of the scheme is a bicycle model
0000 c of a car that includes the tire-road elastic interactiow, [€3.

A full set of simulation results of the controlled hybrid

system will be given in the final version of the paper.
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Figure 11. POG graphical representation of the consideybddvehicle.

POG power sections®- & shown in Fig. 11 correspond

to the physical power sections indicated in Fig. 10. The POG
block “Control” of Fig. 11 represents the electric contrbtioe
PMSM. The POG model of the synchronous machine present
between sectionsD and @ is given in Fig. 12, see [4] and
[5]. The POG model of the Planetary Gear present between
sections @ and @) is given in Fig. 7. The corresponding
POG reduced model proposed in Sec. lll can also be used.
The planetary gear is connected to the driving shaft of the
vehicle. The dynamics of the vehicle is described by the POG
block present between sectio® and @: the details of this
POG block can be found in [6]. Finally the resistance of the
air is described by the last POG block.
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Figure 12. POG scheme of the multi-phase synchronous motor HMS
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